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Functions of a real variable and drawing curves. 


Exponents , logarithms and their applications. 


Oc AON a 


* Pre-requirements for unit one. 


Real functions. 


(Determination the domain and range — Discuss the monotony). 


Operations on functions — Composition of functions. 


Some properties of functions (even and odd functions / 
one - to - one functions) 


Graphical representation of basic functions and graphing 
piecewise functions. 


Geometrical transformations of basic function curves. 


Solving absolute value equations and inequalities. 


Pre-requirements for unit one 


* If X and Y are two non-empty sets » then : 


It is said that the relation from the set X to the set Y is a function if each element in X is 


related with one and only one element in Y 
The set X is called «the domain of the function». 
The set Y is called «the co-domain of the function». 
The set of images of elements in the domain X is called «the range of the function» and it is 
subset of the co-domain Y 
* The function f is written as f : X ——»* Y » and the rule of the function is written аз у = f (X) 
* The set {(X sy): ХЕХ Sy €Y » y=f (X)} is called the set of ordered pairs of the 
function. 
* The function can be represented by an arrow diagram or cartesian diagram. 
For example : 
«IX 2 [1525354] Y 2 (0525354 55 56} and the function f : X —e Y 
where f (X) = X + 1 » then the set of ordered pairs of the function = 10525053 
,(3 4) $455] 


Arrow diagram Cartesian diagram 


Pre-requirements for unit 1 | 


Notice that : 
* Not each relation from X to Y is a function but all functions from X to Y are relations satisfy 
that : 
- Each element in X appears once as a first projection in one of the ordered pairs of 
the relation. 
- Each element in X has only one arrow going out to an element of Y in the arrow diagram 
which represents the relation. 
- Each vertical line has only one point from the points of the relation. 
* The function f : f (X) = a +a, Xa, X? «a, X5 a, X" where : 
ag >a; >a) ›а; >... » a, are constants ›а ER- {0} 
is called polynomial function of п degree and its domain and range аге R if its not mention 
other than that. 
* If f (X) =a where a #0 » then the function f is called constant polynomial function and if 


f (X) = zero » then the function f is called zero function and is represented graphically by 
the X-axis. 

* The polynomial function is named according to the degree of the algebraic expression of the 
function. 

* The polynomial function of first degree is called linear function » of second degree is called 
quadratic function and of third degree is called cubic function and so on. 

* Set of zeroes of polynomial function f is the set of values of X that make f Q9 = 0 and 
equals the set of X-coordinates of the points of intersection of the curve of the function with 
X-axis. 

* Two polynomial functions f and g are equal in their common domain if : 


1009-2509 

i.e. If they have the same degree and the coefficients of corresponding powers of X in them 

are equal. 

* The function f : R——R » f(X) =a X" wherea CIR" jn GZ is called power function 
» 50 at adding or subtracting power functions with constants » we get 


a polynomial function. 


UNIT 


1 


Example бу 


Show with reasons » which of the following relations (represented by the shown arrow 
diagrams) represents a function › if so » mention each of the domain and the range for 


every function : 


*R,isnota function because there is no arrow from b € X to an element in Y 

* К, is nota function because there are two arrows going from a € X to two elements in Y 

* В, is a function because there is one and only one arrow drawn from each element in X to 
a corresponding element in Y 


‚ the domain = {a »b »c >d} and the range = (1 ›3 ›5} 


Example e 


Determine the values of a » b and c which make f (X) = g (X) where : 


f (X)=(a+b) Х2-3Х-4,8 (0) = X^ «(ae c) X b 


Solution 
© f 09 and g (X) have the same degree (second). 
2. f (X) = g (X) when the coefficients of the corresponding powers of X are equal. 


^M arbzl (1) 
»ажс--3 (2) 
»b=-4 

Substituting in (1): . а-4= 1 AES 
Substituting in (2) : /. 5* c2 -3 20-68 


Real functions 


(Determination the domain and range - Discuss the monotony) 


Lesson One 


Real function 
The function f : X —> Y is called a real function if each of the domain (X) 


and the co-domain (Y) is the set of the real numbers or a proper subset of it. 


WATCH 
VIDEO 


Determining whether the relation from X ——»* Y is a function or not : 


(1) Algebraically : The relation is a function if every value of the variable ХЕХ is related 
with only one value of the variable y ЄҮ 


(2) Graphically (The vertical line test) : 
The relation is not a function if there exists at least one straight line parallel to y-axis 
and intersects the graph of the relation at more than one point. 
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Function from X ——- Y Not Function from X — У 
Example [1] 


Show giving reasons › which of the following two relations is a function on IR : 


(Dysx?43 (2)у?=х?+9 


UNIT 
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Solution 


(1) The relation у = X? +3 is a function because every real value of the variable X is 
related with a unique value of the variable y 


For example : When X 23 »then y = 12 and when Х= - 2 »then y = 7 and so on. 


(2) The relation у? = X? +9 is not а function because there is at least one real value of the 


variable X is related with two different values of the variable y 


For example : When X = 4 »then у2= 25 му=&®5 


Example [2] 
Show which of the following graphs represents a function on R › which doesn’t 


represent a function giving reasons : 


(2) 


(1) Represents а function for each vertical line intersects the curve at one point at most. 

(2) Does not represent a function for there are many vertical lines intersect the curve at two 
points. 

(3) Does not represent a function for there is a vertical line passing through 


the point (3 » 0) and intersect the curve at a set of points. 


Remarks 


1. The relation y = 4 (represented by a horizontal straight line 


parallel to X-axis) is a function from X to Y because each element in X is related with 


only one element in Y 


2. The relation X — 4 (represented by a vertical straight line parallel to y-axis is not 
a function from X to Y because the element X = 4 is related with infinite number of 


elements in Y 


Lesson One | 


Identifying the domain of the real functions 


The domain of the function is identified by its rule or its graph. 


Gg ЁО” the domain of the function from its rule 


(1) Polynomial function ] 


f: f (X) =a) +a, X+a, Хх? + «bg, X* where a, » a, 2a, >... » à, are real constants 
за, ER - {0} is called polynomial function of n' degree › then the domain of the 
polynomial function is IR unless it is defined on a subset of it. 


For example : f : f (X) = 3 (Constant polynomial) » its domain = R 
fif 072 X4 0» X< 1 (First degree polynomial) » its domain = ]— e › 1 ] 
of: f (X)=X?-4X43 (Second degree polynomial) » its domain = R 


(2) Rational function 


If f is a rational function where f (X) = - 2) » and g are two polynomials 


» then the domain of the function f = R — the set of zeroes of the denominator. 


Example Ө 


State the domain of each of the rational functions defined by the following rules : 


21 223. 
(foo-- TOU 
3 =. 5% =1 4 2 X-3 
(3) ГОО Ре нэрээ (4) f (X) FW "етер 
5 = ХЕ. 6 Ee 
Miis arcem Of = 
Solution 
(1) The domain =R- {0} (2) The domain = R {2} 
(3) 1 ег2 Х2-5Х-0 :Х(2Х-5)-0 
L5 М -5 
&Х=0огХ=-- л The domain = R - [0,52 
(4) Let X?-5 x «620 :(Х-2)(Х-3)-0 
X= 2orxX=3 <. The domain =R- {2 53} 


UNIT 


1 


(5) Let X - 4X 4 420 г. (5-22 =0 
53022 2. The domain = R - {2} 
(6) Let X? + 25 =0 
and this equation has no solution in № i.e. There are no real zeroes of the denominator 


2. The domain = IR 


(3) The п? root function | 


n 
It f (X)= An Co where n €Z* ›п> 1 » ^ (X) is a polynomial 
First : When (n) is an odd number › then the domain of f = IR 


Second : When (n) is an even number » then : 
The domain of f is the set of all values of X which satisfy В (X) = 0 >n is called 
the index of the root. 


Example @ 


State the domain of each of the real functions which are defined by the following rules : 


(0f oos x2 Q foo sx? +5 (3 /09-1-2х-3 
(4) f Q9 249 -x (55 f eo 24x? -12x «9 © f oo 24x? -4 


1 
mio rere 
Solution 
(1) - The index of the root is an even number. 
2. The function is defined where X + 2 > 0 
-Х»-2 <. The domain = [- 2 » oof 
(2) >. The index of the root is even. 
5. The function is defined where X? + 5 > 0 and that is true for all real values. 
2. The domain is R 
(3) *- The index of the root is an even number. 


-2Х-4320 nis 


25125 


г. The domain = ]- = » 3] 


(4) >> The index of the root is ап odd number. -. The domain = R 


Lesson One | 


(5) +» The index of the root is an even number. 

2. The function is defined where : 4 X?—12 X 4 920 

5 @х-3)2>0 -. The domain of the function = IR 
(6) -v The index of the root is an even number. 


2. The function is defined where : X?2-42 0 


2 (Х-2) манан | Remember that — n 

> 5-5. of the inequality =R- ]- 2 ›2[ If and m where / « m are two real roots 

<. The domain of the function of the equation : a X? * b Х+с=0 ,а>0 
=R-]-2>2[ » then the S.S. in R of the inequality : 

(7) >. The = defined where : (DaX?4bXc > 0 equals IR — ]/ ‚щі 

4+3 Х-Х>0 

3Х2-3Хх-440 (2)ах2 e b X c» 0 equals R- [l,m] 

-(Х-4)/(Х41)«0 (33aX? +b X+ c x0 equals [l,m] 
7 S.S. of the inequality = |- 1 »4 

: ны, (4) аХх?+6Х+с< 0 equals |, m[ 

2. The domain of the function -1-154| 


(4) Piecewise function 
It is the function that is defined by different rules for different parts of its domain. 


Example [5] 


Determine the domain of each of the two functions defined by the following rules : 
X* к 26310 


олоо | хөн ()700-1Х > бахх! 
= ? X>1 

Solution 

(1) The function f is defined on two intervals as the following : 
Defined when X € ]-  ,0[ oe 
» defined when X € ]O , e[ long з= 
г. Domain of f = ]- œ 5 0[ U ]0 ,=[ =R- {0} D 

(2) The function f is defined on three intervals as the following : 
Defined when X € [- 2 ›0[ Dmae m 
» defined when X € [0 ; 1] -% — го 
» defined when X € ]1 › | 7 2 ын 
^. Domain of f 2 [- 2 »0[U [0 1] U ]t ,=[ = [-2 >| -% * E? 


(т: f) V fit Ү/ OW - in oou; - wall 


UNIT 


О identifying the domain and range of the function from its graph | 


From the graph of the function we can deduce у 
the domain and the range of the function to be : 


(1) Domain of the function is the set of 
the X-coordinates of all the points that 
lie on the curve of the function. 


(2) Range of the function is the set of 
the y-coordinates of all the points that 
lie on the curve of the function. 


Example (3 


Determine the domain and range for each function represented by the following figures : 
| у, 


Fig. (1) 


Solution 


In fig. (1) : * The X-coordinates of all points on 


the curve of the function are on 
the interval ]- 2 » 2] 


2. The domain = ]- 2 , 2] 


* The y-coordinates of all points on 
the curve of the function are on 
the interval ]- 1 ›3] 


2. The range = ]- 1 +3] 


Lesson One 


* The unshaded circle at point (- 2 »— 1) shows that the point € the function and so 
— 26 the domain of the function and — 1 the range of the function. 


* The shaded circle at point (2 › 3) shows that the point C the function and so 
2 Ethe domain of the function and 3 € the range of the function. 


In fig. (2) : * The X-coordinates of all points on 
the curve of the function are on 
the two intervals [- 3 ›2] and [3 › oof 


2. The domain = [-3 5 2] U [3 » ef 


* The y-coordinates of the points at 
the horizontal ray is y = 4 


» the y-coordinates of the other points 
of the curve are on the interval [- 2 ; 3] 


^. The range = [- 2 ›3] U {4} 


Discussing the monotony of a function from its graph 


Discussion of the monotony (monotonicity) of a function means identifying the intervals 
on which the function is increasing › the intervals on which the function is decreasing » and 
the intervals on which the function is constant. 


The function 


— 
Ld 


f is said to be increasing on 

an interval Ja » b[ if : 

X,» X, => f 0G) > f (Xj) for every 
X »X, €]a » bf 


EIE —— M—€ сэн 


i 
i 
8 
1 
Y 


The function 
f is said to be decreasing on 
an interval Ja » b[ if : rz 
X,» X, = f (X) < f (Xj) for every ---- 


X, »X; € a :b[ 


4----- 


"—— M: 


P 


Definition (3) ) (Constant function) : 


The function 


1 

Д 
cee a 
мэн 


fOG) FO) 


f is said to be constant on an interval Ja »b[ if: 


X4» X, > f (X5) = f (Х |) for every 
X, »X5€]a »b[ 


ipio dur neas t ik o ard 


Example 6) 


Discuss the monotonicity of each of the functions represented by the following graphs : 


Fig. (1) Fig. 2) 
Solution 


Fig. (1) : The function is decreasing on the interval ]- = »o[ 
» increasing on the interval (0 » 2[ and constant on the interval ]2 sf 


Fig. (2) : The function is increasing on the interval ]- = »o[ 
» decreasing on the interval ]0 » 2[ » increasing on the interval ]2 »3| 
and constant on the interval ]3 › | 
Fig. (3) : The function is decreasing on each of the two intervals ]- = » 0[ and Jo › oof 


Operations on functions - 


Lesson Two Composition of functions 


If f, > fọ are two functions whose domains are D, and D, respectively » then : 
(1) Cf € fj) CO = f, CO + f, (X) and the domain of (f, + f,) is D, f D, 
(2) (fy x f2) OO = f, OO x Г, CO and the domain of (f, x f,) is D, N D, 


NES 
1, 00 


3) ( h ) ©) == such that f, (20) # zero 
2 


»the domain of ( 2 is (Dj 1D) -Z (f) where Z (f) is the set of zeroes of f, 
Noticing that in all the operations on the functions » the domain of the resulting function 
equals the intersection of the domains of the two functions except the zeroes of the divisor 


in the division operation. 


Example бу 


m 


If f В+ — R where f (9 22X?-7 X45 
and g : ]- о »4] — R where g 00 22 x- 5 
Find : (1) (f + р) (Х) (2) (f в) C9 
f 
(3) (f xg 00 (a) (2) оо 
» then state the domain of each of them and calculate : 


(f +g) (3) »(f - g) (0) »(F xg) C3 and (T) 0) 


Solution 

• The domain of f = D, = R* = ]0 , | 0? | 
e The domain of g = D, = ]- = ›4] 
-. The common domain of the two functions = D, N D, = Ж N ]- © »4] = Jo ,4] 

(1) (ў + р) 0) -2:х2-7Х-5)4-(2Х-5)-23Х2-5 X and the domain = ]0 ,4] 

(2) (f -9g092Qx!-7x45)-Qx-5)22x?-9 Х+ 10 and ће domain = ]0 ,4] 
(3) f xg 002 QX?—7 X 5) QX-5) 24 X2 -24 X? + 45 X - 25 and the domain = |0 ,4] 


f  2x?-7x«5 QX-5)(x-D. a 5 
(4) (=) 00 = 5212 = aes = Х- 1 and the domain = Jo :41-131 


The numerical values : 

e (f +g) (3)=2(9)-5(3)=3 

• (f — g) (0) is undefined because 06 ]0 › 4] 

e (f x р) = 3) is undefined because — 36 ]0 » 4] 


(очо 


Example Ө 

If f and р are two functions where f (X) = Ze and g (X) = e „паа: 
(1) (f + g) CO and calculate (f + в) (3) 

(2) (f — g) CO and calculate (f – в) (2) 

(3) (f x g) CO and calculate (f x g) (3) 

(1) (X) and calculate (2) с 1) (1) 


Solution 
The domain of f = D, =R- {- 1} and the domain of g = D, =R- {2} 
2. The common domain of the two functions is : D, (1D, =IR-{-1 52} 


-X QX*1. X(X-2) € (K+ 1° 
(DF +8) 09 =х.1+х—2= (х+1)(Х-2) 


QXi-2xX4X!42X41.— 2X7? +1 
(X+ 1) (X-2) (X+ 1) (X-2) 


2(9)-1 19 


and the domain is Ё-1-152)5(/ +8) 09-50) 774 


— Lesson Two | 


х Xl X(X-2)-(X-1? -4Х-1 
X41 .X-2  (X«D(X-2 (Х-1)0Х-2) 


(2)0-8)00- 


and the domain is R — {- 1» 2] › (f — g) (2) is undefined because 26 the domain of (f – g) 


X+1 x 


(3) (f. £8) (X) => x UR X- 


and the domain =R- {- 1 2] (7. 8022-3 


Ui х оХх-2 0-03 


gu “Х-3 X1" Хе gay 


Ф(1)о- 
and the domain isIR -1-1521 
(2)є 1) is undefined because –1 € the domain of (4) (1) -1622-- i 
Example ©) 


If : f, 00-1х-2 :7,09-15-х ‚1; 00 =X-3 


Find the rule and the domain of each of the following functions : 


a) Gi +f) (2) (f, - fs) (3) Fi x fy) 
(3) (5) 

1 
Solution 


$$ pens” Di 

21 1 
D, = [2 ,=[,р, = ]- ,5]аар, 2 R ,Q, — a —ер. 
15 


(0 (f, +f) 00 =х-2+[5-х and the domain - [255] 7 P 
(2) (f - f) 00 95 x +3- x and the domain = ]- «e ›5] 

(3) (4x f) 09 ЕЕ -2 х15-Х and the domain = [2 ; 5] 

«(2 :)00- us 


BI sol 
f, ТХ-2 


UNIT 


Composition of functions 


If f and g are two functions » and range of g intersection domain of f is not equal 
to then the composition of the function f with the function g gives a new 


function (f o g) which is read as (f composed g) or (f after g) WATCH 


where (f o g) (X) = f (g OO) such that the rule of the function g is applied at first › then 
the rule of the function f secondly where the domain of (f o g) consists of values of X in 
domain of g which make g (X) in the domain of f 

i.e. Domain of (f o g) = {X : X € domain of g › g (X) € domain of f) 


The opposite diagram shows the g f 


previous definition : 
x СЭ, feo) 


ü Illustrated Example 


If g and f are two functions defined by a set of 
ordered pairs as the following : 


g={(1 +5) › (2 ›10) › (3 › 15)} 

» f ={(10 ›20) › (15 ›30) › (16 ›32)} › then 
Domain of р = {1 523} › domain of f = {10 ›15 5 16} 
Domain of (f o g) 

= [X : X € domain of g › g (X) € domain of f } 

= the set of first projections in g whose second projections appear first projections in f 
2. Domain of (f o g) = {2 3] 

»range of (f o g) = (20 ›30} › (f o g) = {(2 520) › (3 ›30)} 


Example Q 


If f Q02 X? 5g O0 2 X * 1 › then find : 

(1) (fog) (1) D (go) 0) 

(3) (#61) (4) (gog) C 1) 

Solution 

(04 (fog) =f (00) 2 (fog) =F (g0) 
sv (1)-141-2 2. (Ров) (1) = 7 0) =2 =8 

O) (во G0 - (f CO) хол 0) =в (70) 
= =1 д (gof) (1) = в (1) =1+1=2 


(24 | 


- Lesson Two | 


G) (e 00 = 7 (700) ОЛ 0) 

‚т fCD=C I =-1 хфор(-1-101)-1 
(4) (вов) 00 = в (в 00) 2 во (С = (gC) 

oe (1)--141-0 2 (вов) (1) = 2 (0) =0+1=1 
Example @ 


Iff Qü022X-*15g002X 2—3 , then find each of the following compositions of 
functions : 


(1) (f og) (0) (2) (go f) CO (3) (f o f) O9 

Solution 

(1) (Ров) (х) = (e (x) » putting g (X) instead of X in the function f 
2 (fog) (X)=2g(X)+1>putg (Х) = х2-3 
2 Фо?) (х) = 2 (Хх 2..8)4 1:3 simplifying the resulted expression. 
2 (fogQoz2x?-6«122x?-5 

(2) (вој) (0) = 6 (f о) » putting f (X) instead of X in the function g 
> f) 09 = (7 00)? - 3 »putting f 09 22 x 1 
2 (вор (0) = (2 Х+1)2-3, simplifying the resulted expression. 
М(фор(Х)-4Х2-4Х-1-3-4Х2-4Х-2 

3)» c9 - f (700) 2 (fof) 0922 (700) +1 
М(фор(0д-202Х-1)-1 М(фор(Ху-4Х-241-4Х-3 


Ветагк 


In the previous example notice that : (f o g) (X) # (go f) (X) 
» hence we can deduce that: f og + рој 


i.e. Operation of composition of functions is not commutative. 


(6:7) V of agit Y / ol - iy lob, - yalsall 


Example (3 


If f is a linear function and (f o f) (X) = 4 X +3 find f (X) : 
Solution 


Let f (X)=aX+b> 


s (fof) 00s 4X«3 o£ (FOO) =4х+3 
of (axX+b)=4X4+3 ха(аХ-0)-0-4Х-3 
ла X+ab+b=4X4+3 д. а2 = 4апіѕоа= +2 
»ab4b-3 b= 

ata=2 “ b=1 5 ма=-2 


“a f(O=2X4+1 or f(Q9z2-2x-3 


Example @ 
If f 0022 X * 1» (fog) (X) = X? 4 X- 1 find g (X) 


Solution 

(ов (=X? +X-1 ag (00) =x? «x-1 
М28(Х)-1-32-Х-1 х28(Х)-3Х2-Х-2 
хв00-4 244 Х-1 

Example (3 


Х-1 р Х»3 
If: f R——> R »7(Х)-5Х-2 »g(X)= 


Find : (1) (fog) (4) (2) (go f) (1) 

Solution 

(1) (fog) (4) = f (g (4) (Notice that g (4) 2 4 + 1 2 5) 
= f (5)=5x5-2=23 


(2) (go f) (1) = в (f (D) (Notice that f (1) =5 x 1-223) 
=g(3)=2x3=6 


= b=-3 
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To determine the domain of the function (f o g) do as the following : 


(1) Find : D, = domain of g 

(2) Find : D, = values of X that make g (X) in domain of f 

(3) Find : D, N D, which is the domain of (f o g) 
Example o 


: ЭЭ - 9 8 
Find the domain of (f о в) if: f (00 = »8 =, 
Solution 
To find the domain of (f o g) do as the following : 
Find D, = domain of g : 
.. = 4 B = 1 = - - 
“8MO= x55 ^. D, = domain of g = IR {-2} 
* Find D, = the set of values of X that makes g (X) in domain of f 
zm 203 : ES 
= < f (09) = 255 
-. g (X) in domain of f if g (X) #4 
TN. РЫ . = EN 
» when g (X) 24 MIU AXT-22]1 “ X=-1 


<. D, = set of values of X that makes g (X) in domain of f =R- [- 1} 


+ Find domain of (f o g) =D, N D, = (R- {-2})П (в-{-1})=в-{-2,-1} 


г. The domain of (og) -IR- (- 1 ,- 2] 


In case of using this diagram to find the domain we write f [(g (X)] without simplifying. 


UNIT 


1 


Example (T) 


If f (X) -1 Х-2.,.6(Х)- 16 — X , find the domain of each of the following functions : 
(D fog (2) воў 


ion 
(0 (fog) C9 = f (209) = 00- -|16-х-2 
‚з (3)-16-Х >» putting 6- x20 n Х=6 
-. D, = domain of = ]- œ ›6] 
» putting g (X) -220 :16-х-220 :16-х»2 (squaring the two sides) 
“ 6-X24 0052 
2. D, = The set of values of X that makes g (X) in domain of f = Ї-вө»2| 
2 Domain of (f o g) =D, ПО, 
= ]- 56] ]-® ›2] 
=]-® ›2] 


2) (во) 69 - в (100) -Y6- F(x =, 8-(х-2 


TET -2 »putting X -22 0 


„йг? х D, = domain of f = [2 » ef 
» putting 6 — Їх-2 >0 АЇх-2 < 6 (squaring the two sides) 
2Х-2536 220638 


г. D, = the set of values of X that makes f (X) in domain of р = ]- = »38] 
2. Domain of (go f) =D, N D, 
= [2 » e [1 ]- e 38] = [2 » 38] 
Another solution to find the domain of (gof) : 
ч Domain of f = [2 » »[ › domain of g = ]- œ, 6] 
> -- domain of (go f) = (X: X € domain of f › f (X) € domain of g} 


7 X€domainoff ~. -. f (X) € domain of g 


- feoe]- = 6] 
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АЇХ-2Є |» ‚6] „{х-2=6 
г. X-2<36 706536 


i.e. Domain of (g о f) = [2 «(| N ]- » 38] = [2 » 38] 
Example ($) 


Itf (92 x-1:g092 x?-3 
» find (f o g) (X) in the simplest form showing the domain › then find (f o g) (2) 


Solution 

~ бов 09 = 1 (2 00) -YgG0-1-3x?-3-1-3x?-4 

ч Domain of f = [1 › =[ › domain of g = IR 

> `2 domain of (f o g) = {X : X € domain of g › g (X) € domain of f } 


-. X € domain of g 

2 [xer], у g (©) Edomainoff ~. g (X) E[1 5 of 
1 X? -3 ЕЙ 5 of &X*-92&1 
25-450 50-2) 4220 


4 Х>2 ог Х=-2 


-|xe€m-]-2:.2[ 


ie. Domain of (f og) = П (в-]-2,2[)=в-]-2 »2[ 


»(Го8)(2)-1 — 4 = zero 
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(7 Symmetry about X-axis | 


The graph of a function is 
symmetric about X-axis if for 
each point A (X » y) lies on 

the graph there is a corresponding 
point & (X » —y) lies on the same 
graph where A is the image of A 


by reflection in X-axis. 


( 2 J Symmetry about y-axis | 


The graph of a function is 


symmetric about y-axis if for 
each point A (X › y) lies on 

the graph there is a corresponding 
point A (- X » y) lies on the same 
graph where А is the image of A 


by reflection in y-axis. 


Some properties of functions (even and 
odd functions / one - to - one functions) 
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(3) Symmetry about the origin point "O" ) 
The graph of a function is symmetric 


about the origin point (O) if for each 
point A (X » y) lies on the graph of 
the function there is a corresponding 
point A (- X »— y) lies on the same 
graph where A is the image of A by 


reflection on the origin point (O) 


Even function and odd function 


| 


» Even function : The function f is said to be even if f (— X) = f (X) for each 
X »- X Ethe domain of the function f 


The curve of the even function is symmetric about y-axis. 


WATCH 
VIDEO 


* Odd function : The function f is said to be odd if f (- X) = – f (X) for each 
X »— X Ethe domain of the function f 
The curve of the odd function is symmetric about the origin point. 


Remarks 


ІІ (os f OO » f (C20 -f(X › then the function f is neither even nor odd. 

2. When we investigate whether the function f is even or odd ; the two elements X »— X 
must belong to the domain of the function. If this condition is not satisfied » 
then the function is neither even nor odd without getting f (— X) 

3. If the domain of the function is R — {a} ,а 0 › then the function neither odd nor even. 

4. If the function is even and its curve passes through (a » b) › then the curve must pass 
through (— a » b) 

5. If the function is odd and its curve passes through (a » b) » then the curve must pass 
through (— a »— b) 


B. The zero function f : f (X) =0 is an even and odd function at the same time. 


[81] 


— e 


(3) 


0) ·: 
-. The domain of f =R 
2 For each X »- XER s then f CX = 2 CX 22(- x) 2- 2x? 2 - f (x) 
2 f is odd. 


2. The domain of f = [1 5 =[ 


2 For each X €[1 ›=[ 


~. f is neither even nor odd. 


(4) -. 


The domain of f : f (X) 2 cos Xis IR Remember that 
~. For each X ›- X ER ; then sin — X) = sin X 
f (Хх) = соѕ (- X) = cos X= f (X) cos (- X) 2 cos X 


^. f is even. 


Determine which of the functions defined by the following rules is even › odd or 


otherwise : 
a) f =x? 2f0922x? 
(з) f eo =4 —1 (4) f Q0 = cos X 


(5) 1(Х)-Х2-5.ХЄ|-252| 
Solution 


г. For each X »- XER › then f C X =C X? 2 X?- f (09 


f is polynomial 2. The domain of f = Ж 


2. f is even. 


f is polynomial 


+: The domain of f is the set of values of X satisfying 


X-120 Le. X21 


Notice that : 


3E[1 »ec[ 
while — 3 [1 oof 


there is not - X € (1 ,=[ 


tan (= X) = – tan X 


(5) 2 € the domain of the function › 26 the domain of the function 


. f is neither odd nor even. 
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Remarks 
ДА 


1. The function f : R——*R › f (X) = a X" where а 0 » n € Z* is called the power 
function » and it is : 
* Even when n is an even number. 
* Odd when n is an odd number. 


2. f (X = cos X » f (№ = sec X are even functions 
but f (X) = sin X » f (X) = csc X » f (X) = tan X and f (X) = cot X are odd functions. 


Example €) 


If the function f is an even function where f (X) =а X? b X 5 and the curve of 
the function passes through the point (1 » 6) find the value of each of a and b 


*- The function is even and passes through (1 › 6) 


-. The curve passes through (- 1 » 6) 


At the point (1 56) : :.6-а45-5 (1) 

At the point (C1 56): ~. 6=a—b+5 (2) 

Ву adding (1) (2): :12-2а-10 -..2а-2 maed 
By substituting in (1) : ~. 62 1 b 5 -. bz zero 


Important properties 


If each of f, » f, is an even function › and each of g, » g, is ап odd function » then : 
(1) f, + f, is even. (2) g; + g, is odd. 
(3) Ў +g, is neither even nor odd. (4) each of f, x f, and Zl is even. 


5 


(5) each of g, x g, and E is even. (6) each of f, x g, and z is odd. 
2 1 


Example Є) 


Determine which of the functions defined by the following rules is even » odd or 
otherwise : 


(1) f O02 Х2 + cos X (2) f O0 2 X2 - sin X (3) f Q023x^*tan X 


(0:7) \ о/о Yoi- im, cost; - yalsdl ( 33 | 


Solution 
(D) ~ f C202 C 203 + cos (- X) = X? + cos X= f (X) 
<. f is even. 


Another solution : 
Let f (X) = f, © + Р, (X) where f, (Х) = Xs fa (X) = cos X two even functions. 
л fi + fa is even. /. f is even. 
B) v f C20 = C29? + sin (- X) 2 - X? - sin X 2 - (X? + sin X=- f (0 
<. f is odd 


Note that : 
The function resulted from adding two odd functions is odd. 
(3): f C39 23 C29 tan CX) 23 X* (C tan 39 2 -3 X4 tan X=- f (X) 
-. f is odd. 
Note that : 


The function resulted from multiplying an even function by an odd function is odd. 


Example Q 


Each of the following graphs represents the curve of the function f 
> determine from the graph whether the function f is even › odd or VIDEO 


otherwise verifying your answer algebraically : 
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Solution 
Fig. (1): f Q0» X-1 
*: The domain of the function f = R and the curve is symmetric about y-axis 
^. f is even. 
* Algebraically satisfaction : 
ч For each X ›- XER »then f CX = - 20? - 1 -Х2-1-1(Х) <- is even. 
Fig. (2): f Q9 e x? +5 
+: The domain of the function f = Ж and the curve is symmetric about origin point 
<. f is odd. 
* Algebraically satisfaction : 
7 For each X »>-X ER 
then f 2392 C29 € 1. 039 29-1 -- (x^ lx)--roo 2 is odd. 


Fig. (3): f (X)=2X-X? 
*- The domain of the function f = R and the curve is neither symmetric about y-axis nor 
about the origin point 
-. f is neither even nor odd. 
* Algebraically satisfaction : 
-: Foreach X ;- XER » then f -3922(-39- C39? 2-2x- x? 2 - QX « X?) 
-fCcCsfoosfecxs-feoo -. f is neither even nor odd. 


Example [5] 
Determine which of the functions defined by the following rules is even » odd or 
otherwise : 


(Df Q923x*-5x?«1 (2) р(х) = х+2х-5 
3 — X=sin3 X 4 = X=tan x 
"APPS ++? HOUR xX?ax 
Solution 


(D-fCc32s30x*-5ocx?-123x*-5x?«1sf(0 


2. f is even. 


Gefto-xec.-2(C3-5s-X"-24-5--(x* 423905) 
М1-Х)4100.-12(-3)ж-Г700 
2. f is neither even nor odd. 


(-29-sin3(-29 _ (-3)-(-sin3X) -(X-sin3X) _ 


udis Үү, э oe “ зы 79 
<. f is odd. 
(- X) - tan (- X) 
4) = = 
(4) f CX СТРИТ 
ЫС, на OD et ьо 
e CS “aX =e Ха m 
/. is even. 
Example (3 


Determine which of the functions defined by the following rules is even › odd or otherwise : 


af eo -(x-L) «(x«Ly 


х 


f is odd. 
1 1 1 
“Те »-Х«0 = » Х»0 үс: » Х<0 
2)-fC»z- F 
Qf UE »-Х»0 -+ » Х«0 i s X90 
/. f is even. 
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One - to - one function 


The function f : X ——+ Y is called one - to - one function if : 
For each a » b € X » f (a) = f (b) » then a = b 
or for each a »b € X ал b › then f (а) ¥ f (b) WATCH 


VIDEO 


And this means there are not two elements in the domain of the one - to - 


one function having the same image. 


For example : 


The function is not The function is 
one-to-one from X to Y one-to-one from X to Y 


The horizontal line test 


If there exist a horizontal line (parallel to X-axis) intersects the curve of the function 
at more than one point › then the curve represents a function not one - to - one. 


у, 


Тһе horizontal line intersects the curve at Any horizontal line intersects the curve at 
two points » so the function is one point at most » so the function is 
not one - to - one. one - to - one. 


Example €) 


Prove that each of the functions defined by the following rules is one - to - one : 


qf 002 x?«2 oso- 
Solution 
(1) Let a » b Є ће domain of the function f 
nf(2a425.f(b-2b +2 putting f (а) = f (b) 
ха2-1-2 na zb) 
ъй Ъ -. f is one - to - one. 
(2) Let a » b € the domain of the function f 
га = putting f (a) = f (b) 
„24-3-2922 ^ (2a-3) (3+2) = (За+2) (2-3) 
~ 6ab+4a-9b-6=6ab-9a+4b-6 
-4a+9a=4b+9b 2. 13a=13b 
а= -. f is опе - to - one. 
Example (3 


Prove that each of the functions defined by the following rules is not one - to - one : 


(0f0923-x? (2) f =X? +X 
Solution 
(1) Let a » b € the domain of the function f 
~. (а)-3-а2.1(5)-3-12 putting f (a) = f (b) 
:3-а42-3-1/ a =b? 
гс -. a has two values b »— b 


-. f is not one - to - one. 


(2) Let a » b € the domain of the function f 


~. | (а) =а+а (b)=b? +b » putting f (a) = f (b) 
.а2+а=Ь?+Ь .а2-Ь?+а-Ь=0 
<. (a— b) (a+b) + (a- b) z0 г. (a- b) (a- b-1)20 


“.a—-b=0>thena=b or a+b+1=0>,thena=—b-1 


-. a has two values b »—b— 1 2.48 not one - to - one. 
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Remark 


The even functions » in general » аге not one - to - one 

» because for each two different values a » — a € the 

domain of the even function » then f (— a) = f (а) 

i.e. The values a »— a for the variable X are corresponding 
to one value for the variable y » so the even function 
is not one - to - one » as shown using the horizontal 
line test in the opposite figure. 

Їй The odd function could be one - to - one or not one - to - one. y ) 


Example ©) 


Graph the curve of an even function passing through the points (0 »-2),(-1»-1)» 
(—2 , 2) » then from the graph show that the function is not one - to - one. 


Solution 
*- The function is even. 
5 РО) = #2 
ЗРО) = 76-0) =-1,7 Q=fC2)=2 
i.e. The curve of ће function passes through 
the two points (1 ›-1) › (2 » 2) 
also from the graph : 


The function is not one - to - one because there is a horizontal 
line intersects the curve of the function at two points. 


If the function f is continuously increasing or continuously decreasing for all values 
belonging to its domain ; then the function f is one - to - one. 


For example : In the following figures : 


The function f is continuously increasing 


The function f is continuously decreasing 
on its domain , so f is one - to - one. 


on its domain , so f is one - to - one. 


Graphical voee ВД of basic functions 
and graphing piecewise functions 


Representing the linear function 


* The linear function f : R — R where f (X) = a X + b is represented graphically by 
a straight line passes through the point (0 » b) and its slope = a 
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Example бу 


Represent graphically the function f in each of the following 


and deduce from the graph the range of the function : 
(f:R—eR.fQo--ix 

(2) f:[-1 52. — В (00 =2Х-1 
(3) 1: -«»Ц---8.100-2Х-1 
Solution 

(1) ** The domain =R 


-. The function is represented by a straight line 
passes through the point (0 › 0) 


and its slope = — 4 
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у 


(2) >> The domain = [- 1 ›2[ 


ESENERKON 
208-3|-1|0)| 


Notice that the point (2 » 3) 


Є the function so it is 


excluded from the graph by drawing 
unshaded circle at this point. 


From the graph : The range = [- 3 ‚3[ 
(3) ч The domain = ]- о ; 1[ 

x 0 E 

100|(0)|-11 -3 | 


Notice that the point (1 › 1) 


ES the function so it is excluded 
from the graph by drawing 
unshaded circle at this point. 


From the graph : The range = ]- ee › 1[ 
Example €) 


2 
X X тот the 


Represent graphically the function f : R- {0} —+R , f (x)= 

graph deduce the range of the function. 
Solution 

ч Domain of the function f =R- {0} 


» represented by a straight line 


2-1 1(0)| 1 


The unshaded circle at the point whose 


Fy) -2 © Р X-coordinate = 0 because it does not 


^. The range = R - [- 1] belong to the domain. 


(3:7) лоо Y/ od - iy с>, - yalsdl 


UNIT 


1 


Example Ө) 


If f, : -© ‚ 2] — R where f, (X)=3X-1>f,: [-1 > 5] — = В where 
Ў, (0) =3-2 X , then graph the function f, + f, and from the graph deduce its range. 


Solution 
ч Domain of f, = ]- »» ›2] 
» domain of f, = [- 1 › 5] 


& Domain of (f, + 2) = | < ›2] A [- 1 ‚5]=[-1 ‚2] 
„> (fF, +f.) 00) =3X-14+3-2X=X+2 


+1 | 2 |4 


| х ES 0 2 


From the graph : Range of (f, + fa) = [1 ›4] 


Graphing the quadratic function 


Example @ Remember that 


Graph the function f : The point of the curve vertex of the quadratic 
fO92X!-XwhereX€]-153] | function f (92 a X? * b X cis (5° ++ (5%) 
a 
Solution 
РО) = X2 - X sthe domain = ]- 1 53] 
-b 1 


2. The X-coordinate of the vertex = — = = 


2a 2 
()-GX-3--1 


.. The curve vertex is (4 ;— 1) 


From the graph : 


* The range = [- i ‚6] 
* The function is decreasing on 


the interval |-1» H and is increasing on the interval 12. 33 
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Graphing the piecewise function 


Example o 


2-Х , -15Х-«2 
Graph the function f : f (X) = » then from the graph : 
X-2 » 25Х-«5 
(1) Determine the domain and the range of f (2) Discuss the monotonicity of f 
(3) Determine whether f is even » odd or otherwise » giving reason. 


(4) Mention whether f is one - to - one or not » giving reason. 


Solution 


The function f is defined by two rules 
* fi ()=2-xX»xE[-1>2[ 


x ije lO 
ra 31310) 


x 
7,09 


(1) The domain of f =[—1,2[\)[2,5[=[-1›5[ Notice that : | 
» the range of f = [0 ›3] 


2& [- 1 ;2[ » while2€[2 ›5[ 
(2) The function f is decreasing оп ]- 1 ›2[ so (2,5) Ef 


and increasing оп 2 » 5[ i.e. We don’t put unshaded circle 


(3) The function f is neither even nor odd on the point (2 » 5) in the graph. 
because it is not symmetric about y-axis 


nor the origin point O 
(4) The function f is not one - to - one because there exist a horizontal line intersects its 
curve at two points. 


The basic forms of some functions 


Now we will recognize the graph of simple forms (basic forms)» (standard forms) for the 


real functions and this is preface to use it in representing the real functions in their different 


forms next lesson. 


UNIT 


The simplest 


form 
The graph 
J- 
* Range of the function = {a} * Range of the function = IR 
* The function is constant on its * The function is increasing on its 
The range, domain. domain IR 


monotony and | e The function is even (symmetric | The function is odd (symmetric 


some properties | about y-axis) about the origin point) 


e The function is not one - to - опе | * The function is one - to - one 


function. function. 
The second degree (quadratic) p mud mmm | 
3 ч The third degree (cube) function 
function 


The simplest 4 j 
form f:R—+R>f(X)=X f:R—+R>f(X=xX 


----Ы-Ы----- 


The graph 
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* Range of the function = [0 ;ee[ — | * Range of the function = IR 


* The function is decreasing on 


* The function is increasing on its 
]- = ›0[ and increasing on ]0 [| domain R 


The range, 


monotony and |, The function is even (symmetric | ® The function is odd (symmetric 
some properties | about y-axis) about the origin point) 


* The function is not one - to - опе | * The function is one - to - one 


function. 


function. 


(2 | The basic form of the absolute function 
® Simplest form 


1:К---85,1(Х)-1Х| and 


it is redefined as follows : 


» P ; X20 
Dm d ‚ X«0 


* Range , monotony and some properties : 
* The range of the function = [0 ›=[ 


* The function is decreasing on ]- оо » O[ and increasing on ]0 » =[ 
* The function is even (symmetric about y-axis) 


* The function is not one - to - one function. 


(8 The basic form of the rational Function | 
* Simplest form 
1:8-(0)---85100-1 
"approaching each of the two parts of the curve 
to the two axes without intersection with them 


» then the two axes XX and yy are called 
asymptotical lines of the curve" 


* Range , monotony and some properties : 
* Range of the function = IR - {0} 
* The function is decreasing оп ]- e 50 
and decreasing on |0 ,=[ 
* The function is odd 
(symmetric about the origin point) 


* The function is one - to - one function. 


Graph each of the functions which are defined by the following rules and from the 
graph find the domain ; the range of the function and deduce its monotony and state 
whether the function is even › odd or otherwise : 


x , X«0 
a) f (X) = 
|x| , Xz0 
x3 , X«0 
(2) =| 
700 X. , х0 
Solution 
(1) » The domain = R 
ж The range = R 


* The function is decreasing оп ]- e» » 0[ 
and is increasing on JO 5 | 
* The function is neither odd nor even. 


(2) * The domain =R- {0} 
* The range =R- {0} 
* The function is increasing on its domain. 


* The function is neither odd nor even. 


(46 | 


у-х?-3 у-х1-2 


| 


rari 


l Vertical translation 
2 units upward 


к= EES РН ЗЫ T 
Vertical translation y 
3 units downward 


The vertex (0, – 3) The vertex (0» 2) 


For any function f » the curve of y = f (X) +а sa ER- {0} 
is the same curve of y = f (X) by a vertical translation 


m en Oy (i.e. Upward) ага»0 
» its value is | a | length unit in the direction : оў 
у 


(i.e. Downward) ata «0 


The vertex (350) 


For any function f »the curve of y = f (X+a) »a€ R- {0} 
is the same curve of y = f (X) by a horizontal translation 
OX (ie.To the right) ata <0 


» Из value is | а | length unit in the direction : 
OX (ie.Tothe left) ata>0 
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ПОТИ Horizontal translation followed by vertical translation of the function curve 


| The simplest form of the function 0000000000 


units to the right followed 
by vertical translation one 
unit downward 


units to the left followed 
by vertical translation 
three units upward 


Symmetric point (— 2, 3) 


For any function f ; the curve of y = f (X + a) + b where a »b C IR — {0} is the same 
curve of y = f (X) by a horizontal translation › its value | a | length unit in the direction OX 
if a « 0 or in the direction OX if a» 0 » then a vertical translation > its value is | b | length 

unit in the direction O y if b » 0 or in the direction Oy if b « 0 


Example бу 


Use the curves of the basic functions to graph the curves of the functions which are 
defined by the following rules ; then from the graph determine the domain and the 
range of each function and discuss its monotony and state whether the function is 
even » odd or otherwise : 


(0g0921x-2|-1 (2) g09-Q-x?«1 


(V: г) Veget Y / сАЙ — iy ooo - wall 


1 


Solution 


(1) • The domain of р = В › the range 
ofg-[-1 | 


The curve of the function р is the same curve 
of the function f : f (X) = | х | by а horizontal 
translation two units in the direction OX » then 
a vertical translation one unit in the direction Oy 


* The function g is decreasing 


on ]- ee » 2[ and is increasing 
on |2 ,=[ 


* The function g is neither 


b. 
even nor odd. 


(2) «+ -X =(x-2) 
лв) =(X-2)? +1 


The curve of the function g is the same curve 
of the function f : f (X) = X? by a horizontal 
translation 2 units in the direction OX » then a 


vertical translation one unit in the direction Oy 


* The domain of g 2 Ж, 
the range of g = [1 » oof 


и 
• The function g is decreasing ` 


оп | »2[ and is increasing хх 
on ]2 ,=[ 


e The function g is neither even 
nor odd. 


Example €) 


Use the curve of the function f : f (X) = x to represent the functions g › 
h and k where : 


Mg@M=s «1 


VIDEO 
EN 
Х-3 (2) (00 = +3 
(3) k 09 = 2х1 


From the graph › determine the domain and the range of each function › then discuss 
its monotony. 


Solution 
(1) • The domain of g =R- {2} 
* The range of g - Ж- {1} 


* The function is decreasing 
on ]- ee » 2[ and also 
decreasing on ]2 ; ~[ 


(2) • The domain of h = Ж — {0} 
* The range of h =R- {3} 


* The function is decreasing 
on H оо y o[ 


and also decreasing 
on |0 » oof 


23-1. 3238-3641 


„л “Шш = 
2 (Х-1)я4 
© X-1 


* The domain of k =R- {1} 

* The range of k =R- {2} 

* The function is decreasing 
оп ]- ee › 1[ and 


also decreasing on ]1 > cf 


rE-------—. 


чи 


guod esas ЕЛЕЕ 8 
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The curve of the function g is the same 
curve of the function f by a horizontal 
translation 2 units in the direction OX 
» then a vertical translation 1 unit in 

the direction Oy 


The curve of the function h is the same 
curve of the function f by a vertical 
translation 3 units in the direction Oy 


The curve of the function k is the same 
curve of the function f by a horizontal 
translation one unit in the direction 

OX » then a vertical translation 2 units 
in the direction Oy 


1 


— e 


Graph each of the functions which are defined by the following rules and from 


the graph , find the domain , the range of the function and deduce its monotony 


and state whether the function is even , odd or otherwise : 


Kel s Х-1 
1 = 
DFO р x Х»1 
]x-32|*1 » 04 
(2) $ = 1 
x-4*? » X>4 
те 


(1) * The domain =R- {1} 


* The range — [1 Я5| 
* The function is decreasing on 
]- = » 0[ and increasing on 


Jo >1[ sconstant on ]1 > =[ 


• The function is neither odd nor even. 


(2) • The domain =R- {4} 
• The range = [1 5 -[ 
* The function is decreasing on 
each ]- ee 5 2[ » |4 » e»[ and 


increasing on ]2 5 4[ 


e The function is neither odd nor even. 


Example © 


function g is one - to - one or not : 


[52 | 


If f : — R where f (X) = X? , graph the function g where g (X) = f (X+ 1) -2; 
from the graph › determine the domain of g and its range › then discuss its monotony 


and state whether the function g is even » odd or otherwise and write whether the 
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Solution 
тв (=f (X+1)-2 
За(0-0Х417-2 
`. The curve of the function g is the same curve of the function f 
by a horizontal translation one unit in the direction OX » then 
a vertical translation 2 units in the direction Oy 
* The domain of g = R , the range of g = R 
e The function g is increasing on its domain R 
* The function g is neither even nor odd. 


* The function g is one - to - one function. 


CA senecion of the function curve in X-axis ) 


For any function f » the curve of y = — f (X) is the same curve у = f (X) by reflection in X-axis 


It is necessary that ordering the performing of transformations on the curve у = f (X) to 
get from it the curve y 2 — f (X + a) + bas follows : 

1. Reflection in X-axis. 2. Horizontal translation. 

3. Vertical translation. 
If we reverse the order of performing the vertical translation before performing 


the reflection in X-axis » then we get another curve not the required curve. 


For example : 
From the curve of the simplest form of the function у = | X| » we can get the curve of 
the function y 2 — | X 2 | + 1 as follows : 


^ 


y y 
y=-|X+2| y=-|X+2|+1 
The simplest : Horizontal Vertical 
Reflect in 2 : 
form of the davis translation translation 
L function 2 units left 1 unit upward 
Example @ 


Using the curves of the basic functions › graph the curves of the functions g » k and z 


where : 


=_(x_2)3 ЕЕ 
(0 2 Q9 2 - (X-2) Q)k09245—x*3 


(32z0924x-x?-3 


From the graph » determine the range of each function » discuss its monotony and its 
symmetry » and state whether the function is even » odd or otherwise. 
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Solution 
(1) • The range of g = IR The curve of the function g is the same 
1 х >= 3 
* The function g is decreasing curve of the function f : f (©) = Х by 
on its domain IR reflection in X-axis » then a horizontal 
2 А 3 translation 2 units in the direction OX 
* The function g is symmetric 


about the point (2 » 0) 
* The function g is neither 
even nor odd. 


The curve of the function k is the same 
curve of the function f : f (X) = + 


1 1 
(2)КОд- ex oi 3=— (Х—2) +3 by reflection in X-axis followed by 
= 3 a horizontal translation 2 units in the 
Баг) m direction OX » then a vertical 


translation 3 units in the direction Oy 

• The range of k =R- {3} 

* The function k is increasing on 
the interval ]-  » 2[ and also is 
increasing on the interval ]2 » | 


* The function k is symmetric about the point (2 » 3) 


* The function k is neither even nor odd. 


(3)20) --Х2-4Х-3--(Х2-4Х-3) 
--(Х1-4Х-4-1) 
== [00 2^ 1] 
-2-(x-2)41 
e The range of z = ]- œ » 1] ГЇ. 


The curve of the function z is the same 
curve of the function f : f (X) = xs 

by reflection in X-axis followed by a 
horizontal translation two units in the 
direction Ox »thena vertical translation 


1 
х 
* The function 2 is increasing 3 E - one unit in the direction Oy 
on the interval ]- ee » 2[ and BAS H 
is decreasing on the interval ж 
р >| 2 49 
* The function z is symmetric about i? 
the line X = 2 Г 
* The function z is neither even nor odd. y 


Notice that : 


The vertex of the curve of the function z is (2 » 1) we can get it from the law : 


The vertex of the curve = ( Di f (52)) 


for the functions whose rules are in the form : 


РО) =ах? +6 Х+с 


ЕИ sueching of the function curve | 


For any function f » the curve of y =a f (X) where a € Rr 


e Vertical stretch for the curve y = f (X) ifa»1 

e Vertical shrinking for the curve у = f (X) НО<а<1 
For example : y 
In the opposite figure : 4 о 
e The curve of the function g : Г 


І | ма 
8(Х)-2|Х lis vertical stretch for the ) 


curve of the function f : f (0) 2| X] 
because: a» 1 
i.e. Рог each (X »y) € f » then (X »2y)E g 


* The curve of the function h : 
h(X)= i | X | is vertical shrinking for the 
curve of the function f : f Q9 =| Х| 
because : 0 «a < 1 
ie. For each (X »y) € f »then(x › 4 y) € h 


Example (3 
Use the curve of the function f : f (X) = X? to represent each of the following curves : 
(0) в (х) =2х? 2)к00--4х2 3)k 09 22 (x-1?-3 


From the graph » determine the range of each one » discuss its monotony and state whether 


the function is even » odd or otherwise. 
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(1) The curve of the function g is vertical stretch for the 
curve of the function f where a=2> 1 
i.e. For each (X у) € f › then (X »2y) Eg 
e Range of g = [0 5 | 


* The function g is decreasing оп ]- оо » O[ and is 


increasing on ]o > 
* The function g is even. 
(2) The curve of the function h is vertical shrinking for 
the curve of the function f where а = + <1 ,then 


2 
reflection in X-axis 


ie. For each (X › у) €f › then (x ,- > y) Eh 

* Range of h = ]- œ ›0] 

• The function h is increasing оп ]- ee » O[ and is 
decreasing on ]0 » e[ 


* The function h is even. 


(3) The curve of the function k is vertical stretch for the curve of 
the function f where a 2 2 > 1 › then a horizontal translation 
one unit in the direction OX followed by a vertical 
translation three units in the direction Oy 
* Range of k = [-3 › | 
e The function К is decreasing on ]- х » | 


and is increasing оп ]1 › | 


* The function k is neither even nor odd. 


(Ar P) V oast Y / OW - dey с>, | 


For any polynomial function f : foo » 10050 
(1) The curve of y =| f (X)| ie.y- 
-fOo) » 109<0 


is represented graphically by the curve of y = f (X) with replacing the part of 
the curve which is under the X-axis by its image by reflection in the X-axis. 


For example : 
y-Ix?-3l 
represented graphically as follows represented graphically as follows 


-fO9) > /00>0 
(2) The curve of y = – | (X)| іе.у = 


f o9 > f0O9«0 


is represented graphically by the curve of y = f (X) with replacing the part of 
the curve which is up the X-axis by its image by reflection in the X-axis. 


For example : 


y--Ix- 2-21 


represented graphically as follows represented graphically as follows 
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Example €) 


Graph each of the functions which are defined by the following rules › and from the graph 
find its range and state whether the function is even › odd or otherwise : 


0)709-1х2-2| (2) 109--1Х2| (3) 700 =1х?1+1 
Solution 
(1) Let g Q0 2 X?-2 


г. The curve of the function f is the same 
curve of the function g with replacing the 
part of the curve which is under the X-axis 
by its image by reflection in the X-axis 
* Range of f = [0 > -| 


* The function is even. 


(2) Let в Q9 =X? 

-. The curve of the function f is the same 
curve of the function g with replacing the 
part of the curve which is up the X-axis by 
its image by reflection in the X-axis. 

• Range of f = ]- = ›0] 


* The function is even. 


(3) Let g (X) = X? 
М100-1:001.1 


.. The curve of the function f is the same 
curve of the function g with replacing the 
part of the curve which is under the X-axis 
by its image by reflection in the X-axis » 
then a vertical translation one unit in the 
direction Oy 


* Range of f =[1 әј 


* The function is even. 


1 


Example (3 


Graph the function f : f (Х) = т » then use it for the graphing of the functions 

which are defined by the following rules : 

(1) g Q9 2 f (X4 1) (2h (0) = f CO *1 (Sk (X) =-f (X) +2 
Solution 


. eae 
Let n (X) = x 
~ f=] 
i.e. The curve of the function f is the same 


curve of the function n with replacing the part 
of the curve which is under the X-axis by its 


image by reflection in the X-axis 


(1) т g00 - f (X * D 


1 
58(0)- 
" |x+1| 
-. The function g is represented graphically by 


the curve of the function f with a horizontal 


= eae | 


. ae è « Pa 
translation one unit in the direction OX 


+ --+44----- SS > 


(2) (0) = (0) +1 
Ah eci-sl 
|x| 
-. The function h is represented graphically by 
the curve of the function f with a vertical 
translation one unit in the direction Oy 


(3) и К(0) =- 700 +2 
Ак) = 1+2 
|x| 
.. The function К is represented graphically 
by the image of the curve of the function f 
by reflection in the X-axis » and a vertical 


translation two units in the direction Oy 
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Example (9) 
Graph each of the functions which are defined by the following rules › from the graph 
» find the domain and the range of each function › then discuss its monotony and its 


symmetry › and state whether the function is even › odd or otherwise : 


(1) f (X)=X|X|+2 QfM=X"|xl-3 
(3) f eo 2d x?- 6x49 


х(0+2 ›х>0 
(0109 = 
х(- 0+2 »X<0 


BS ,Xz0 


—X*42 йб 


* Domain of f =R » range of f =R 


* The function is increasing on its domain IR 
* The function is symmetric about the point (0 » 2) 


* The function is neither even nor odd. 


X^u09-3 „%ь0 
(2f09- 

Х2(-3)-3 4Х-0 

9 »X2=0 

-403--31 «Хор 


* Domain of f =R , range of /-1-3»«| 


* The function is decreasing on ]- хо › O[ and is increasing on |0 › з[ 
* The function is symmetric about y-axis. 


* The function is even. 


(3) /00-10х-37 E 
FOX-a 


2. The function f is represented graphically 


e p m РИА e ИЧЕ 


P" 


by the curve of y = | X | with a horizontal л TEY x 
n EER 
translation 3 units in the direction OX 1 i CLE 


• Domain of f =R » range of f = [0 , =[ 
• The function is decreasing on ]- ee » 3[ 
and is increasing on ]3 »ес| 


e The function is symmetric about the line X = 3 


• The function is neither even nor odd. 


if f (X) is a real function » then : 


The image of the | = In y-axis is the curve 
curve y = f (X) | ——> In X-axis of the 
by reflection | “= Inthe origin | function 


Bee 
Solving absolute value equations EN 
and inequalities WATCH 


VIDEO 
| First | Solving absolute value equations | 


There are two methods for solving absolute value equations : 


Lesson SİX 


WATCH 
VIDEO 


(1) Graphical method | 
In this method » we use graphing the real functions in solving equations » noticing that 
for any two functions f and g the solutions set of the equation f (X) = g (X) is the set of 
X-coordinates of the intersecting points of the curves of the two functions f and g 


In the opposite figure : 

If the two curves of the two functions f and g 
intersecting at the two points A(X, » y) 

and B (X, » y») » then the solution set of 

the equation f (X) = g (X) іп Ris 15: , Kat 


(2) Algebraic method | 
In this method » we use the definition of the absolute value and some properties of the 
absolute value of the real number in solving the equations. 


Definition of the absolute value 


X 5 XU 


| 

If X € Е »a »b are real numbers » then |X|= | 
-Х , X«0 | 

| 

| 


Х-а » Xz-a 


andsolx+al=] slax+b]= 
-X-a » <-a 


aXt+b » 
—-ax-b:; 


Properties of the absolute value of the real number 


(3) |a * b| 3lal  |bl 


i.e. The absolute value of the sum of two numbers is smaller than or equal to the sum 
of their absolute values and the equality is happened if a » b are negative together » 


positive together or each of them equals zero. 
For example : 
Le.|4 + - 7) «I40] 41-7| 

1-4 € 7121-41 1-71 


1. For any real number a : then : 


For example : |3| 2 |- 3| 
2. |а-х|-1Х-а| 
For example : |2 — X| = |Х- 2] 
3. Ix|s coc» 0e X2 sc 
For example : If |X|=3 › then: X = + 3 and На=+5 › then : |а| = 5 


4. If a and b are two real numbers » then : Jal=|blooa=+b 


5. For any real number a ‚еп: | (а) =a? | 


For example : (|-21) =4 T 3 


6. For any real number a › then : 
For example : 158 = |5| = 5 > (C39 21-3123 


T. 1f|x| 2 X s then: X €[0 » ~[ 8. if|x| 2 - X then: X€]- ~ ,0] 
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(1) Solving the equation in the form : |a X4 b|- c »cc[o 23 


The algebraic solution 


(1) Using the definition 

(2) Using the property value 
inside the absolute sign 

= + the real number 


The graphical solution 


The X-coordinates of the 
intersection points of the 
two curves f (X) la X4 b| 
goo 2c 


Remark 


If[a X4 b|2c sc €]- ee ›0[ , then the solution set in R = Ø 
For example the solution set of the equation |3 X — 4| 2 — 5 in R is Ø 


Example бу 


Find graphically , then perform algebraically the solution set in IR for the equation : 
Ix-2|- 

Solution 

Graphical solution : 

Putting f (X) -1Х-21»8(Х)-3 

* We draw the curve of the function 
f: f CO =|Х- 2|апа it is the same curve 
of y =|X| with a horizontal translation 2 units 
in the direction OX 

* We draw the curve of the function 


g : g (X) = З and it is a constant function represented by 
a straight line parallel to the X-axis and intersects the y-axis at the point (0 » 3) 


* We find the intersection points of the two curves are (-1 » 3) and (5 »3) 
2. The solution set = {-1 5 5} 


(Ait) У eif igit Y/ cid - ime cou, - за] 


Algebraic solution : 


First : Using the definition of the absolute value function 


Х-2 » X-220 
teo-Ix-zl- P527, » X-2«0 
X-2 » X22 
a f= 
709) ier » Х«2 
AtXz2:X-223 1 X=5E[2 ›=[ 
AtX<2:-X+2=3 Х--ЇЄЇ-өө2| 


<. The solution set = (- 1 55] 


Second : Using the property "what inside the absolute sign = + the real number" 


We can summarize the steps of algebraic solution as the following : 


”ЇЮК-2|н3 AX-22z3 
S229 Le. Х= 5 
or Х-2=-3 Le.X--1 


<. The solution set = [- 1 » 5} 


(2) Solving the equation in the form : |a X+b|=|c X+d| | 


WATCH 
VIDEO 


: "i.e. absolute of first degree expression т X = absolute 22 


: first degree expression in X" Е 
The algebraic solution The graphical solution 
(1) One of the two expressions The X-coordinates of the 
= + the other expression. intersection points of the 
(2) By squaring the two sides of the two curves f (X)=|aX+b| 
equation. :gO92lexdl 
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Example €) 
Find graphically › then perform algebraically the solution set of the equation : 
[X-4|2|2 X- 5| inR 

Solution 
Put f (X) 21 X-4l»g (х) 212 x -5|22|x-2 i| 

Graphical solution : 

The function f is represented graphically by 
the curve y = | X | with horizontal translation 
4 units in OX directions › the function gis 
represented graphically by the graph 

у=2 | Х | with horizontal translation 2 i 

units in OX direction. 

>'v the two curves are intersecting 

at the two points (1 » 3) › (3 › 1) 


2. The solution set = {1 53} 


Algebraic solution : 


First : By using the property "one of the two expressions = + the other expression" 


21Х-4|-12Х-5| 

“. Х-4=+ (2 X — 5) (from absolute property) 

/. Х-4=2Х-5 апіѕо Х=1 

оХ-4--2Х-5 73 Х=9 andso X23 


2. The solution set = {1 ›3} 


Second : By squaring both sides 


:(Х-4у-(2Х-5)у nX)-8x41624xX?—20 X 425 
.3Х?°-12Х+9=0 2.х?-4х+3=0 
М(Х-3)(Х-1)-0 Х-3 of X-1 


2. The solution set = (1 53} 


UNIT 


1 


(3) Solving the equation in the form :|aX+b|=cX+d | 


"Le. absolute of first degree expression in x = first degree expression in x" 


Sesto M en l— } 


[ The algebraic solution | The graphical solution 


$ E 
Using the defintion to redefine the The X-coordinates of the intersection 
absolute to get the two equation points of the two curves 
2 -b 
aX*bzcXedatXz- 00 =|ах+1| 
»aX4b--cX-datXx«-P ээ (Х)-сХ-4 


Example Є) 
Find graphically › then perform algebraically the solution set in R for each of the 


following equations : 


(1) |x-2|=x+4 (2)|х+3|-1 х=3 3Ix-3|23-x 


Solution 
(1) Putting f (X) =1Х- 21,8 (Х)=Х+4 


Graphical solution : 


+: The function f is represented by the curve of 
= |X| with a horizontal translation 2 units in the 
direction of OX » the function g is represented 


by the curve of y = X with a vertical translation 
4 units in the direction Oy 
-. The two curves intersect at one point (— 1 » 3) 
г. The solution set = [- 1} 
Algebraic solution : 


x-2 » X22 
-Х+2 › X<2 


fco =1х-21-= 


AtX=2:X-2=X+4> then—2=4 (not possible) 
AtX<2:-X+2=X+4 » thenX=-1E]-~ ›2[ 


2. The solution set = {— 1} 
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(2)|х+3|= 2 х+3 
Putting f (X) =1х+31,8 (Х) = Х+3 


Graphical solution : 

f is represented by the curve of y = |X| with 

a horizontal translation 3 units in the direction 
ofOX , 5 is represented by the curve of y = X 
with a vertical shrinking in which : a = 3 and 


à vertical translation 3 units in the direction Oy 


(i.e. A straight line of slope = i and passes 
through the point (0 » 3)) 
-. The two curves intersect at (0 » 3) and (- 4 5 1) 


2. The solution set = [0 ,— 4] 


Algebraic solution : 


Х-3 » Xz-3 


лод =1х+ 31-53, ‚ X43 | 


AtX2-3:X+3= 1 Х+3 »then: X20 E[-3 » oof 
AtX«-3:-X-32 1. X43, then: X2 -4€]-«e ,—-3[ 


2 
2. The solution set = [0 ,—4] 


(3) Let f (Хх) 2| x -3]:g 90 23- x2 - x «3 
Graphical solution : 

f is represented graphically by the curve of 

y =|X| with a horizontal translation 3 units 

in the direction OX » g is represented 
graphically by the curve of y 2 X 


by reflection in the X-axis » then a vertical 
translation 3 units in the direction Oy 


г. The two curves intersect at an infinite number of points (X » y) where X € ]- ee , 3] 


2. The solution set = ]- о › 3] 


UNIT 


1 


Algebraic solution : 

Х-3 » Xz3 
—-X435, X«3 
AtXz3:.. Х-3=3-Х 


ғо) =1х-31=} 


.2Х=6 —2Х=3Є[3›°[ 
А?Х-3::-Х-43-3-Х 

and this relation is performed for ай values of X Е]- = ,3[ 
<. The solution set = {3} U ]- ,3[= ]- ee »3] 


Example © 


Find algebraically the solution set in IR for each of the following equations : 


(DI3 x-9|-|3 - X| 2 10 2\х?-4х+4+х=10 


(3) x? -3|x|- 28 20 


Solution 

(1) -:|3x-9|-|3- X| z 10 
2 3|x-3|-[x—-3| 2 10 (Notice that : |X — 3| 2 |3 - X]) 
a 2|x - 3| 2 10 a Xx-3|25 
г. Х-3=+5 /. Х-3=5 sthen Х= 8 


огХ-3=-5 ›Шеп X--2 
2. The solution set = {8 »- 2} 


(2) -(х2-4х44-Х-10 ~Vx-2) = 10-x 
+ [X=2]= 10-X 


Х-2 » X22 
V -2|- 
даж, Бэр x Ха 


“УйеаХ2:Х-2-10-Х,ШеаХ-6Є|2»«| 
»when Х<2:-Х+2=10-Х 


г. 2 = 10 (this is impossible) 2. The solution set = {6} 
X з X20 
ын ii [5 » X«0 


25236-98 > Хэ0 
3^433—28 o жеб 


n х?-з\х]-28=] 
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2 When Xz0: X?-3 X -28 20 

2. (X-7) (X74) 30 then: X27 €[0 » “[ or x 2 4& [0 5 oo 
^ When X«0: X?43X-28-20 

^7) (X-4) 20 > then: X2-7€]- e ,0[ or x 24& ]- e 50] 
2. The solution set = {7 ›-7} 

Another solution : 

2 =|x?| =x? 

д. |x]?-3|x| -28 20 2 (11-7) (+4) =0 
-|xX|27 » thenX=+7 ог |X|=—4 (refused) 

2. The solution set = (7 ›-7} 


Example o 


Find the solution set of each of the following equations graphically in IR : 
()|Х-21-1Х-1|1-3 (231Х-3|-3-1Х| 
Solution 


()|Х-2|1--1Х-11-3 
Putting /(Х)-1Х-2|1»а(Х)--1Х-11-3 
52) is represented by the curve of 
y =|X| with a horizontal translation 2 units in the 
direction OX » g is represented by the curve of 
y = |X] with reflection in the X-axis » then 
a horizontal translation one unit in the direction 
OX and a vertical translation 3 units in the direction Oy 
>. the two curves intersect at (0 » 2) and (3 › 1) 
2. The solution set = {0 » 3} 
(2) Putting f (X) 21X -3| »g (X) -3-1Х| 
^. f is represented by the curve of y = |X| with 
a horizontal translation 3 units in the direction 
OX »gis represented by the curve of y = |X| 


with reflection in the X-axis » then a vertical 


translation 3 units in the direction Oy 
2. The two curves intersect at an infinite number of points (X › y) where X € [0 » 3] 
2. The solution set = [0 ; 3] 


UNIT 


1 


Example (3 
Graph the function f : f (X) 2 2-|X- 1| 
and from the graph deduce in R the solution set of the equation : f (X) =0 
Solution 
)(Х)--1Х-1-2 
-. f is represented graphically by the image of the curve 


of y = |X| with the reflection in the X-axis » then 
a horizontal translation one unit in the direction OX 
and a vertical translation 2 units in the direction Oy 

-. The solution set of the equation f (X) = 0 
is the set of the X-coordinates for the intersecting points 
of the curve of the function f with the X-axis 

i.e. With the line y = 0 and they are 3 and – 1 

2. The solution set of the equation = {3 »— 1} 


Example 6) 


Find in the square units › the included area between the two curves of f and g where : 
РО) =1х-2|-2 8 (х) =4-|Х- 2| 


Solution 
f is represented by the curve of y = |X | with 
a horizontal translation 2 units in the direction Ox 
and a vertical translation 2 units in the direction Oy 
> g is represented by the image of the curve of y =|X| 
with the reflection in the X-axis » then a horizontal 
translation 2 units in the direction OX and a vertical 
translation 4 units in the direction Oy 


From the graph : 

The included area between the two curves of the 

two functions f and g is a surface of a square whose 

vertices are the points A (- 1 » 1) x (2 »-2) > The two diagonals AC and BD 

ео) эр (2 » 4) and the length of its bisect each other and perpendicular 

diagonal AC = 5 - (- 1) = 6 length units. and equal in length. 

-. The area of the included area between the two -. The figure represents a square. 
curves f and g = area of the square ABCD 


= 4 (АС)? = 1 х 36 = 18 square units. 
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БОД soving absolute value inequalities | 
( 1 | Graphical solution of the absolute value inequalities : 


In the opposite figure : 


For any two functions f and g : 


* The solution set of the inequality : 
f (X)<g(X)is Ja » bl 


and this is the set of values of X where the curve of 


the function f is under the curve of the function g at these values. У 


e The solution set of the inequality : 
and this is the set of values of X where the curve of the function f is up the curve of 
the function g at these values. 
From the graph , notice that : 
The solution set of the equation f (X) = g (X) is {a »b] » then: 


• The solution set of the inequality f (X) < g (X) is [a » b] 
• The solution set of the inequality f (X) = g (X) is ]- e» за] U [b ,=[ = Ја »b[ 


For example : 
In Fig. (1) In Fig. (2) 


The solution set of the inequality : The solution set of the inequality : 
f CO«gQO is ]- 1 »3[ ҒО) <в (3) 81054| 

The solution set of the inequality : The solution set of the inequality : 
f C0» gOO isR-[-1 53] f (X)>g CO isR-[0 ›4] 

The solution set of the equation : The solution set of the equation : 
f (X)=g (х) {-1 53} f (X)=g (х) is {0,4} 


(Vert) A oast Y/ OW - ty ole, - май 


— Ө 


Find graphically in R the solution set of each of the following inequalities : 


(1)1х+31<2 (2) |2x-81<6 
(3)1х-31> 4 x (91Х-2123-1Х-3| 
Solution 


(1) Putting f (X) 21X * 3] »g (X) 22 
From the graph of the two functions 
f and g in the opposite figure 
» we get that : f (X) « g (X) 
Le. :|X + 3| «2 on the interval |-5»-1| 
2. The solution set of the inequality = ]- 5 ; — 1[ 


(2) ** |2(X-|s6  —2|x-4|s6  -|x-4|s3 
Putting f (X) =1Х- 41,8 (Х) =3 
From (ће graph of the two functions f and g 
in the opposite figure » we get that : f (X) x g (X) 
ie. \Х— 4| < 3 on the interval [1 7] 
2. The solution set of the inequality = [1 57] 


(3) Putting f (X) =1Х- 31,8 ()= 4 x 
From the graph of the two functions f and g 
in the opposite figure » we get that : f (X) > g (X) 
ie.|X-3|» i Xon the interval 
J :2[U 6 »«[ =В- [2 ›6] 
2. The solution set of the inequality = IR — [2 ›6] 


(4) Putting f (Х)-1Х-2| 
:g(X)23-|x-3|2-|xX-3| -3 
From the graph of the two functions f and g 
in the opposite figure » we get that : f (X) > g (X) 
Le.|X-2|z 3-|X —3]|on the interval 
|->, ПОЙ sof =R-]1 ›4[ 
2. The solution set of the inequality = R - ]1 ,4[ 


Lesson Six 


( 2 | Algebraic solution of the absolute value inequalities 


Corollaries 


* For each a € IR* 
(1)  Х| «as»then-a«X«a 
Le.X€ ]- a val 


(2) f[X| a ›Шеп-а<Х=а 
Le.X€ [- a sa] 


(3) If|X|>a>thenX>a or X«-a 
ie. X€IR- [-a 3a] 


(4) Е |х| >а › Шеп Х>аогХ =-а 
1е.ХЕВ-]-а›а[ 


* For every a ER 
(1) The solution set of the inequality |X | < a or |X| < a in R equals Ø 


(2) The solution set of the inequality |X| >a or | Х| > a іп R equals R 


Example C) 


Find in R the solution set for each of the following inequalities : 


(012 Xx-5|«1 (2)|Х-21»3 


()|4 х2-12Х +9 <1 w wá 
I3x-1l 


(5512Х-5|1-15-2Х|«14 


Solution 

(i) |2X-5|«1 
2-1«2Х-5«1 
-145«2Х«1-5 
“.4<2X <6 (dividing by 2) 
22—963 
<. The solution set = ]2 » 3[ 


UNIT 


1 


(2) 


|X+2|>3 


/.Х+2>3 or Х+2<-3 


Sexo dr 


X«-5 


2. The solution set = Ж — [- 5 ; 1] 


(3) 


“(4х2412Х-9-1 


Оо. х +3)Ў <1 
212 Х+3|1 
2-1Е2Х-351 
“-4<52X<-2 
2-2ЕуХ5-1 


2. The solution 861-1-25-1| 


(4) V 


1 


25 
133€—1] 


: 1 
:13Х-115- 


л-183Х-154 
.4 6 
. 5 $3 Х< 

ү 15 5354 
“+ [3 Xx-1|20 when X= 1 


(5) -: 


1 
5 


6 
5 


4 2 
5 


3 
2. The solution set = [4 А 2] z {4} 


12 X-5|+|5-2X|< 14 


:12Х-5|-12Х-5|«14 

2. 2|2 X - 5| « 14 (dividing by 2) 
:12Х-5|«7 
3-1«2Х-5«7 
“-2<2X<12 

-1«Х«6 

2. The solution set = |-1 5 6[ 


Instead of solving the inequality |X+2|>3 ; 
first you can solve the inequality | X-- 2|x3 
as the following 


v[X*-2|s3 
3-55Х51 
-. The solution set = [- 5 5 1] 


“-35X+2<3 


г. The solution set of the required inequality 
[X*2|»3isR-[-5 1] 


*Ifa;be€m* 
1 


›а<Ь ТН 


* At finding the solution set of 
the inequality » cancel the set 
of zeroes of the denominator 


from the solution set. 
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ЕТТЕ лока on properties of equations and inequalities of absolute values | 
Example (T) 


Determine the domain of each of the functions defined by the following rules : 


=_2х_ ЕЕ . B 
Wu = DFO“ па Өугсд-14-1х| 

2 
(f co -t1xl-2 бу рое 22 х 


(6) f (X) = = 
|x-3|-2 43-1x «21 


Solution 


(1) We find the zeroes of the denominator : |X|- 3 = 0 
ES „Ю=ж=3 
2. The domain = Ж - (3 ›-3} 


(2) We find the zeroes of the denominator : |X — 1|-- 22 0 
:МЇХ-1|--2 
» 7 —2«0 and this conflicts with the definition of the absolute value 
-. There are no zeroes for the denominator 
-. The domain = R 


(3) The function f is defined if : 4 —|X| > 0 
= |[x|x4 22-45Х:4 
2. The domain = [-4 ; 4] 


(4) The function f is defined if : |X|- 22 0 
5 ЇХЇ»2 Хэ»2 or Хз5-2 
<. The domain =R- ]- 2 » 2[ 


(5) The function f is defined if :|X — 3| - 2» 0 
:1Х-3|»2 Х-3»-2 or X-3<-2 
Х-5 — orX«l 
2. The domain =R- [1 » 5] 


(6) The function f is defined if : 3 -|X - 2| 2 0 
:|Х-2|«3 2-314Х-42«3 
2-5«Х«1 
2. The domain = ]- 5 > 1[ 


UNIT 


1 


Example @) 
Write the absolute value inequality which expresses : 
(1) Student's mark in an exam ranges from 70 to 90 marks. 


(2) The depth that some fish live in under the water level in an aquarium with interior 
height 40 cm. 


Solution 
(1) Let the mark of the student be X 
2. 70 < X < 90 (By adding — 80 to the terms of the inequality) 80 is the arithmetic 
2. 70 80 X 80 < 90 – 80 
- —10x X- 80 < 10 
-. The absolute value inequality is | X — 80| 10 


mean of the two 
numbers 70 and 90 


(2) Let the depth that these fish live in be X cm. 


Notice that : 


20 is the arithmetic 
mean of the two 
numbers 0 and 40 


~. 0 < X < 40 (By adding — 20 to the terms of the inequality) 
<. 0—20 < X - 20 < 40 - 20 

2-20 < X- 20 «20 

2. The absolute value inequality is | X — 20| < 20 


Example (2) 
Discuss the type of each of the two functions defined by the following two rules 


(even » odd or otherwise) : 


_ cos X _ 2«XI-12- XI 
(1) 09 = SEX РЕ 
Solution 
-Х 
(fcx) 25:20)... сехр 


[ж-з qa 


-. The function f is even. 


шр = сс "el xem Ó 0 


-. The function f is odd. 


Exponents, logarithms 


and their applications 


Unit Lessons 


Rational exponents and exponential equations. 


Lesson 


Exponential function and its applications. 


Lesson 


The inverse function. 


Lesson 


Logarithmic function and its graph. 


Lesson 


Some properties of logarithms. 


Lesson 


Rational exponents and exponential 
equations 


The equation X" =a »a ER » n € Z* has n roots. 

Let's study the following cases : 

(1) If n is an even number » a > 0 ; then the equation X" = a has 2 real roots » one of them is 
positive and the other is negative and the other roots are complex not real numbers 
(when п > 2) and the two real roots denoted by Та — [a апа the п? root which has the 


same sign of a is called the principle п! root for the number а 
8 р 


6 6 
For example : The equation Х® = 64 has two real roots : | 64-2»- | 64 =- 2 and 


there are four another complex not real roots (Try to get them Бу factorization). 
(2) If n is an even number » a « 0 › then the equation X" = a has no real roots. (Its roots are 
complex not real numbers). 


For example : To solve the equation : X? 2 – 16 5 then Х=+//-16 2 4 i 


(Complex not real numbers) 

(3) If n is an odd number » a ER — {0} › then the equation X” = a has only one real root 
which is 1 a and the other roots are complex not real numbers. 
For example : The equation X 3 = — 27 has only one real root which 8127 = — 3 and 
there are two complex not real roots (Try to get them by factorization) 

(4) If n CZ* ›а=0 » then the equation X" = 0 has only one real root which is X = 0 
(The number of roots for the equation equals n and each of them = 0 when n > 1) 


For example : The equation X 5 = 0 has three equal real roots and each of them = 0 
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Remark 


n . . n . . 
Ma^ = | а lif n is an even number › | a" = if n is an odd number 


4 5 
For example ANC AY 21-4124 c3» --3 


The properties of the п" root 


If a and b are two real numbers „а ET »then : 


а) fab e "fa x "fo 


Q) (i3: »bz0 
Notice that : ү а+6 + Was [b 
Еог ехатріе E 27 55 -121 xb" = 3p? E 81 x^ y? -үвтх үх ху = 3| х|у? 


Let а" be the principle square root for the number а 


~z. a" =‘) a squaring both sides 
2 (am =a ла" =а 


а 
2: l Ame 


JL 
тээ Ээ” ГҮН ' 


taking in considerations that if : n is an even number за «0 › then а" = Мавж 
For example : 


a 1 4-4 
92-19-3ЄВ , (47-14 --1ЄВьш(-16)5-1-16Є8 
(2) If m »n are two integers with no common factor ›п> 1» "aem 
m 
» then а" = (Na ^ = a" 
For example : 


s$- (в) -3-4.805- my -33 
(Nit) V oast Ү/ OW - im сд, - унд] ҖӘ] 


2 


Ifa » b are two real numbers » m › п are two rational numbers and by excluding the 
cases in which the denominator = zero » and cases in which both the base = zero and the 
index = zero and all expressions should be defined ; then : 


(1) a? = 1 Q)a-2l 
a 
(3) a" xa o amt (= qnn TT 
8 VIDEO 
(5) (ёл) = a™ (6) (ab)" = a” p^ 


PIT UE LC LIT але tm EI REI L——————————— — ane 


1. НаЕВ` › then : a^» 0 when п is an even integer 
»а" < 0 when n is an odd integer 
For example : (- 4)? = 16 » 0 but (- 4 2-64 «0 
НХ =a “бий XC e i аавын Gd Шина 
«IX? =a инээн анха coma 8 


where m » n have no common factors 12 n is a rational in simplest form) 


and if one of them is even » then a must be greater than or equal to zero. 


2 10 
3. * (-32) = | (— 32)? = 2 (wrong answer) 


2 10 2 
* (-32) P= ( 1- 32 ) = undefined in IR (wrong answer) 


because the power $5 is not in the simplest form and should be simplified first ($ - i) 


i 5 
2. (7-32) = (- 32) | — 32 = – 2 (the correct answer) 


Example e 


Find the result of each of the following in the simplest form : 


ay Yas ха” о (Vx) xx? (145) (Ya) 


Lesson One 


Solution 


— 
- 
х 
|| 
2229 
х 
ю 
И 
m 
Ч» 
+ 
[S 
Ш 
ГЭ 
E 
Ш 
> 
ы 
le X 
> 
sl- 
И 
> 
© 
ю 


o (d A. EV gi *$ xB Lx xBox x 
(3) (Yas) x (Ча?) =(а73)02 х (а) =a? аа В ] 
a 


Example O 


“вх [0:01 x 125 
[asy x43 x (зв). 


4 8 = 
(2x110?xs 24, оху 52 


3 Hi EX] 3 3 НЬ! 
(15)#x 48x (36)8 (3х5)? х (2)? x (22 x 37) 8 


Put in the simplest form : 


Solution 


The expression = 


3 E LJ 
я Lobb sd 
33x53x23*x2 4x34 
229x30x5?21x1x25-225 
Example Єў 
Find the solution set in IR for each of the following : 
(1) 3 X2 2-96 (2) X62 — 64 (3) (x-2) = 81 
3 5 4 
(4) x*=27 (5)]х? =1 (6) | (@ x42) 28 
4 2 2 
(1) X-5x?4420 (8) (x?-4 x- 13? 28 
Solution 


Notice that : The required is the solution set in IR i.e. The required is the real roots only. 


(1) : 3x5 2—96 2238 32 
х-1-32-- 25.8.= {2} 
(2) x°=-64 2 — 64 < 0 , 6 is an even number. 
z SS. 


3) - (X-2)! = 81 
2 x-2=81=3 orx-2=-81=-3 
2 X=3+2=5 or Х==3+2=-1 
 SS:= {55-1} 


4 4 
2 Х=273 = (33) = 34 
25.5.= 181) 
5 2 
(5) > =1 :Х35-1 
5 
Х=+1? Х=+1 
5.5.={1,-1} 
4 3 
(0-13 х+ 2)? =8 :(3Х-2) -8 
4 
„3х+2=83 :3Х-2-03)3 
:3Х-2-16 х= 1 
: _ fia 
a ss.={14} 
4 2 
(0) Х?-5хх?+4=0 
2 2 
2 8 - DOO -4)20 
2 3 
2. ХЗ = 1 апа hence X2 2 1?2 41 
2 3 4 
or X? = 4 and hence X = +4? = (22)? 
=+23=+8 ^ $$.2[15-1,8,-8] 
Another solution : 
2 
Let X? -k 
:Ю-5К-4-0 2 (К-4)(К-1)=0 
Ф 
2 к=4 M X?’ =4 2 x= =+8 
> 
ork=1 2 xP =1 лХ-а|8-а1 
:85.411»-1585-8) 
5 
(8) Х2-4Х-13-8”-32 2Х2-4Х-45-0 
А(Х-9)(Х-5)-0 2 Х=90Х=-5 


25.5.=19,-5} 
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Exponential equations 


The exponential equation is an equation which contains a variable (unknown) in the power 
as(2X*!2 8) 


Laws of exponents 


* For every m ¿n € Z anda »b C R- {-1,0,1} we have: 


(1) Ree] riesen. (2) Н[а"=а") »thenm-n 


Example © 


Find the value of X that satisfies each of the following equations : 
2 
(1) 2*+5=8 (2)3~ -9551 (34X**22 xX*? 
X-8.—22:X-6 Ix-5| 3 
warsane | („зу 
Solution 
(1) 22X*5528 323585. 23 
“ Х+5=3 Х--2 
2 
(2) ++ 3X Mus 
: -4-0 2 
(3) °° 4Х+2= xX*? д Х=+4 orX+2=0 > then Х=-2 
-xel-2 m »-4] 
(4) m 4X-3232X-6 rA 4X-3232(X-» 
4X-329X-3 27 4+9 X-3=0 
i x3 
=2 
" 2yX-5|.- 27 -2 1 = ( 3) 
©: (3) =(®) 4(3) =((3) 
.(2NX-51. (зү5 (200 : » | 2 
г (2) =(3) = (2) s [x-5|26 n Х-5=+6 
Х-5-6 or Х-5-- 
х-1 | гэр 


—-— Ө 


(3) 


(02Xx (4 = (16) 
3X 492% 4.3% 
33X43X41 


Solution 


i 
9 


:2Х2-3Х-2-0 


42X-1205then2Xz1 


SS {+ 5-2] 


32243200359 1 


gei T 


2 3Х=3-2 


Example (3 


)2**1452*-125 


JN 


Find in R the S.S. of each of the following equations : 


(2)4 7-1 -8-Х 


юе 


B 23x- 1 Q3-* 
,2Х2-2--3Х 
А(2Х-1)(Х42)-0 


orX+2=0 »then Х=-2 


н 3*(32X 4.3% + 1) e 


a9 ata 


“ X=-2 


5. SS.={-2} 


Find in R the S.S. of each of the following equations : 


(2) 5% 4 125 2.39 
5x 


Solution 
(1) Taking 2 *- ! as a common factor 
s2X-1(2241)25 &89*-l(4 4 Tyas 
29х11 .Х-1-0 
& X21 2-858.11) 
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Another solution : 
va Fla 3 5 52*x242*x27125 
2*[24+4]=5 22% x 225 
52* 22 хХ-1 
2. 8.8.={1} 
(2) Multiplying the two sides by 5* 
4s 52+ 125 =30x5* ~. 52X30 x 5X + 125 = 0 and by factorizing 
5055-5) (5-25) 20 
:5Х-5-0 ог 5Х-25-0 
1 5%=5 555-52 
AXI д Х=2 
28.8.= {1,2} 
Another solution : 
Putting 5 X =y sys =30 
Multiplying the two sides by y 
oy? +125 230 y 
2у2-30у+ 125 =0 2 (у= 5) (у– 25) =0 
Sgen ог у= 25 
1 5%=5 &Х=1 
or 5Х=52 ;„Ю=2 


25.5. = 1,2} 


Lesson TWO | Exponential function and its applications 


Ifaem*- {1} 
» then the function f : R — = IR* where f (X) =a* 


[D 


is called an exponential function whose base is “а 
For example : 
ef:f(0023 Xis an exponential function whose base = 3 and its power = X 


Xa 
ef:fM= (4) * вап exponential function whose Базе = 3 and its power = X + 1 


Remark 


Notice the difference between the algebraic function and the exponential function : 
x In the algebraic function › the independent variable X is the base in the rule of 


the function while the power is a real number. 


For example : f : foo2x?-3 X41 or f:f Q9 = (x-3» 
* In the exponential function » the independent variable X is the power in the rule of 


the function while the base is a positive real number # 1 


For example : f : f (X) = 3 X or fef OJE 3X-! 4 2 are exponential functions 


but: f: f Oü2 -3) X or f (Х) -(1) X are not exponential functions. 


a 


Lesson Two 


The graphical representation of the exponential function 


The general diagram of the graph of the function 


= a* is as shown in the following two graphs : 


у 


Some properties of the exponential function f : f (X) = ах 

* The domain = R 

e The range = IR* and its curve lies completely above the X-axis. 

e The function is increasing on its domain R when a > 1 and is called an exponential 
growth function » its coefficient is a and the curve of the function approach to X-axis by 
the decreasing of the value of X 

• The function is decreasing on its domain R when 0 < a < 1 and is called an exponential 
decay function » its coefficient is a and the curve of the function approach to X-axis by 
the increasing of the value of X 

* The curve of the exponential function passes through the point (0 › 1) 


e f : f (X) = а is one-to-one. 


«If (х) =a~ › Шеп f - X) 2a^* LJ" and the curve 


1\*. 3 
y= (+) is the image of the curve 


y = ах by reflection in y-axis. 


вах — > œ when X — = оо where a> 1 


‚аХ— 0 when X ——» œ where 0 <a < 1 


(Et) V oft Y / OW — iy obaly - Wald 


Example бу 


Graph the function f : IR — = R* , f (x) =2Х taking X € [-3 , 4] and from the 


graph find an approximated value for each of the following : 


(1) f (1.5) »f(-4) (2) The value of X when f (X) = 10 


Solution 
We form the following table : 


Ч 
В --|-:1-1 1|2|3|4 шит! 
11.1: E 
E 4 8 | 4 | 2 Е NN BEA 
(The curve of the |. | 
| function approach to | 
Deas br decreasing! 6- 
indi 1 De reed 
(1) Finding f (1.5) and f (-1) : EE 
xi x 
At X = 1.5 we draw a straight line parallel 


to y-axis to cut the curve at a point» 


then read the corresponding value of y on y-axis 


we get it 2.8 approximately. 


£f0922 X is an exponential 
growth function where а > 1 


2 f (1.5) = 2.8 similarly f (-4) =07 


(2) Finding X when f (X) = 10 i.e. when 2* = 10 : 
At y = 10 we draw a straight line parallel to X-axis to cut the curve at a point 


» then read the corresponding value of X on X-axis to get it = 3.3 approximately. 


^. When 2* = 10 › then X = 33 


Example © 


Graph the function f : R——> R* , f (X) = (1 Г taking XE [-4,3], 


from the graph find an approximated value for each of the following : 


4 
(D f C2.5) (2) {2 (3) The value of X when (1)* - 7 
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Solution 
We form the following table : y 
х -41-31-21-11011 2| 3 EN E 
ЭС —4 
"(17 1818145121:131:14 шин 
| The curve of the 


7 | function approach to | 
хн X-axis by increasing | 
" 1 of the value of X 


From the graph we find that : 


(Df (2.5) =5.7 


(Qus 
T о 1)\*. 1 
(3) When (1 =Tie. f OO=7 109 = (1) is an exponential decay 
function where 0 «a« 1 
Х=-2.8 


In example (1) » example (2) : the curve f : f (X) = 2 is the image of the curve of 
х 
the function f : f (0 = (4) by reflection in y-axis. 


(0 The vertical displacement to the curve of the exponential 


If f (X) 2a* ,theny 2 f CO 4c 
х 


WATCH 


+ c is represented graphically by the curve y = a * by vertical VIDES 


ie.y=a 
displacement of magnitude | c | 
* [n direction of Oy if c > 0 (displacement upwards) 
* [n direction of Oy if c « 0 (displacement downwards) 
The horizontal displacement to the curve of the exponential function 
If f (X) 2 a* , theny =f (X 4 b) 
Le.y-a Ab ig represented graphically by the curve y =a х by horizontal displacement of 
magnitude | b | 
* In direction of OX if b <0 * In direction of OX if b > 0 


UNIT 


2 


The reflection of the curve of the exponential function in X-axis 
If f (X) = а , then the curve of the function y = – f (X) 
i.e. y =— а © is the image of the curve y = a * by reflection in X-axis. 


Example Ө 


Graph each of the following functions defined by the given rules , from the graph 
find the domain » the range and determine which of them is increasing and which is 
decreasing : 


x 
(1) y=2% +1 Qyy=3%-! (3) y=-(4) 
Solution 


(1) Y (2) (3) 


The domain = R › The domain =R ; The domain = R » the 

the range = ]1 »-[ » the range = ]0 ,=[ » range = ]- ,0[, 

the function is increasing | the function is increasing | the function is increasing 

on its domain. on its domain. on its domain. 
Example бу 


Graph the function defined by the given rule › from the graph find the domain 
» the range and show whether it is increasing or decreasing : y = — 31-52 


- (reo 


e The curve y=-(4)" +2 гү 


is the same as the curve y — (1) by reflection in X-axis 
» then horizontal displacement one unit in the direction 


of Ox » then vertical displacement 2 units in the direction 
of Oy › the domain = IR ; the range = ]- ce » 2[ 
» the function is increasing on its domain. 


Lesson Two | 


Notice that : 


X 
The order of the operations is important on the curve y = (4) 


1)\x-1 Е 
to get the curve y =— (1) + 2 as the following 


reflection in X-axis - horizontal displacement - vertical displacement. 


If the order is reversed we get another curve differs than the required one. 


Solving the exponential equations graphically 


The graphical solution for the exponential equation depends on supposing that the left 
hand side of the equation is an exponential function f » and by supposing the right hand 
side of the equation is another function g » then draw the two functions f › g in the same 


figure and then determine the X-coordinate of the point (points) of the intersection to get 
the solution set. 


Example o 
Find graphically in R the S.S. of the equation : 2**! 24 
Solution 


Let the left hand side of the equation be the rule of the 
function f : f (X) 2 2 +! and the right hand side be 
the rule of the function g : g (X) = 4 and by drawing 
the two curves in the same figure » from the graph : 


-. The point of intersection is (1 » 4) х 


Л х)=2^*! 


х 
-Х-1 58.11) 
y 
Example (3 
Find graphically in R the S.S. of the equation : 3 * 2 2 X+ 1 
Solution 


Let the left hand side of the equation be the rule of the 
function f : f (X) 2 3X and the right hand side be the 

rule of the function g : g (X) 2 2 X + 1 and by drawing 

the two curves in the same figure » from the graph : 

-. The X- coordinates of the points of intersection are 0 » 1 
^ SS.2 [051] 


Example Q 


х 
If f : R —-R* » f (x) =3* edibus. НЕ 


Fary y T O 


341543543 3X*35(524]) 3043 _ j 
(03X*3,34X11 3+1 (3241) 3Х017 


RHS. =f (2) = 3? -. The two sides are equal. 


Another solution : 
3Х+5 .3Х+3 3% (3° +33) 
3+3 .3Х+1 E 3X (33 + 3) 


Example © 


LHS.= =9=32=1 (2) 


If f (x) = 5Х , find the value of Xif : f 2 X-1)+ f 2x+1)= 26 


Solution 

vefOx-D«fQxenedé .52Х-1452Х+15 26 

2. 52Х-1 (1+5?) = 26 2. 5?%1 x 26 = 26 528-1. 
ig ede эн 5250-15-32 4 =-4 
Another solution : 

срох-)+ғох+10)= 26 52-1521. 26 

5525-1. 5) = 26 

DE dne d л2Х=-1 хХх--4 


(1) Exponential growth ] 
• The function f : f (t) = а (1 + г)! represents the exponential growth with a constant 


percentage during equal intervals of time » where a is the initial value »r is the 
percentage of the growth in a constant interval of time › t is the time interval. 

• We can deduce this function by studying a phenomena such as the population : 
If the number of population in a city in one of the years is "a" and this number increases 
annually by constant percentage rate "г" » then the number of population after one year 
-a-ra-a(l-r)»after2 years =a (1 +г) + ra(1 4 r) =а(1 + 1?) and so on » then 
the number of population after n years = a (1 + г)" 
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Example © 
Wael bought a house by 1350000 L.E. and its price increases at the rate of 
2.5% per year : 
(1) Write the exponential function which represents the price of the house after n year. 


(2) Estimate to the nearest pound the price of the house after 6 years. 
Solution 
2.5 


а = 1350000 »г= 100 = 0.025 ,1=6 
(1) The exponential growth f : f (t) 2 a (1 +r} 
z^. f @) = 1350000 (1 + 0.025)! 
г. РО = 1350000 (1.025)! 
(2) By substituting at t = 6 | 


2 f (6) = 1350000 (1.025) = 1565586 L E. 


The compound interest 


If principal (P) is deposited in one of the banks at interest rate (r) as a percentage and 
compounded (n) times per year for a period of (t) years › then the accumulated value A 
is given by: A= Р(1 +t)" 


Example [10] 
A man deposited a capital of 15000 L.E. in one of the banks with annual compound 
interest 7% ; find the sum of the capital after 10 years in each of the following : 
(1) The interest compounded annually. 
(2) The interest compounded quarter annually. 
(3) The interest compounded monthly. 


Solution 
A 2 Ё nt 
-A=P(1++) 
(1) *- The interest is annually i.e. The number of divided intervals = 1 
n=l 2 A= 15000 (1 + 0.07)! = 29507.27 L E. 
(2) сё The interest is quarter annually i.e. The number of divided intervals = 4 
0.07 M0 x4 
^n24 7 A= 15000 (1+ 77)""* = 30023.96 LE. 
(3) '- The interest is monthly i.e. The number of divided intervals = 12 
0.07 \10 x 12 
3 n=12 7 А = 15000 (1-55 ) .. 23014492 LE. 


UNIT 


(2) Exponential decay 


The function f : f (t) 2 a (1 — r) represents the exponential decay where a is the initial 
value »r is the percentage of the decay in a constant interval of time » 118 the time interval. 


Example ($) 


The number of infection persons by Hepatitis C is decreased at the rate 15% annually 
as a result of discovering the new treatment › if the number of infection persons in one 
of the countries 8000000 infections » write the exponential function which represents 
the number of infections persons after n years » then estimate the number of the 
infections persons after 8 years. 


Solution 
а = 8000000 ›г=0.15 »t=8 
The exponential function f : f (t) = 8000000 (1 – 0.15) = 8000000 (0.85)! 
when t = 8 » then the number of infections persons = 8000000 (0.85)8 = 2179924 persons. 


| 
| 
| 
1 


Lesson Three The inverse function 


The inverse function 


If f is one-to-one function its domain X and its range Y ; then for 
each element y in the range a corresponding unique element X in 
the domain ; therefore it is possible to determine an inverse function PIS. 
from Y to X which is denoted by f! where f! (у) = X 

i.e. If for each (X » y) € f » we find (y » xX) € f^! 
› Y is the range of f and the domain of f~! 

X is the domain of f and the range of f~! 


Example бу 


Which of the functions represented by the 


opposite arrow diagrams has an inverse function ; 


= 
then write the set of ordered pairs of the functions a : 


ff if exist : 


e ùv N = 


(1) (2) 
> Solution 


(1) The function f is not one-to-one » so it has no inverse function 


set of ordered pairs of f = (C1 » 1) ›(0 ›0) ›(1 › 1) › (2 ›4)} 
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The image of each of the elements — 1 » 1 in X is the element 1 in Y » so if we inverse 
the function » it becomes a relation the set of its ordered pairs = {(1 »— 1) (0,0) > 

(1 51) » (4 »2)| and it is not a function because the element 1 has 2 images — 1 » 1 »so 
the function must be one-to-one to find its inverse function. 


(2) There is an inverse function for f because the function f is one-to-one and for each 
(X sy) €f there is (y Ху € f^! 
Set of ordered pairs of = {(- 1 » 1) › (0 ›2) › (1 ›3) › (2 ›4)} 


Set of ordered pairs of f7! = ((15—1) » (2 ›0) › (31) › (4 ,2)} 
Example Ө 


If the function f is defined from the set X = {2 53 ,4 +5} to 
the set Y={4 55,5657} f 002 X 42 

(1) Write the set of ordered pairs of f~ ! 

(2) Deduce the rule of the function f ^ ! 


Solution 
(1) 2102) -24-2-4 » f(32342z25 » /(4)/4442-6 » f(5)=5+2=7 
n 1={0 4) 6 95) › (4,6) ›(5 ,7)} 
~. f is one-to-one function and range of f = Y 
n f = {4 +2) 05 3) (6,4) ,(7,5)} 
(2) Take note of the ordered pairs of f -1 , we find the y-coordinate decreases by 2 than the 
X-coordinate 
ie.y=X-2 
sfloeosx-2 


(An important remark 


We can find the rule of f~! directly by replacing the two variables X » y › then finding y in 
terms of X in the previous example : 


100-Х-2 i.e. y = X + 2 by replacing the two variables X » y 
2 Х=у+2 .ћепу= Х- 2 
7700 =х-2 
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Example Ө 


Find the inverse function of the function f : f (0 23 X—2 , and represent each of 
them in the same figure. 


Solution 

* To find the inverse function » we replace the two variables then we find the value of y in 
terms of X 
у= 3 Х-– 2 ,by replacing the two variables. 
7 Х=Зу-2 sto find the value of y Зу-Х-2 
nysta 2 f= (5+2) 

The graph 

*f(X)23x-2 


Remarks 
1. Notice that : f^! (х) + 


1 
FOO 
1 1 


«1144. J. » 
f'09- 1 (X+2) but NS X 


» in the previous example : 


2. In the previous example › we note that : each of the function f and its inverse f~! are 
symmetric about the straight line y = X » in general : for any function f » if it is possible 
to find its inverse function f~! , then the two functions f » f^ аге symmetric about the 
straight line y = X 

ie. f » f^! each of them is the image of the other by reflection in the straight line y = X 


Кз 
Properties of the inverse function 


From the properties of the inverse function : 

(1) The two functions f » g are said to be each of them is the inverse function 
of the other if (fog) (X) =X › (воў) (Х) = Х 

(2) The domain of f = the range of the inverse function f~! , the range of f = the domain 

of the inverse function f~! 


WATCH 
VIDEO 


UNIT 


2 


Example A 


x-9 


Verify that each of f »g where f 9024 X +9 »g (Х) = 4 is the inverse function 
of the other. 
Solution 
(Fog) 00=f (200) =F (*Z2) = (AZ) «9 x-9 «92x 
(go) co - g(r00)eg x «9 =4X49-9 „ 5X 2x 
2. Each of f » g is the inverse function of the other. 
Example @ 


Find the domain in which the function f : f (X) = X? 
has an inverse function » then find this inverse function. 


x If XER » then the function f : f (X) =X ? is not one-to-one 
(doesn't satisfy the condition of the horizontal line test) » 
so it has no inverse function in the domain R 


x If X € [0 » =[ » then the function f : f (x) = X? 
is one-to-one and in this case it has an inverse 


WATCH 
VIDEO 


function. 

у= х? 

Where X > 0 » у> 0 » and by replacing the two variables 
MX- у? Зу -Їх 

Where: y z0» X20 


af ox 


«IX €]- = 50] «then f: f 09 =X? 
is one-to-one and in this case it has an inverse function. 
у= х? » where X <0 »y > 0 and by replacing 
the two variables 
Ke Х-у! where Xz0 »y <0 


л y=—-\X where Х>0 ›у=0 


л fe =-1x 


2. The domain in which the function f has an inverse 
function 2[0 ›®[ or |еөө 0] 
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Example (3 


If f 092 tL *3 find : 

(1) The domain and the range of the function f 

(2) Р ! (X) and determine the domain and the range of the function f ^ : 
Solution 

(1) The domain of f = IR — {2} › the range of f = iR - {3} 

(2) "у= x + 3 by replacing the two variables 


Xe t5 d NS 
1 "EM 

у сул 2 

а ер 1 

t$ =z 


2. The domain of f7! =R- {3} 
» the range of f^! =R- {2} Notice that : The domain of f~! = the range of f 


Example [7] 


If f is a function where f (20 = 2 «|х-3 »find : 
(1) The domain and the range of f 
(2) f^! (20 and determine the domain and the range of f a 


Solution 

(1) -~ f (X) is defined for all the values X - 320 2,ХэЗ 
2. The domain of = [3 » [ 
ээ foreach X z 3 „then 2+1 x-32=2 Ay x2 
г. The range of the function f = [2 › e[ 


(2) y 224 X73 where X > 3 » y > 2 by replacing the two variables 


лХ-241у-3 where y 23, X22 


хХ-2-1у-3 М(Х-2/-у-3 
nys(x-2)43 

nf 092 (X-2 +3 where Xz25y23 

>the domain of f~! = the range of f = [2 » [ » the range of f~! = ће domain of f = [3 | 
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Example (3 


Find the inverse function of the function f where f (X) = (X-2) +3 X32; 
determine the domain of f~! 


Solution 
sy =(X-2)? +3 »Xs2 
› сё for each X <2 › then (X -2)? +323 ayes 
and by replacing the two variables 
2 Х=(у-2)2 +3 sy <2 9X23 
d (у-22-Х-3 » by taking the square root to both sides 
5 y-2=24x-3 
PE РЕ с 
лу=-{х-3+2 
sf 0д=-Йх-3 +2 where Х>=3›у<2 
2. The domain of f^! = [3 | 
Example C) 


Itf : Rt — R where f 007 5; — »find f~! 09 


» determine the domain and the range of ў! 


Solution 

“y= om ‚ X€R* » for each X» 0 »then 0 < y < 1 and by replacing 
the two variables 

AX ‚у>0›0<Х<1 ^ +=- 

2 у= 42-1 

sv y>0 y= 1 


00 = x where y » 0 0 « X«1 


2. The domain of f^! = Jo ; | 


» the range of f^! = R* 
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Remark 
The function which is symmetric about the line у = X its inverse function is itself. 
For example : 
(1) The linear function f : f (X) 2 X*basf:f (Q02- X41 
„РРО = 5-х». 


Example [10] 


Prove that the inverse function of each of the functions defined by the following rules 
is itself : 
1 


(Ф700-2-Х Qf 097473 *3 
Solution 
(1) y 22- X » by replacing the two variables. 

и. Х=2-у “y=2-X 


sf! @=2-X=f (3) 


-. The inverse function of f is itself. 


(2) у= xi +3 » by replacing the two variables. 


е A M Ы = TEM 
шаант ын AX Маг 
: БЕРШ шан 

ay- -iea у= +3 


aP Ots 


-. The inverse function of f is itself. 


Logarithmic function and its graph 


You know that the number 8 can be written as : 8 = 2? , the number (3) which is written as 
a power to the number (2) to get (8) is called the logarithm (8) to the base (2) and 
denoted by : log, 8 
Thus we find that every exponential form » whose base is a positive real number z 1 
has an equivalent form called the logarithmic form 

мэн - цалин Сарата] 
y = log, X &» Х=а? where a E R*-{1i},x€ RtandyER | 


For example : 
log, 8124€3*-81 > log, 1 2-2€3^?- 1» 


4? = 16 & log, 16 -2 » 23-1 clog, 1 =-3 » and so on -- 


Remarks 
The logarithm of a non-positive number is meaningless 
i.e. Each of log, — 3 » log, – 8 and log, 0 is meaningless. 
The base “а” must be a positive number differs “1” 
i.e. Each of log ,8 > logy 5» log, 4 is meaningless. 


If the base of the logarithm = 10 ; then the logarithm is called the common logarithm and 
the base is called a common base. It is agreed to omit this base in writing. 


For example : 


log, 3 is written as log 3 
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Lesson Four 


The logarithmic function 


If a C R* — {1} » then the function f : R* — > В where 
f (20 = log, X is called the logarithmic function 


The relation between the exponential function and the logarithmic function 


We had studied before the graph of the exponential function f : f (X) - 3* 


i.e. y = 3X , then we form the following table : 


WATCH 
х -2 |-1 0 1 2 M 


1 1 
200=3” | 5 | 3 1 3 9 


By replacing the two variables we get the inverse function X = ЗУ which is equivalent to 
the logarithmic form y = log , X 
ie. f~' (X) -log, X 


> to draw this function » we replace the values of X by the values of y in the previous table : 


114 
х (114141 |» 


ЯОан 0 | i | 2 


* From the properties of the inverse function 


and the opposite figure we notice that : 


The two curves of the two functions are 


symmetric about the straight line y = X » 


the domain of the exponential function is IR 


and the range = ]0 › | » ће domain of ће 


logarithmic function is |0 » [ and the range 
is IR 


ї.е.| The logarithmic function is the inverse function for the exponential function. | 


(АР) А а Ү/ old - iy obaly - walxell 


The graphical representation of the logarithmic function f : f (X) = log, x 


* The graph of the logarithmic function will be in the shape of one of the following figures 
according to the value of the base a : 


Some properties of the logarithmic function f : f (X) = log, X 


(1) The domain of the logarithmic function = IR * 
(2) The range of the logarithmic function = IR 
(3) The logarithmic function is increasing when а > 1 and it is decreasing when 0 < a < 1 
(4) АЙ curves of the logarithmic functions for any positive base # 1 
pass through the point (1 » 0) 
(5) The logarithmic function is one-to-one 
i.e. If од, X-log, y »then X- y 


Example бу 
Express each of the following by the equivalent exponential form : 
= EE. 
(1) log, 64 =6 (2) log, 8 (2-1 
1. — - 
(3) log, 77 =- 3 (4) log 0.01 2-2 
Solution 


(1)log, 64 2 6 < 64-29 

d 
(2)1og, 82 = 1 e 8[2 - 2? 
(3) log, уу 2-3 € 4; 237? 


(4) log 0.01 =-2 & 0.01 = 107? 
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Example e 


Write the logarithmic form that is equivalent to each of the following exponential forms : 


(1243 = (43) (2) 107? - 001 
3032-93 (4 с=ах 
p Solution 
()243-(13 )* > log _243 =10 | (2)10-?=0.01 &1og,, 0.01 =-2 
(3232 =93 e og, 913 = 3 (4) с=аХ < log, c=X 
Example €) 


Find the value of each of : 


(1) log, 64 (2) log, 1 (3) log, 412 
1 
(4) log == (5) log 0.0001 
үз 27 
Solution 
(1) Putting : log, 64 = X 23-64 
23-25 n X=6 ^. log, 64 =6 
(2) Putting : log, 12 X n 6%= 
г. X= zero 7. log, 1 = zero 
ï 
(3) Putting :1og, 4| 2 = X 5 4Х-412 222Х-21х22 
2Х 3 5 
$2722 n2X-3 
Х= 5 log, 442 = 5 
(4) Putting : log -L-x 4(43) =, „323-3 
g: ЫН эт = 57 = 77 33 = 
1 1 
^ 5 X=-3 “ X=-6 2108 2452-6 
2 13 27 
(5) Putting : log 0.0001 = X -. 10* 20.0001 = 107^ 
2Х--4 2 log 0.0001 = — 


UNIT 
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Example A 
Find the value of X if : 
(1) log, Х--4 (2) log, 813 =x 
(3) log, X=-3 (4) log, 8 = 6 
2 
Solution 
(1) ~ log, X=-4 e E y 
akel 
= 24 16 
(2) -- log, 8193 =X oX-gid3 
9: 
3?X23*x31 32Х-42 
23) em 
2Х-2 х-4 
14-53 
(3) ^ log, X2-3 AX) 52 
Я (4) 
1 X=8 
(4) © log, 8-6 5. Хв=8 
x$z2? х9-(12) 
ЕТО 
Example © 
Find in R the solution set of each of the following equations : 
(1) log, 7 X22 (2) log, (x? 3 x)=-2 
(3) log, log, (X? -7 X « 21) =1 (4) (log, X)? – 3 log, Х-4 
Solution 
(1) © log, 7 X-2 2 Х1-7Х 
2 x?-7X=0 2 X(X-7)=0 
2 Х=0 (refused) or X=7 (verify . SS.={7} 


Notice that : 


When you solve the equations you must verify the values that you obtained in the original 
equation and the solution is the value (s) which verify this equation » as we know the 

logarithm of non-positive number is meaningless or finding the set of the available values 
of the variable X for substituting by them before starting of solving the equations and this 
is for avoidance the substituting operation by the values of X that we obtained 
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55 B 18 wx 223i au .9-2 
(2) ~ log, (X^ 4.29 2-2 AX A Х=2 
voe Ж ды i А 2 mE 
гык?» X24 лах?+3Х-1=0 
ы (X41) (4X-1)=0 7. X 2 - 1 (verify) or X= + (verify) 
: " 1 
s$88.2[-1, 1] 
(3) >: log, log(X?-7 X 421) 21 - log, (X^-7 X 421) 22! 22 
2 X?-7X4+21=37=9 nx2-7x41220 
г. (Х-3) (X-4)=0 7 X=3 (verify) or X = 4 (verify) 
MSS. {3 »4} 
(4) ~ (log, 39? – 3 log, X-4-0 2. (log, X - 4) (log, X + 1) 20 
л log, X24 г. X = 2* = 16 (verify) 
or log, Х=-1 у X227! = d (verify) 
: E 1 
2 88.= [16,1] 
Example (3 


If the curve of the function f : f (X) = log, X passes through the point (27 » 3) » 

find the value of a , then draw the graph of the function taking X € [i , 9] » then 
from the graph : 

(1) Deduce the domain › the range » monotonicity and the point of intersection with X-axis. 


(2) Find an approximated value to the number log, 6 
Solution 


РО) = log, X foreach X » 0 ›аЕВ*- {1} 
» the point (27 › 3) Є ће curve of the function 


^. 32 log, 27 54522723? 
8-3 ^ РОО =log, X 
Form the following table : [Note the base = 3 > 1] 


Notice that : 


Choosing the values of X from the powers 
of the base 3 {3-2 ,3-! , 39,3! ,3?] 
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UNIT 
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From the graph we find that : 


* The domain = IR* › the range = R 


x The function is increasing on its domain 


+ The curve intersects the X-axis at the point (1 » 0) 


* log, 6 = 1.6 


Example 6) 


If the curve of the function f : f (X) = log, X passes through the point (4 , 4) 
» find the value of a › then draw the graph of the function taking X € [1 , 4] , 
then from the graph deduce the range › monotonicity then find an approximated 


value to the number log 1 35 


РОО = log, X for each X> 0 ›аЕВ*- {1} 


>. the point E , 4) Є ће curve of the function 


› ie 1 z44 I 41M 
74 =108 „16 EAT -L-(1) 
QN TES i (negative solution is refused) 


Choosing the values of X from the powers 


of the base 3 


(39 ^0) G0 09 


“ef = log 


Form the following table : 


[Note the base = 16 1 


From the graph we find that : 


* The range = R 


+ The function is decreasing on its domain 


* log 13.5 =- 1.8 
2 


170) 
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Example [8] 


Find the domain of each of the functions that are defined by the following rules : 


(1) f Q9 = log, (4-3) (2) f Q9 = log, x5 
(3) f Q9 = юв у X (4) РО) = log, xX 
Solution 
(1) The function is defined for all values of X which verify : 4 — X » 0 
Le.X«4 
2. The domain of f = ]- e» ; 4[ Remember that 
(2) The function is defined for all values of X which The function f : 
I 1-Х»0 . X«1 f OO = log, X is defined for 
verify : 1-X21 T pae all the values of X ›а 
: х»0 
2. The domain of f = ]- e» » 1[- {0} which velity 1 ах 
(3) The function is defined for all values of X which asl 
Х»0 Х»0 
verify :4 X-3>0 Le.1 X>3 
X-3z1 Xz4 


2. The domain of f = ]3 ›°[ - {4} 
(4) The function is defined for all values of X which 


Х»0 Х»0 
verify :4 3- X20 Le.4 X«3 
3-X#¥1 Xz2 


2. The domain of f = ]0 » 3[ - {2} 


Example © 


Use the curve of the function f : f (X) = log, X to graph each of the functions that are 
defined by the following rules and from the graph find the domain : the range and the 


monotonicity : 


(1) g (X) 2 log, X +2 (2) k (X) = log, (X - 1) 


(3) п Q9 =- log,X (4) 100 = log, - х) 


Solution 


(1) The curve of the function g is the same curve 
of the function f by vertical displacement 2 units 
in the direction of Oy » the domain = ]0 › =[ 
> the range = R » the function is increasing оп 


its domain. 


(2) The curve of the function k is the same 
curve of the function f by horizontal 
displacement 1 unit in the direction of Ox 
» the domain = ]1 » e[ › the range = IR 


» the function is increasing on its domain. 


(3) The curve of the function n is the same curve 
of the function f by reflection in X-axis » 
the domain = ]0 » »[ › the range =R ; 


the function is decreasing on its domain. 


(4) The curve of the function t is the same 
curve of the function f by reflection in 
y-axis › ће domain = ]- e» 5 O[ » the 
range = R » the function is decreasing on 


its domain. 


'(X)-log x 


(2,0) | 
K(X) log (X-1) 
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Using the calculator 


* The key of the logarithm for any base is © » the key of the common logarithm is © 
For example : 


(1) To find log, 24 we use the keys of the calculator successively as shown below 
^" 900 2.892789261 
i.e. log, 24 « 2.8928 to the nearest 4 decimals digits 


(2) To find log 8.4 we use the keys of the calculator successively as shown below 


КМ > Sp g SP © 09242792861 


i.e. log 8.4 = 0.9243 to the nearest 4 decimals digits. 


(3) To evaluate the value of X which satisfies log X = 0.4572 » use the keys of the 


calculator as follow. 


Start am i = = = а 
^ "Goououwo000900:^c» 


^ X = 2.8655 to the nearest 4 decimals digits. 


(ло: f) Vo et Y/ OW - cm ool, - wall 


Some properties of logarithms 


1st Property Ee 


» НаЕ В*-{1} ›Шеп log, а=1 


For example : 

log,7=1 > log, 5-1 , ов 13 =! 
Proof : 

ч a! =a Converting into the logarithmic form 

г. log, az 1 


2nd Property 


» НаЕ R*- {1} sthen log,1 20 
For example : 
log,1 20 , log,1 =0 , log; 1 -0 
Proof : 
 aàÜ = 1 Converting into the logarithmic form 


^ logl-20 


Multiplication property 


eIfX;y€ R* › ac R*- {1} 


»then log, Xy = 108, X + log, y 
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For example : 
log, (2 x 5) = log, 2 + log, 5 
and vice versa : log, 2 + log, 11 = log, (2 x 11) = log; 22 


Proof: Put log X-b › log, у=с 


2 Х=а? , у=а 2 Xy=axae 2 Xy=ate 
Converting into the logarithmic form 
^ dog Ху=Ь+с 7. log, Xy = log, X + log, y 


If X, »Х,»Х,»-- »X,ER* »a€m*- {1} » then 


log, (X, XX, XX, XXX) zlog, X, + log, X, * log, X, + 


For example : 
log, (3 x 5 x 7) = log, 3 + log, 5 + log, 7 
and vice versa : 


log, 75 + log, 3a log, 0.06 = log, (75 х 4 х a ) = log, 2 


9 


Remember very well that : 


log, (X + y) # log, X + log, y » and log, (X x y) # log, X x log, y 


Division property 


elfxX,yER* ; аЕ В*-{1} »then log, 3 = log, X log, y 
For example : 
log, 3 = log, 2 — log, 3 


and vice versa : log, 11 – log; 2 = log; 2 
Proof : Рш Іор X=b › log, y=c 
b-c 


n Х=а? уа дара -а 


Converting into the logarithmic form : 


г. log, T zb-c г. log, x -log, X- log, y 


UNIT 


Remember very well that : log, (X— y) € log, X—log, y хапа log, ( Е ) # log, X+log, y 


4$ The power property 
ЄНХЄЛ" » a€ R*- [1] «ЗЄВ ;then log, X"=n log, X 


For example : 
log, 125 = log, 5° = 3 log, 5 


and vice versa : 7 log, 2 = log; 27= log, 128 

Proof : 

log, X" = log, (X x Хх X x .... to n terms) 
= 10р, X + log, X + .... to n terms 


-nlog, X 
аз Base changing property 
1 
.ихЕв » yERt-{1} ›аЕ в*-{1} „еп log, х= 85 
Еог ехатріе : " 
g7 _ log,2 
log, 7= ies” log, 2 log, 3 
Proof : 
Put log, Х=2 
7 у^ = Х by taking logarithms to both sides for the base "a" 
А ne m log X 
-. z log, y = log, X = log y 
log X 
lg = 280 
у log, y 


The multiplicative inverse property 


ех, УЕ R*- {1} »then log, X= 
For example : 


log, y 


1 
10875 = Tog, T » then log, 5 х log; 7 = 1 


Proof : 
_ logy 


log X я 
og, hes xY EX log, Хх log, y=1 
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Example e 
Without using the calculator ; find the value of each of the following : 
(1) log, 15 + log, 6 — log, 10 
(2) log, 100 —3 log, 2 — log, 18 + log, 36 
(3) log, 3 +2 ів, 15 - log, zt log; x 
(4) log, 7 x log, 11 x log, 9 x log, 2 


5 log, 243 - log, 32 
log, 27- log, 8 


Solution 


(1) The value = log, si 


15 
10 
(2) The value = log, 100 — log, ЭА log, 18 4108, 36 


= log, 9= log, 37=2 log, 3=2x1=2 


100 x 36 _ Р "7H НООТ 
5 тю -2108,5-2х1-2 
2 
(3) The value = log, 3 * log, (3) — log, $ + log, 555 
15 
2 


3,135, 15, 5. 
243 


3х15х15х5х36 
= „з= — шш] Sel 
E log; 5x2x2x243x5 5 
36 
log 7 х leg 1l. log 9 x log 2 


(4) The value = 
1082 1087 logll 1083 


_ 1089 _ log 3* 2183 , 
" 1083  log3  log3 


log,3?-1og,2? 51023-51082  5(log,3-1og,2 
(5) The value = №27 °F“ _ > 984 2-3 DES 29983-1052 5 
log 3?-1og,2? 31og,3-31og,2 3 (log, 3-log,2) 3 


Example e 


Without using the calculator › prove that : 


(1) 31og 5 + 21og 6 - log 9 + log 0.2 = log, 25 


2 log 30-1056+1055 _ 


=1-log2 
log 12 – log 3 + log 25 


(1) LHS. = log 5? + log 6? — log 9 + log a 
3 222 
dida NN LS 

798 9x10 


= log 100 = log 10? = 2 log 10 = 2 


= log 


»RHS. = 05, 5° -21og, 5-2 


-. The two sides are equal. 


log 30x5 : 
6 108 25 1085 2 1085 
LHS:= = = = -1 
o log 12х25 105100 log 10? 21og 10 ын 
3 
;R.H.S.-1 —log 2 = Іор 10 – log 2 = log ES =log5 


-. The two sides are equal. 


Example Ө) 


If log, 7 = 1.771 
» find the value of each of the following in the simplest form » then verify your answer 
by using the calculator : 


(1)log, 21 ^ — log, 63 (3) log, $ 


> Solution 
(1)log, 21 = log, (3 x 7) = log, 3 + log, 7 21 1.771 = 2.771 


(Verifying by using the calculator : 5^" „ eg Booo 24 


(2) log, 63 = log, (9 x 7) = log, 9 + log, 7 


= log, 3. log, 7 =2 log, 3 + log, 7 
=2+ 1.771 = 3.771 
(Verifying by using the calculator : Зил (ур Booo ва) 


(3) юв, 2--108,7-108,9 
= log, 7 - log, 3 
= log, 7-21og, 3 
= (log, 7) -221771 -22 - 0:229 


(Verifying by using the calculator : 5", eg © oo e og 
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Example A 


Find the value of each of the following іп the simplest form : 
7 [35 1 1 1 
(1) log, 32 Q) log, Xyz * log, Xyz 4 log, Xyz 


5 


T 1, 
(1) log, 132 = log, (297 = log, 27 = Š log, 2 = 3 
1 1 1 


2) ———— + ——— + —_ 
(2) log, Xyz log, Xyz log Xyz 


= log, X+ log, y+ log, , 7 
= log,,, Xyz=1 
Example [5] 
Using the calculator » find the value of X to the nearest 2 decimal digits in each of the 
following : 
(05*-17 (22*-! 21 
(3) 5Х+1-24Х-3 (4) 5X-223x4X*1 
(5) 3?X-14 x 3X 45-0 


Solution 
(1)  5Xz17 "taking logarithms of the two sides" 
A log 5* = log 17 -. X log 5 = log 17 
“X= log 17 » then by using the calculator X = 1.76 


log 5 
(2) .23-1-7 "taking logarithms of the two sides" 


^. log 2*-! 21og 7 -. (X- 1) log 2 = log 7 
; - „Жы ETARA 
г. X log 2 —log 2 = log 7 “X= log2 =3.81 


(3) 25Х91:23Х-3 "taking logarithms of the two sides" 
:dog5**T2jog 2*X-? ^ (X+ 1) log 5 = (4 Х-3) log 2 
/. Xlog 5 + log 524 X1og2-31og2 г. 4X log 2-—X log 5 = 3 105 2 + log 5 


х= 3198 241085 347 


/. X (4 log 2 – log 5) = 3 log 2 + log 5 = 
ae ов 5) 98 £ 4log2-log5 


UNIT 


2 


(4) -5Х-2-3х43Х9! "taking logarithms of the two sides" 
~<. (Х-2) ю#5=1083+(Х+ 1) log 4 
-. Xlog5-21og 5 = log 3 + X log 4 + log 4 
-. Xlog5- Xlog4 = log 3 + log 4 + 2 log 5 
-. X (log 5 - log 4) = log 3 + log 4+ 2 log 5 


. үс log3+log4+2log5 _ 
шахан 0099 
Another solution : 
5Х 

s5X-223x4**! n 5т=3х4Хх4 
“05252, 2 .(5Y*. 
хїхэ3х4х5 = (3) «зо 

log 300 

X= z = 25.56 
1051 
(8): 32Х_ 14х3^+45=0 235-9) (3х5) =0 
23Х_9=0 ог 3Х_5=0 
23х=9 г. 3* = 5 taking logarithms 
Ыз 232 -. Xlog3 =10 5 
АХ-2 smu 1985 таб 
log 3 


Important remark at solving logarithmic equation 
If X ER’ and m is an even number # 0 and a E IR* — {1} 


»then | log, X™=m log, |X| 


For example : log, x*-4 log, |x| 


Example (3 


Find in В the S.S. of each of the following equations : 


(1) 2 log X- log (X42) 20 (2) log X? = log 4 + log 9 

(3) log, X + log, (Х-2)-3 (4) log X + log (X + 2) = log (X + 6) 
3 3 Ж 2 

(5) log 2 x-1«1og x-2 =1ов30-1 Е = юв x 
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Solution 
(1) 2 log X- log (X + 2) = 0 
-. log X? = log (X + 2) (1) The logarithmic function is one-to-one function. 
3 Х2-Х-2 ie. Iflog, X-log, y »thenX=y 
2,Х2-4Х-27-0 (2) By substitution by the values which we obtained 
М(Х-2)(Х-1)-0 in the original equation » then the solution is 
;. X 220r X=- 1 (refused) the value that satisfies the equation » where the | 
4 SS.= {2} logarithm of non-positive number is meaningless. | 
(2) 2 log X? = log 4 + log 9 2. log X? = log (4 x 9) 
г. log X? = log 36 ^ x?236 
1 X=+6 л: SS.={6 »—6} 
Another solution : 
ч log X? = log 4 + log 9 -. log X? = log 36 = log 6? 
-. 2log| X| 2 21og 6 a =G 
5 E 5. $5. =46,-6} 
(3) ~ log, X + log, (X -2) 23 7. log, X (X -2) 23 
ANT 2x 22528 г. Х?-2Х-8=0 
г. (Х-4)(Х+2)=0 г. Х=4 ог Х =—2 (refused.) 
20515:= 14] 
(4) *- log X + log (X + 2) = log (X + 6) ^. log X x (X + 2) = log (X + 6) 
МХ(Х»2)-Х-6 МХ2-2Х-Х-6-0 
1 X7+X-6=0 ^ (X+3)(X-2)=0 
^. X=—3 (refused) or X 2 2 28.8.= {2} 


(5) log [2x-141og (Х-2 -10830-1 Reseibor thet 
-. log {о x-Da-2 = log 30 — log 10 log 1021 
^ dog [232-5 X * 2 -1og3 
5 Үзх?-5х+2= 3 "raising the two sides to the power 3" 


:2Х72-5Х-2-27 2 OPH 5 K-95) =0 | 
А(2Х-5)(Х-5)-0 ^ X= = (refused) or X= 5 
^ SS.- {5} 


(3 Р) Vo get Y/ OW - i сл, - уд] Ө] |121 


log 49 – (log T? . log7 = (log 7)? 


099255 т ŒX Cam сэрж 
21og 7 - (log 7? 
5, usu № 
og? ing 1 Remember that 
B TO-lg eX log 10022 
log7-2 
-. -log7 zlog X S log 77! =log X 
aa Д : 214 
АЖ-Т3-2 255.={1} 
Example ©) 
Find in В the S.S. of each of the following equations : 
(1) log, (X? - 3 X + 2) – log, (X - 2) = log, 49 
(2) ХЕХ = 10 (3) log, X= log, 25 
(4) log, X x log, X=2 (5) log, X + log, 4=2 
> Solution 
(1) > log, (X? —3 X + 2) - log, (X - 2) = log, 49 
: 2-39) ._ 2 ! (X-2)(x-1) _ 
deg, lon, 7 7 dog, о 221087 
^ log, (X-1) 22 2Х-1-32 
2 X=14+9=10 
4 S.S. - {10} 
(2) г ХХ = 10 "taking logarithms of the two sides" 
53 log x £X = log 10 -. (log X) (log X) = 1 
2 008 X)? = 1 log X=+1 
2.102 X=1 “ Х=10!=10 
or log X--1 2 Х=107-1=01 
25.8.= {10 ,0.1] 
E - .logX _ log 25 
(3) = log, X = log, 25 255187 
log 52 xlog2 2 log 5 x log 2 
г. log X =—2 2" = —> = log 5 
"s log 22 2 log 2 ^8 
2 X= 5 (verify) -SS.2 {5} 
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2 . log, X 
(4) *- log, Хх log, X22 in ds s n 
: 2: = 2 = 
г. (log, X) = 2 log, 9 = 2 log, 3° = 4 log, 324 
^ log, X252 ^ X2 3? =9 (verify) 
232.1 : : = 1 
orX=3 = 9 (verify) -$$.={9 54} 
=: = : Їл : 
(5) ~ log, X+ log. 4=2 5 ddl за (multiply x log, X) 
2. (log, X? + 1 22 log, X 2. (log, 3)? 2 log, X+1=0 
2 
^. (dog, 20 - 1) -0 ^ dog, X21 
2 Х=4 (verify) s. SS. 214] 
Example [8] 


Find in R the S.S. of each of the following equations : 


(1) log 49 x log 18 = log 343 x log X? (2) log X? = (log x)? 


(3) (log X+ 1) (log 2) =3 (4) log X- log, 100 = 1 
Solution 
(1) >> log 49 x Іор 18 = log 343 x log X? 
& log X?- log 49 x log'/8 f lop 7? x12 _ — 9 
log 343 log 7^ 3 1087 
% log X?- 2 x Э log2 2 log X?- log 2 


:Х3-2 à х-12 


235.=[2 } 


(CA log X? = (log ne г. 2 log X = (log X)? 
^. (log X)? — 2 log X 20 ~. log X (log X-2) =0 
<. logX 20 › then X= 109-1 or log Х= 2 , then X= 10? = 100 


^ SS. (1. 100} 


(3) 1 (logX + 1) (log x) -3 ^. (log X + 1) (log X- log 10) = 3 
^. (log X + 1) (log X- 1) 23 2 (og X? - 123 
-. (log x)-4 WOES L2 
^. log Х = 2 » then X = 10? = 100 
or log X 2-2 › then X= 1072 2 001 


<. 5.5. = {100 0.01} 


(4) >> log X—log, 100 = 1 г. log X- log, 10° =1 
2 " 
2. log X-21og, 10-1 ор = 
og X Og, og X log X 1 (multiply x log X) 
2. (log 39? - 2 = log X 2 (log X)? - log Х-2=0 
2 (log X + 1) (log X-2) 20 “log X=-1 sthenX-107! 20.1 
orlogX=2 »then X= 10? = 100 1. S.S.= {100 50.1} 
Example © 


(1) If X y = 16 s prove that : 3 log, X + 4 log, y - log, X y = 8 
(2) 10 Х2+у2=6 Ху s prove that : 2 log (X + y) = log X + log y + 3 log 2 


(1) LHS. = log, X? + log, y- log, X y? 
xiy* $ 9 2 
= log, xy? - log; X - log, (X y) 


= 2108, Ху =2 log, 16 - 2 log, 2* = 2 x 4 log, 2 
=2x4x1=8=RHS. 
(2) X?+y?=6Xy 5 Х2+у2+2 Ху=6Ху+2 Ху 
1 Х2+2 Ху+у? =8 Ху .(Х+у)?=8 Xy 
<. log (Х + у) 2log 8 Xy 
2. 2105 (X + y) = log 8 + log X + log y 


= 1062? + log X + log y = 3 log 2+ log X + log y 
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Example (T) 
If the magnitude of the intensity M (I) of an earthquake on Richter scale is given by 


the relation M (I) = log I where I is the earthquake intensity , I, is the smallest earth 

movement that can be recorded » called the reference intensity. 

(1) Find on Richter scale the magnitude of the earthquake of intensity 1.6 x 10° times the 
reference intensity. 


(2) If the magnitude of the earthquake = 7 on Richter scale find how many times the intensity 
of this earthquake equals the reference intensity. 


Solution 
(Ом (D) = log 7 ›1= 16x 10% 1, 
0 
14 E 
ар log 010 To = tog (1.6 x 108) 282 


0 
i.e. The intensity of the earthquake on Richter = 8.2 


(2) `2 The magnitude of the earthquake (M) = 7 


I I 7 
<. 7= log — 10 
h ly 
« T= 1097 
х1-101, 


~. The intensity of the earthquake = 10 000 000 times the reference intensity. 


i For any number X € Z* › ifn<logX<n+1 

: » then the number of digits of the number X equals (п + 1) where n € N 
: For example : 

i x To find the number of digits of the number 5° 

: 77 108 53 2.097 5 then2< log 5° <3 

| 2. The number of digits of 5? = 3 digits. : 
i * To find the number of digits of the number 377 
"2 10р 3!7=8.111 ;then8 <log3 «9 

г. The number of digits of 3!7 = 9 digits. 


Calculus and 
Trigonometry 


Ган 
z 3 Limits and continuity. 
2 


к 
> 4 Trigonometry. 
5 


Limits and continuity. 


Unit Lessons 


Introduction to limits of functions "Evaluation of the limit 
| numerically and graphically". 


Lesson 


Finding the limit of a function algebraically. 


Lesson 


Theorem (4) "The law". 


Lesson 


3 Limit of the function at infinity. 
3 Limits of trigonometric functions. 
3 Existence of the limit of a piecewise function. 


Continuity. 


Lesson 


Introduction to limits of functions 
Lesson One "Evaluation of the limit numerically 
and graphically" 


Specified , unspecified and undefined quantities 


When we do an arithmetic operation on IR » we will get one of the following three types of quantities. 
(1) Specified quantity | 
It is the quantity which has determined result. 


For example : 3 is a specified quantity 


i.e. It has a determined result which is 1.6 
because : The real number which if multiplied by 5 » the result will be 8 is 1.6 


Examples for the specified quantities : i 55505373»... 


(2) Unspecified quantity ] 


It is the quantity which has no determined answer. 

For example : т is an unspecified quantity 

i.e. It has an infinite number of answers in R. 

because : The product of any real number x zero = zero 


Noticing that there are other unspecified quantities we shall study later. 


| 3 J Undefined quantity | 


It is the quantity which is meaningless. 


For example : 2 is undefined quantity 


i.e. It has no meaning to divide by zero. 
because : There is no real number if multiplied by zero : the result will be 5 
Generally : гч where a ЕВ — {0} is undefined quantity. 


тж) 
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The symbols © and — © 


* The symbol ce (infinity) is not a real number but it represents a quantity greater than any 
positive real number can be recognized. 


* The symbol — ee (negative infinity) is not a real number but it represents a quantity smaller 
than any negative real number can be recognized. 


* Let a be a real number ; then : 


MICE г Enrich your knowledge ` 
eo ata>0 : uam 
(2) œ xaz1-* ata<0 i The unspecified quantities are seven and ; 
unspecified ata=0 ; they are : : 
68 ata»0 : ӨГ p Z, o — оо зво X лего » (zero)? { 
же шт id Гэ (99)? and (1)* 


unspecified ata=0 o —— EEE ; 


For example : оо + 7 = оо ›— о + 2 =—00 зоо X 15 = оо з – оо X 7 = – оо 


3 — оо X —2 = оо зоо + оо = оо 


The concept of the limit of a function at a point 


Я Illustrated Example 
If we want to find the s of the function f : f (X) = 


T аХ-1 
We find that : f (1) = га = 0 "unspecified quantity" 


that means we can not анаан the value of the function at X = 1 


So » we go to study the approaching of f (X) to a specified quantity » when X approaches 
to the number 1» that by one of the following two methods : 


(7 Evaluation of the limit numerically 


Give values for the variable X approaches to one through taking values more than 1 and 


less than 1 in which X does not take the value 1 » the following table shows the values X 
takes approaching to «1» and their жаши values of f (X) : 


X approaches to | from the left - -- -- - Mere X approaches to 1 from the right 


“єв мм [n e e a as 
зоо is [is [а [a EIEIEIEI 


f (X) approaches to 2 from the left - - - - > ^ - - - -f (X) approaches to 2 from the right 


(Wi f) о Y/ ol - i ос - ма] | 129 


» We find that : 
When X approaches to the number 1 from the right side 


(i.e. from the values of the variable X greater than 1) which is written mathematically 
as «X ——» 1*» and is read as «X tends to 1 from the right». 
» then f (X) approaches to the number 2 and the number 2 is called the right limit of the 


function and it is written mathematically as Hum Ғ00=2 e| Fd y=2 


and is read as the limit of the function when (X —— 1*) equals 2 


* And when X approaches to the number 1 from the left side (i.e. from the values of the 
variable X smaller than 1) which is written mathematically as «X —— |» and is read as 


«X tends to | from the left» » then f (X) approaches to the number 2 and the number 2 is 


called the left limit of the function and it is written mathematically as pu f0922 
ог f (17) 22 and is read as the limit of the function when (X — 17) equals 2 


If the value of the function f approaches to a unique value ( when X approaches to a from 
the two sides right and left ; then the limit of f (X) equals { and it is written symbolically 
Lim f 00 =f 


Le.M| уа?) = (а) = (еп) Lim /00-1 


In the previous example : 
2709-1022 - Limfo9-2 


(2) Evaluation of the limit graphically 


is _ 2-1; " 
= ХА is undefined at X = 1 


s foo 2 €7DO* D х. where X21 
(x1) 


i.e. It is represented by a straight line with an open dot 
at the point whose X-coordinate = 1 as in the opposite 


figure » and from the figure we notice that : 


when X tends 10, | (from the right and the left) › then f (X) 11510, 2 
ie. Lim f (x) =2 
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1. At finding Lim f (X) » it is not necessary that the function be defined at X =a » it 


should be defined only in an interval on the left of a and another interval on the right of a 


2. If f (а?) = f (аг) »then Lim f (20 does not exist. 


Important remarks at finding the limit of the function graphically 


(1) In the opposite figure : 


We find that : 

First: At X20: Lim f(x)=1 

First : гэ» 
» Lim f (X) and Lim f (X) don't exist 
X— 07 х—0 


[Because the function is undefined at the left of X = 0] 
Second: AtX=1: Lim f (9-0, Lim у(Х)-1 
ELM x х—+ 17 Х--| 

&. Lim f (X) does not exist. 
[Because the right limit the left limit] 
Notice that : Although f is defined at X = 1 «f (1) = 1» 5 the limit does not exist. 
Third: At X22: Lim f (x)= Lim f(x)» Lim /(Х)-1 
ыле Х-»Т Х--27 Х--2 
[Notice that » it is not necessary that the value of the function equals the value of 
the limit where f (2) = 2] 


Fourth: At X 23: Lim f(X) = Lim Р(х) = Lim f 092 f (3) 22 
ЕЕ X—3- X— 3 Х--«3 
Fifth: Atx=4: Lim f(x) = Lim у(х) = Lim f 09-1 
p 254 X—.4* Х--4 
[Notice that f (4) is undefined i.e. Although the function is undefined ; the limit exists] 
Sixth : At X25: зав fQ022, Lim у(х) аад Lim f (X) do not exist. 
шилэн —5 x—.s* Х--5 
[Because the function is undefined on the right of X = 5] 


Remark 


From the graph of the function in the previous figure , then : 


* The point which is represented by an open dot does not affect on the existing of a limit at it 
as in third and fifth. 


* The point which has a brumpt break (jump) dues to non existence a limit as in second. 


3 


(2) The opposite figure represents the function : 


ffo 
and we find that : 
1017) == 
а 
Ра) Ра) 


2. Lim f (X) does not exist. 
х—1 


(3) The opposite figure represents the function : 
1 


f:foo-——3 
(X-1) 

and we find that : 

1017) == 

sf (17) => 

im f (0 == 


Example бу 
Evaluate : Lim (5 – 2 X) graphically and numerically. 
Solution 
* Graphically : 
We represent the linear function f : f (025-2 X 
as in the opposite figure : 
We notice that » when X —— 4 x 
> then f (X) ——-3 
ie. Lim (5-2x3) 2-3 
* Numerically : 


We form a table for the values of f (X) and this by choosing y 
values of X approaches to the number 4 from the right and the left as follows : 


2 


ВЕНЫ 


—-4 


From the table » we notice that » when X approaches to the number 4 from the right or the 
left » the values of f (X) approaches to the number — 3 2, Lim 5-2Х)--3 
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Example © 
Study each of the following figures › then find the value of : 
(70) (2) Lim, f 00 (з) Мт fœ @ Lim Qo 


2 49 


» 
Fig. (1) 
Solution 
In Fig. (1) : f (2) is undefined , Lim, у 09-1, Lim /00-3 
> Lini f CO does not exist. 


In Fig. (2) : f (2) is undefined » pum f(=1, Lim у(0=1, Lam f0921 
—92 Х--2 --82 


In Fig. (3) : f Q 22» Lim f (x) 23, Lim f Q9 =-1, Lim f (X) does not exist. 
Эн to" Х---2 


Example Єў 
Study each of the following figures » then find the value of : 
(1) f (0) (2) f (07) (3) f (07) (4) Lim fo 


х 


Fig. (1) Fig. Q) Fig. (3) 
Solution 
In Fig. (1): f (0) =2 >f (0 = f (07) =1 5 288 ууд 
In Fig. (2) : f (0) is undefined 5 f (0*) = f (0) = œ л Dim ¢ 09 =< 
In Fig. (3) : f (0) is undefined › f (0*) = —ee » f (07) = œ & Pin f (X) does not exist. 
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Lesson TWO | Finding the limit of a function algebraically 


The following are some fundamental theorems and corollaries which help for finding the 
limit of a function without restoring to the graphing or studying the values of the function. 


(Limit of a polynomial function) : 


If : f (№) is a polynomial function in X › then Lim f C9 = f (a) 


For example : 
Lim (2 X+5)=f(2)=2(2)+5=9 


» Lim (x?-3 X+2)=f (1) =1-3+2 = zero 


Limit of the constant function. 
If f (X) =k where К is constant » then Lim TOO Lim k=k 
ый а 


For example ; Lim 4-4 , Lim -5=-5 
Theorem (2) 


If f +g are two real functions in X Lim f (00 = ,Lim g (0 = m where l and т ER »then : 
a) Lim [f 00 +g 09] = Lim у(х) + Lim g(x) = (+ т 


X—.a 


i.e. Limit of the algebraic sum of two functions - the algebraic sum of their limits. 
This rule can be generalized for the sum of a finite number of functions. 
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(2) Lim [f рд x g 9] = Lim у (0) x Lim р(х) = (x m 
i.e. Limit of the product of two functions = the product of their limits. 
This rule can be generalized for the product of a finite number of functions. 
(3) Lim x f (x) =k Lim f (x) =k l , where k is constant. 


i.e. Limit of the product of a constant x function = the constant x limit of this function. 


(4) Lim £09 L where m #0 


i.e. Limit of the quotient of two functions = the quotient of their limits regarding that 
the denominator z 0 


This rule can be generalized for the product of a finite number of functions divided by 
the product of a finite number of functions under condition that the denominator + 0 


(в) Lim [f 00] = [Lim ў oo] = ве 


а 


Example бу 


Find each of the following limits : 

i 2 2€ 1 2 3 2 
(1) Lim x +3X-24+5— (2) Lim (x? +3) Q2 -2X? «4 x- 1) 
(3) Lim 2х?-5х+6) (X41) 


2—1 (Х542)(3Х-1) 


Solution 
i 2 26. тл 2 i 2X 
(Lim x +3X-24+4 5" 2Lim (x +3 Х-2)1 30 =. 
Lim 2x 
= Lim (XK? 43 X-2)42— 2 ecd. 0.0 
х—+0 Lim (х-1) -1 


(2) Lim | (x?43) x? -2x? «4 x- 1) 

-Lim (x?«3)xLim, (x?-2 x? «4 x- 1) 
-(443)(-8-8-8-1)27x(-25) =- 175 
(3) Lim QX^-5X«9 +1 _ Fim @x?-5x+6)xbim (x «n 
TU (х?+2)(3Х-1) Lim o? «2) x Lim (3 x- 1) 

.0-546141) 3x2 


Поа ^-^! 


Notice that: | —  —— 
We can solve the previous example by using direct substitution without separating limits. | 
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We can use the direct substitution in Lim f (X) = f (a) if the function is polynomial or 
rational with denominator # 0 at X =a i 


Theorem (3) 


If f » саге two functions in the variable X » f (X) = g (X for all the values of X ER — {a} 


and Lim р(х) = [ then: Lim ў (x)= 


The use of the previous theorem : 


This theorem is used to find the limit of a rational function | X —— a means 


(fraction each of its numerator and denominator is polynomial) | (Х-а)---0 


Zero 


say f (X) at X — a where f (а) = „ето i.e. (X — a) = 0 and because 


This means that (X — a) is a common factor between that the simplifying is done. 
the numerator and the denominator. 


In this case › to find Lim f (X) » we cancel the factor (X — a) using factorization or long 
division to get a new function g (X) equal to f (X) when X £a » 
then Lim MES Lim g (X) and the next example illustrates this process. 


Example Ө 
Find each of the following : 


Lim Х2-16 Lim- $ Qx«3Y-1 
09252 х-4. QE үз sx opm, х?+х 
Solution 

X?-16 cH. zero 
(1) Let: f Q9 = X--18 x 214 =% zc 


x?—16 (X - 4) (X * 4) 
хра Z= oa M -- S Lim x+4=4+4=8 


x^-8 2-8  . zero 
2) Let: =—— Р 2)=—2-8 2160 
шид x?-5X+6 [10-737 5(2)46 Zero 
+ Lim 2-8 -Lim 9-20 +2х+4 
x—2x2.5X46 Х-»-2 (Х-2)(Х-3) 
Lim X2+2%+4_ +2X+4 274+2()+4 | үр 


Х--2 x=3 2-3 


Lesson Two 


UE _ QXT3Y-1 А -(-2437-1 zero 
иштее eas Sf De a ae 
. Lim 0Х437-1 Lim 0Х-3-10(2Х-341) 
las E UU NES SL X QC 1) 
= Lim QX*2QX*4 pig 2(®+1)х2(Х+2) 
X—-1 — X(X«J]) Kee] X(X+1) 
= Lim HERD. 4-142) а 
6-1 Xx > 2-1 а 
Example €) 
3 
Find ; Lim X -7Х+6_ 
S— 23 KR 44 
Solution 
3 
Let: f 09 = аза Remember that 
3x?-8X^44 тт : 
5 For the long division operation : 
РО) = 02) -7 (2) +6 _ zero (1) Arrange the terms of each dividend 


3 (27-8 (2) +4 ^to 

^. (X — 2) is a common factor between 
the numerator and the denominator 
» then divide the numerator 
by the factor (X — 2) because its 


factorization is difficult. 


; Х-2 x? -1Х-6 
.. Ө ‚© : 
о K -RX 
2Хд-1Х-6 
Ө „© 
2x" -AX 
-3Х-6 
© Ө 
-3Х-6 
00 00 


2. The numerator = (X — 2) (X? +2 X - 3) 


and divisor according to the powers of 
X ascendingly or descendingly by the 
same way with leave an empty place 
for the powers which do not exist. 


(2) Divide the first term of the dividend by 
the first term of the divisor » then write 
the quotient. 


(3) Multiply the quotient by the divisor » and 
subtract the result from the dividend to 
get the left. 


(4) Continue with the same way until the 
division operation finished. 


.Lim X-7X46 Lim (X-207*2X-3) pim X?«2x-3 


б X—+2 ~ X—+2 


BX 4 


(Х-2) (3 x-2) 


ЗХ-»2 


8X3 
dr CS 5 
6-2 4 


(AP) дд Ү/ o - i ous, - аж] [137 


In the case of dividing by an expression of the first degree and the coefficient of X = 1 


i.e. In the form of (X —a) » you can use the synthetic division method to make the long division 
easier » and you can use it in the previous example as follows to divide Q —7 x « 6) by (X-2) 


(1) Arrange the coefficients according to Ө) 1 йб) р 6 
the ascendingly or descendingly powers 
of X and put (0) as a coefficient for the ЕЕ | 
powers which do not exist and put the 
number (2) (Zero of the divisor) in the 
place of divisor. ши 
(2) The coefficient of the greatest power Ө] 1 0 -7 6 


is brought down to the third row 


s then multiply it by 2 and put the G (211 | 


product in the second row place of the 
neighboring column directly. 


(3) Add the coefficient of the next 
power to the product which you got 


immediately. 


(4) Repeat multiplying and adding to get 
the factors of the quotient 1 › 2 and - 3 


-. The quotient 18: Х?+2.Х-3 


Another solution of example (3) : 


Factorizing by grouping can be used » known that (X — 2) is a factor of each numerator and 
denominator as follows : 


Х3-7Х56 pig O°-8)+C7X+14) _ (X—2) (x? 4.9304 4) — T (X .—2) 


Lim A сый ыс m шыш] TR 

x—234x?.gxe4 *—?  (X-2)8x-2) х—2 (X-2)8X-2) 
.Lim &-72|x/*2x«4-7] _ 22+2х2-3_5 
x—2  (x—2)(3X-2) ~ 389-9 4 
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Important remark 
In case of existence of a difference of two square roots of algebraic expressions (in numerator or 
denominator or both) » we multiply each of the numerator and denominator by the conjugate of 

Zero 


(the numerator or the denominator or both) when the result of the direct substitution equals ES 


and the next example illustrates this. 


Example o 
Find each of the following : 
T4 x-2 


(1) Lim xP 42% 2) Lim. A T 
0649-3 779 49 кх-19-х 
Solution 
Zero 


By substitution in each of the two functions by X = 0 » we find that the value of each = san 


х+9+3 


()Lim X *2X .pig +2 , VX+9+3 
dx «93 


Vo  xi9-3 "о {хәз 
(multiplying by the conjugate of the denominator) 


Lig Х®+2[їх+9 +з] 


0—0 х+9-9 


-Lim (х+2) [[х+9+3] =2х6=12 


(2)Lim {4+х-2 ER T4 x-2 „ї4+х+2 V9+x+ 9-Х 
*— (9:х-19-х "7" 4e«x-To-x 14+х+2 Yo+x+]9-x 


(multiplying by the conjugates of numerator and denominator) 


19-х-19-х 


-Jim АЕ: tater. 
0—009+0-09-Х Jarlez 


+ү9-х) Lim 9-Х-19-х 


Lim *Í 
T (тээ) 777 2((4-х»2) 


© 
H 
+ 


From the previous we can deduce that 


To find Lim f (X) find f (a) by direct substitution X = a in the function » if the result : 


(1) Is a real number b › then Lim ДО) = 


(2) 2° "unspecified quantity" › then divide both numerator and denominator by (X — a) 


Zero 


Example © 
Find each of the following : 
2-3 д 2 
mum 2x74 apa Х-2 E 
Solution 
5 
1) ч -2)---5- --1 gives a real number 
ФУ) =, 
Lim .Х-3- 1 
цаг КА | 
E EE Н _ 42-Х-2 
Q)Letf Q0 7 7 f= 


К f D ..4-2-2 zero en substitution it gives 
dy = 19-40: ^ ZB -zero unspecified quantity" 


(22-53. opta 25-85 
= 0-2 


(Х-2)(Х-1) 
а = Lim (x+1)=2+1=3 


———— = 4 where f (X) is a polynomial function » find Lim 11 (X) 


. Lim 200-7 D 


х—+3 
. the Aa ЖЫЙ -zeroatX-23 


7 exists and equals 4 


-. The numerator = zero at X = 3 
и. }(3)-7 = zero :170)-17 
» 7 f (X) is a polynomial function 


- Limtoo-f3-7 


140 


: The limit gives 


real number + 0 
zero 


The opposite figure represents 
the function f : f (Х) = + and we notice that : 


(3) lm + in not exist because f (0*) = f (07) 


From the previous » other limits gives by direct 
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by direct substitution is "undefined quantity" : 


substitution Га number # zero can be found without using the graph as follows : 


zero 


ay lia 1... Lim —1 ханилан 
x—2 X-2 ~ х.2)-»0 (Х-2) 


-. The right limit # the left limit 


„ ЖА. : 
7x0 xc is not exist. 


(2) Lim.1. ru (4) = (Lim, 1)’ = (eo)? == 
х—0 x2 Lim (ŁY - (Lim en a 


Xx—07 x—o X 


-. The right limit = the left limit 


„ Lim d ag 
` x—0 х? 
Lim ,6X+4)x 
(3) Lim 3Х+4_ Lim (хуйх. dro ) a+ 
ХЕ KFL KEIO (Х +1) 
Lim QGx«4)x—1— 


X41 
2. The right limit # the left limit = 8+7 


Lim 3 3334) is not exist 


E EE 


ш|Хсошсо 


ш1Х-сош-со 


Lesson Three Theorem (4) "The law" 


Theorem (4) 


Li x®-a" n-1 
pul cis for every n ЕВ - {0} 


To use this theorem » we must note that : 
n n 
(1) The function must be in the form (or we can put it in the form) ха 


(2) The required is finding the limit when X ——> a 
Example бу 


Find each of the following : 


7 
(1) Lim х*-81 (2) Lim m ce -12515 
Х--3 Х-3 х— x5 
i x’ +32 im 3235-1 
Lim — — Lim. 222—4 
(0) 229, xP 45X46 Oy 2X-1 
Solution 


eel ra Е T 
pim <р = re 


Notice that : by direct substitution » we get f (3) = 220 


T | 7-115 i 
(2) Lim Х7-12515 iim TET Ани 
sf gills Жез xs 
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X432 . Dim 3% pim | 1 та X C254 


(3Lim —^ t2 __ 
Х—-2 (Х+2)(Х+3) x—2 Х-(-2) X—+-2 Х+3 Х--2Х-1-2) 
s а маллах 
(4) Lim AH E Lim ЩЕ 324 
Х-» Е х— 1 
i + 2[x-4] 
5 5 
| х5-(4) 2 xs-(4 
-Lim 16х----1--1614Ш — 75^ -16xsx(1)'-5 
- em х-> Х-»4 Х-4 
Another solution : 
AsX—— 4 » then 2 X — 1 
5 5 
Lim 32Х"-1 Lim 0ХУ-1 4- 
"each ВУЛ 38-31 (1Х3-1 (59-5 


2 
Third solution : 


Let 2 X= y as х—+ 5 »then у — 1 


5 5 5 5 5 
s Lim 32Х7-1 їлт XY- pig аи 
х1 2X-1 x—1 2X-1 y—uH у=] 


Corollaries 


: (X a) а" 
opiy бии ин 


(2) Lim XU. а (а-в » where n €R- {0} m ER- 10} 


Х-»«а xm.am 


Example © 


Find each of the following : 

SEN, Sn D, 534243 
Onn @) fim a 

. А _. B 6 _ 
(3) Lim == (4) Lim Se 

9-990943 аан oo 8 


5 5 5 (35 
(Lim +23 rim X -EA pig LEI _ 5 (35-4. - 15 
Х---3 x^-81 Х---3 x^-81 X—+-3 X563) 4 


4 4 ^ 3 
(3) Lim X —27 X -Lim 0-27 
X—33464.-243. 5—3 3 (X^ 81) 


(4) ; X—-1 Ax ДЕЙ 
.Lim + 9-64 pig — (106-2 


6 (546-3 
= = 2 = 
X-i riya 01—02 a 3 is e 
Another solution by using factorization : 


6 3 3 
Lig OU Og poy, Doer one + al 
цан. dn RN Qc 1? -8 


= іт ((х+ 15 48) =8+8=16 
Example ©) 


Find each of the following : 


4 7 6 6 
Lim (X*5*-625 Lim @=9'-1 гөү (a 2h)$-a 
0255 xXx Gym x6 mra 
Solution 
m (0452-6259 ris CES) - (Y, са 
Alia ae афв = 500 
7 7 7 
Lim X-9 -l.pim (X-5-1. аР 
(арат ини л apr дай! 
6_ 46 2-2] x 2 2 |(а-287-4 
(3)Lim 87239) Ü үрд тэг : 51525 tím ОН равана) 
h—0 5h h—0 sped 2h — 0 2h 
^ 
= жбха? = 12 а5 
Remarks 


1 
Vasa" where n€ Z* - {1} »a€ Rt 


For example : 
l 3 L 
үх= х2 ,18=8°=2 


т 
1 a" 23" wheren€ 2*- {1} ,aGR* »mEZ 


For example : 
5 $ 
x 5-x* en [25-2 
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Example @ 


Find each of the following : 


5 4 
5 
d Lim 1-5 (2) Lim Үх-1 (3) Lim JUN = 8 
X—9 x-9 Х--13 Х-- 16 3 
Х-1 үх — 64 
Solution 
1 1 
5 x. 1 1 
Lim 1X-? тах A lege 12.04 d 
0217, %—9 x1 X9 2 59 2 юэ те 6 


5 5. 5 
16% = 25* 22!" 429° =32 


5 
ie.32216* 
also » 64 = 16 


à 
2 


Example 8 
Find each of the following : 


2 х+14-2 Lim 1322-2 


im XX 5236 : 
a) Lim 7—7——7 шыш eo (3) Lim їл 
Х=3 +1 


жээж 2-8 


(1) Lim Х2+Х2-36 _ Lim X*-27«X^-9 pig X?-3? | Lim Х2-37 
X—3  x*.gl 8 x*-81 7—3 434 X— 3 x4. 34 


= 3. 7379-44 237-4214 1.11 
uli ddl d ib mE 


(4: 0) V Лы Y / Ud - ey ool, - wall 145, 


3 


4 1 
— 4 4 
(Lim Ч2х414-2 үүд Qx«19*-09* 2 
Гана X=1 х—1 =] 2 
1 
4 1 
-2 Lim сааба 1 4 d 
Qx«1)—.16 (2X+14)- 2x 4 x (16) 
“Л а 
Ку тє 


4 1 
ээ 3 3 
oy him 13552-2. pim E 3 4 33:2-8 
дах үх = +2- 1. 
-3+1 (х-3)°+1 


if. 1 
.Lim  QOX*2?-8'.pigm 3-2 
3x«2—8 (3Х-2)-8 "x—2 1 
(X-3) +1 
1 
ESI 3-1 : Х-2 
epus ЭЭН ee ee 
(Х-3)”-(-1) 
l gä (x-9-CD. 1.1 1-5 5 
TIS Ч: yg Зах Зава =E 
(Х-3)7-0177 5 
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Lesson Four Limit of the function at infinity = 
VIDEO 


The meaning of finding the limit of a function at infinity › is studying the behavior of this 
function when X (the independent variable) takes very large values. 


If f (X) approaches a real number (as X tends to infinity » then we say that f (X) has 


a limit «l» at infinity » and we write it as : Lim РО) = ( 


" Illustrated Example я 


ШО 2 xr 1 and we want to study the behavior of the function f when X 


takes a very large values tend to өө let X takes the values : 1 » 10 » 100 » 1000 , 10000 ; -- 


We get the following table : 


| X I 10 | 100 | 1000| 10000 | =- | 
Li 3 | 24 (201 ЁС 20001 | -- | 
From this table : ——— The graphical solution |— — — 


It's clear that when X takes values gradually 


At drawing 
increasing » we note that f (X) approaches 


the function 

to 2 › then f (X) ——> 2 as X —+ оо 

and we write Lim f0022 1 
—_® =2+ x 

| 

Notice that : | From the graph » 

we notice that : 

55 when X — œ , 

which gives f (X) = = (unspecified) then f OO 2 


We can't get this result by the direct substitution 


14) 


y Illustrated Example 
ІР: у(х) = i and we want to study the behavior of this function as X ——» оо 


Form the table : 


From this table we notice that : 


as X ——» оо » then f (X) ——0 


» then we can write Lim 4.50 


X—o X 


This example leads us to the following 
theorem. 


^ 


From the graph» * 


we notice that : 
when X — оо 5 


then f (X) —e zero 


Lim 1-0 


X— o X 


If a ER, then: 


(1) Lim 3 = zero (2) Lim _2_ = zero , n C IR* 


Х-- оо х" 


ж Lim ¢ = c where c is a constant 


* Lim x " = оо where n is a positive number 

* Theorem (2) which is related by the limit of sum › difference » multiplying or dividing 
two functions at X = a that we studied before is satisfied also when we put X ——» e» 
instead of X ——» a 
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Example бу 
Find each of the following : 
i 1 1 1 
Solution 


гу Lim (2+2) 


X—+ оо 


„Пий L alim 
тхо Х Tire 


ш042:2 


X—+ co 


(2) Lim (3- P 


-Lim з Lim 1. 
X—+ oo X—+ o x? 


23-023 


Getting the limit of a rational function at infinity 


If the direct substitution by X = оо gives = we divide each of numerator and denominator 
by X raised to the higher power in the denominator (degree of denominator) » then we use 
the theorem and its corollaries to get the limit (if it exists). 


Example Ө 


Find each of the following : 


Е А 2 
3X7 2X-97X 
()Lim .332-5Х — (4) Lim _Х°-2х°_ 
Roy NL aT Xe dX es] 


UNIT 


3 


(1) Dividing both numerator and denominator by X 
5 


.Lim 2X=-5 Lim ^ X _2-0_ 2 
ХЗ Х-7 ава” Т 3-0 3 


X 
(2) Dividing both numerator and denominator by X А 
95.9 
5-—.-— 
„Таш 5X^-3X*6 Lim. X x*. 5 
X 
(3) Dividing both numerator and denominator by X a 
Е A 
„Lim .4338-5Х їнэ. Х 0 _ зө. бай, 
Ава ^, 6, 0 1 8 
X 2 хз 
(4) Dividing both numerator and denominator by X 1 
2 
5 2 Ad 
Lim X -2X' .Lim X" 129-0 _,, 
Х-«9 x443 x3 Ї Х--со pa L 140-0 
X x* 
——S EEE 

Important remark 

: 1 Х А : 
At finding Lim aS where f (X) and g (X) are polynomial functions » then : 


(1) The limit = a real number not equal to zero "if the degree of the numerator is equal to 
the degree of the denominator" 

(2) The limit = zero "if the degree of the numerator is less than the degree of the denominator" 

(3) The limit = + со "if the degree of the numerator is greater than the degree of the denominator" 


Example Є) 


Find each of the following : 


(Lim (70080 @Lim GX *2* 02-17 
v^ ж) еа —— xtor, py 
Solution 


(1) Dividing both numerator and denominator by X? 


Cx ss 

2 -—Ji- 

.Lim &X-DOC *D pig х 99V ХЭ 1x1. 
е8 2.7 2 *” ( г) 1х5 5 


B 


х 
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(2) Dividing both numerator and denominator by X Ја 


2 1} 
mE a. 
Lim GX^«2? (2-1) . Lim _ 9х1 _ 


= =9 
X— ce xd (X+ y X—e ós i(1 +1] 1 
х 
Example @ 
Find each of the following : 
= i 5Х-6 

(1) Lim 2x?-9 9 (2) Lin *-9. 

*— 9*9 Ios X— co 9x47 


8-5 +1 хз 
(jim 2595 м -15-22- 


NEU. os C Nx 
(5) Lim ((х2-х-1-үх «x «1) 


Solution 
(1): X— e А|х|-х 
*. The limit = Lim Ax. 
= NUT 
Dividing both numerator and denominator by X? 
9 
3 = 
.li4m 2 —9 Dam „Ж „ ES 
Х— co 3 X—e 
223347 2-1. 9 
x? 
(2) Dividing both numerator and p ud by X= M 2 
5-2 When Х---э-со 


.Lim 24-6 Fim ^. 


—— 2 
ГГ] а 49 »then: Х-1Х|-1х2 
32,458... 


(3) Dividing both numerator and denominator by X = EE 


3 
ONCE S 
Lim 1832-5351 үүд х ^ “18 2 2 


x—9  3X-2 хә 3 3 


5 7 
(4) Dividing both numerator and denominator by X — | х?= 1 x 


3 


(5) іт (x?-x+1-]x?+x+1) 


ECT үх2-х+1-үх2+х+1 а-аа „Хх -х+1+{хї+х+1 х-14|х2-х-1 
6 сл эттей х-14|х2-х-1 


_Lim (х?-Х+1)-(Х?+Хх+1) Lim -2Х 


ажин (х2-х-141х2-х-1 inve х2-х+1+х2+х+1 


"dividing both numerator and denominator by X = | x^ 
2 


ЛЖ .———————— ——. === =-1 
X— œo 2 
(e mH en 27 
Example © 
Find each of the following : 
3 : 

ay Lim (3, - 12-82) (2) Lim (4 x?.3 x47) 
(3) Lim (5x*-x*-3) (4) Lim (4 x?—5 x? 4 13) 


Solution 


х— co 


Lim (5.73 = zero — = 
(1) эг x! +2) Zero — zero - 222 
(2) Lim (4 X? +3 X +7) [Notice that the direct substitution gives со + eo + 7] 
Lim (4х2+3Х+7) == 
(3) Lim 6x*-X* -3) [Notice that the direct substitution gives оо — co — 3 
i.e. unspecified quantity] 
- Lim x^ (5 - i - P. ) [Taking X raised to the greatest power as a common factor] 
EN i 4, Li 195 Y cos 
-Lim хех Lim(s- 1-3, ) exse 
(4) Lim (4 32-45 X4 13) [Notice that the direct substitution gives оо — со + 13 
i.e. unspecified quantity] 
=Lim x 34 -54 28) [Taking X raised to the greatest power as a common factor] 


X—+ oo 


-.Lim х3х Lim (5-54 B) ==х-5=-= 


Х--6оо 


[152] 


Lesson Five Limits of trigonometric functions 


If X is the measure of an angle in radians ; then : 


(1) Lim SX] 


(2) Lim аах. 


sin X when X ——+ 0 where X is the 


ж At studying the values of the function f : f (X) = 


х 
measure of the angle in radians » we form the following table : 
X а1 | #01 | #001 | ceo 
nx х 0.8415 | 0.9983 | Sigon — 48 


And we notice that › when X approaches 
to zero › the ratio x approaches to the 
whole one and the opposite figure shows 


that graphically. 


: im SinX _ 


* Similarly » at studying the values of the function f : f (X) = mx when X — 0 


where X is the measure of the angle in radians » we form the following table : 


(Veit) Neat Viol - zm ov» - ма] [153 


UNIT 


tan X 
x 


1.5574 10033 | „ае 


And we notice that » when X approaches 


to zero » the ratio mx 


whole one and the opposite figure shows 


approaches to the 


that graphically. 


ie. | Lim tàanX _ 


Н x s u : 
2: Lim Fan x = | Where X is in radian 


Corollary (1) 


If X is in radian; Шеп: 
Lim зах _ Lim sinaX _ 
(1) xm OX a  andhence retest 


bx 
Lim tanaX.. Lim ‘апах _ 
@ ш X a апа hence mx 
For example : 
«Lim sin3X _3 * Lim tan? X л *Lim -5X .-5 
х—0 х-0 X X—0sin3X 3 
«Lim sm2X 2 «Lim tan4X .. 4 elim © = 1 
x—0 5X 5 x—0 3X 3 X—.0tan7X 7 
REL 
Remarks 


1. sin X and cos X are defined for all values of X ER » but tan X is defined for all values 
of X except when xz 2841 y ən EZ > then: 


*Lim sin X=sina ›а ER *Lim cos X= cosa a ER 
* Lim tan X= tana sax cathy in€z 


d А 2 К ЖП 
2. Notice that ; Lim 51 2X^ is different than Lim 27-85 
— X —0 x2 


3 : 2 4 "E 5 > 2 
Where Lim 5inaX" _ Lim Sin aX _ Lim (sinaXY _ 2 
еге LAT. x? a but АШ xi POL =a’ 


. х 2 5 "i: 5 5 
For example : Lim sin3 X^ 4 buc Lim $ 3 X Lim ay 232-29 
Х-»0 x? Х--0 2 


X XEM X 


Example (1) 


Find each of the following : 


Lim sin2X на, 43 

a) gm 3X QA sx 
Lim sin5 X Lim tanX. 

(3) 1 2 sin3 X (4) 


X—0 sin2X 
Solution 


2 

3 
Lim 4X .4 
(2) ans xX 5 


sin5 X 
Lim 205% и X .L.2.3 
wil cla oe oe mee ТОЗО 
x 
tan X 
4Lim aX -Lim Х 4.1 
етра ш2х 2 
Example €) = 
Find each of the following : 
: 2 E 2 2 
a) Lim tan = (2) Lim sin 3 X cos X 
BE д md: 5x 
Solution 
Я 2 4 2 
Lim n 2X 1 їїш(ї2ХҮ 1452.4 
(om 3x2 3 Х--0 X 3 x2 3 
1 sin3 X^cos X? _ гүү sin3 X? : 2 3 e 
mim s CEN et prem БЕ bes 
Example ©) 


Find each of the following : 
(1) Lim 2X-3sinX 
—0 3X+tanX 


Solution 


(2) Lim X^ *5tn*3x 
$—*0,4 6? sin DIX? 


(1) Dividing both numerator and denominator by X 


73 sin Xx 
. Lim 2X=3 sin X pim 


UXx—0 3X tan X 
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(2) Dividing both numerator and denominator by X 5 
1+5 (tan3 Xy 
im X^5*5152?3X үд х 
a Lim A +24) Арат = 
ul EE 4-2 2 
x? 


Corollary (2) 


Lim 1-cos X 
Х-»0 X 


-0 


Proof of corollary (2) 
Lim 1-05 Х _ Lim 1 -008Х, 1 *cos X 
x—-0 x жж х 1 + cos X 


1-co?X .pim. si X -Lim simX, Lim sinX 


= = es 3885 - 
а ткан хохотом x eo Lace т ОО 200 


ж The opposite figure represents the function 


1:100- cUm and we notice in the 


figure that MW. X approaches to zero » 

1—cos X 
x 

where X is in radian measure. 


the ratio approaches to zero also 


Lim 1-с08Х үд 
х—0 Х 


Example Q 


Find each of the following : 


Lim 1-608Х Lim 1-995X 
а sin X Qum xe 
Solution 
Lim 1: 008% _ Lim (1-09 x ) =Lim 1-08Х Lim = 
Of mx X9 Xx ex) x9 хо “sob ae ГОО 
Lim 1-98 Х _Lim (1-05 X , 1 * cos X Remembe 
QE x? Lim ( x2 а) iu 
-Lim (1-008 , 1 ) e sin? X «co? Х= 1 
EON а^ 1 +cos X * Le tan? X=sec? X 
a2 
Пр 7 Ж 0 ЖЭ 
-Lim ( xi x TTE ө 1 +cot? Х = csc? X 
- Lim (sia) Lim ( — —)- E. b 1. 
XV x) вон ^ "1:172 
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Example (3 
Find each of the following : 

Li sin (3 X- 12) : cos X 
im X. | Q) Lim 23-36 
(3) Lim шах (4) Lim x sin x7! 
Solution 
a) Lim sin(3 X-12) Lim В 8-9) 53 

x—4  X-4 (x-9—0 (X-4) —- 


“(2 ) 
@y Lit нөх 2 Lim 121.4 
— = л 
x—n2X-JX шигээ 2 


(3)Lim aX . [jm -98801-Х) | 
х—л Л-Х @-%—0 (T-X) 
| : sin L 
(4) Lim. x sin = Lim —* =} 
ео X 
Example [6] 
Find each of the following : | ) 
cos|—— 
i : Lim 208Х 
(1) Lim 4 x esc 5 x (2) Lim — 1 —— Оя 
2 
Solution 
4 4 cos (5 - ) x 
. Js . Ж _ 4 . NEN. БӘ ЖЕ . sin X _ 
(1) Fim 4 xesc5 x- Lim г 3 aiu ae ee p Essai 
» sin (x) 
Lim. Lim .—svw У 
o х-7 x Y по [m : 
3 
MN шал ad 
: If X is the measure of an angle in the degree measure » then : 
i (Lim SinX л. Lim &nX. ло 
POI UY Um GUI X = 180 


MIIIIS————M—A——A———————————————————————————— 


Е Existence of the limit of 
Lesson SIX : 3 : 
a piecewise function 


Е 2Х-1-Х-«2 

We notice that the function f : f(X) = 
3-X?,x22 

is defined by two rules and each one of them is specified to a part from the domain of 
the function. 
i.e. 
РО) 22 X + 1 for the values of X € |- e» ›2[ 
РО) 23 - X? for ће values of X € [2 «| 


For example : 

f(-3)=2(-3)+1=-5 > f(4) 23- (4 = – 13 

and we explained before how to find the right and the left limit for these functions 
graphically » but now we explain how to verify that algebraically (if possible). 


Definition 
The function /: f (X) tends to the limit ( when X — a if and only if each of the right 
and the left limits at a exists and each of them equals / 


іе. Lim fog 2l | faal 


Lesson Six 


Remarks 


1. When finding Lim f OO it is not necessary that the function is defined at X= a » it 
should be only defined on an interval on the left of a and on another interval on the right 
ofa 


2. When finding L im f(X) » we should discuss the right and the left limits of the function 
and compare them (if they exist) » as follows : 


* If f (а?) = f (a^) = ( , then Lim f(x) = l 
* If (а?) = f(a) » then Lim does not exist 


3. If the rule of the function is the same on both the right and left of a directly , then the 
limit of the function can be discussed without discussing the right and left limit. 


Example бу 


3X "I s Xel 
Itf O9 = » find each of the following : 
5-Х » X51 
opin, foo Q Lim f (3) Lim у(х) 


Solution 
(1) ** The function has the same rule on the right and on the left of X = — 2 directly 
and itis f(X)=3 X+1 
5 Lim, f(x -Lim, (3Х-1)-3(-2)41--5 
(2) *- The function has the same rule on the right and on the left of X = 3 directly 
and it is (х) 25- X 
- Lim f(x) =Lim (5-x)=5-3=2 
(3) *- The rule of the function on the left of 


X = 1 differs from the right of X = 1 The rule of the function f is defined on 
» then we should discuss each of the the left of X= 1 by f (х) 23 X+ 1 and 
two limits of the function from the on the right of X=1 by 100)-5-Х 

right and the left at X = 1 


-fü)sLim (3Х-1)-3х141-45/(19-14Ш,(5-Х)-5-1-4 


г ГАР) =") =4 «pim fous 


Example €) 


Х3423 » X€-2 


Iff 00 = 
f 2Х-3 5 Х>-2 


fc25zLim , (2Х-3)-2(-2)-3--1 


fC2)=Lim (x? +2)=(-27 +2=6 | Notice that : | 


» then discuss the existence of : Lim ,F00 


Although the function is defined at X 2 — 2 
where f (- 2) = 6 › this does not affect on 


of C2#fC2%) the existence of the limit of the function 
> he z-2 
л Lim , у (Хх) does not exist. ээг 
Example ©) 
If f(x) = 12-31 , then discuss the existence of : Lim f (x) 
Fel » then discuss the existence of : 1m f 
Solution 
Х-3 » X23 
21Х-3|- 
-(Х-3)» X«3 
Ia »X»3 1 » X53 
EON ГОН = 
f -(X-9  X«3 =i $ 4888 
(X-3) 


nf8*21:f8)2-1 
276%) #1 (37) 


г. Lim f(x) does not exist. 


Example @ 


X|Xx|-1 » X<0 Li 
If f (20 = » find : Lim f(x) 
ixl ‚› X>0 мээн 
Solution 
x » X20 
1Х|- 
-Х » X«0 
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Х(-3Х)-1» X«0 [.x?.1 , x«0 
~ f= x = 
гж š Х»0 -1 » X0 


2707) = іт cCx?-1)2-1,f(9*) Lim, -1)2-1 


5 fO)=f(0*)=-1 
B Lim /00--1 


If y | f (X) | where f is a polynomial function ; then Lim y = | f (а) | by using the direct 
substitution (and it is not necessary to redefine the absolute value). 


If f 021x?-4 X 3| »then Lim f (x) =0 
iff (X)=|X+1|-|X-3]>thenLim ў (х) =4 


Example @ 


2Х-4 , X«-3 
И/С0-13х-7 › -3«x«s 
5-х » 325 


> then discuss the existence оГ: (1) Lim | f(x) (2) Lim у(х) 


Х--»5 


Solution 
(07—37) = йт, (2х+4)=-6+4=-2 


»7(-37)-14ш , (3Х-7)-3(-3)-7--2 
“fG3)=fC3)=-2 
"Lim, f@=-2 

(2) fS)=Lim_ 3 x+7)=15+7=22 f£ S)=Lim, (5-Х)-5-5-0 
165) #715") 


Ёс Lim f (X) does not exist. 


DD METTI 


=} 0-9 ‚па: Lim f(x) 
tanicX ‚ 4<Х<8 


ex sin(X-4) ri sin (Х-4) _ 
fA) x (Х-4) x} — o (Х-4) 1 


Ё : л л 
fa y= Lim, бич X=tan7 =l 
214) =) =1 . Limfoozi 


The limit of the function defined on an interval at one of its terminals 


If the function f is defined on the open interval Ja » b[ or on the closed interval [а,Ь], 

then we notice that : 

(1) The function is not defined on the left of the point a » then we discuss the right limit 
[f (a*)] only » and in this case : Lim _ f (X) and Lim f (X) do not exist. 

(2) The function is not defined on the right of the point b » then we discuss the left limit 
[f (b-)] only » and in this саве : Lim , f (X) and Lim f (x) do not exist. 


X—+b 
i.e. The limit of the function at the terminal point does not exist » and the function has a limit 
at this point from one side only [right or left]. 


Example @ 


ir ч T «хє 0 
Iff = 3 а 
2 cos X , 0«X«— 
2 
» discuss the existence of : ac T) of (- E) ,Lim foo 
2 27 х---3 
(2) Lim у(х) (з)4т, f(x) 
х—0 х—® 
Solution 
The domain of the function f 


в], -{0} 


(162) 
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: : 2Х = = 
явж аж =) = = = 
51317 эн сач e 

2 


of (- 2) does not exist. 


; Lim х / (X) does not exist. 
X— -2 


[Because the function is undefined on the left of X = = ] 


(2) *- f is defined on the left and on the right of X = 0 by two rules. 
"fürjelim S.l 28! 941. 
#07) S= nA 00—07 шд SAIS 
x 
+ : 4Х 
:f(0*) = Lim, 2с08-1--2с080-2х1-2 


^ PO) O22 n Lim f(x) =2 


“" X—+-0 
(3) -~ f is defined on the left of X = 2 only. 


ED Lim f (X) does not exist. 


F— pee 


2 


Example © 


Discuss the existence of the limit of the function f : f (X) = X-3 »when X— 3 


The domain of the function is [3 › e[ 


-. The function f is defined on the right 
of X 2 3 only. 


» Lim, foo - Lim [х-3=0 
, Lim f (X) does not exist. 


[Because the function is undefined on the left of 3] 


y $234 $6 7 F FO 


53 Lim f (X) does not exist. 


зл -4 x>0 
2 юэ »find : Lim f(x) 
сое х<0 
х 


у f*)=Lim, pear -4 «Lim X 2+4х+А-А 
ЭЭ Бэх FS Хз) 


-Lin XC*9 _Lim X*4.4 
(OX—0* Х(Х-1) X—0* X41 


= гүр 1-008:2Х sm2X 220 
rg — a Л" edant 
-f(0)2f(0)24 
- Lim f o9-4 


Example (0) 


tan4Xesc9X , -7 <х<0 


If the function f : f OO = has a limit when X = 0 
$ 88.2) s x0 
> find the value of : a 
ах (5 
А Lim 954X pig 5 X /_4 
f@)= -Lim _tan4 Xesc9 Х= rim Im Sato (9х) 9 
+ 1 х 
f (0 ) gc *2) 
„ `2 The function has a limit when X = 0 
~ f (0) = f (0) z $ @ +2) -$ 
ла2+2=4 ла2=2 ла=+ү2 
Example бу 
>» X20 
If f 00-7 
— з Х«0 
х 
»find : (1) Lim, у(х) Q)Lim f(x) бутлах foo 


а) Lim, f oo = Lim, x = zero 


X—.0* 


Q)Lim fogzLim 4.--« 


х— 0 X 


(3) Lim f (X) does not exist. 


Example [12] 


Discuss the existence of : Lim эь! 
Solution 

X х 2020 
ХЕ 

-Х р X«0 


„Гаю 58500. 
x 


Xx—.0* 


e Lim tan (- X) =-1 
x—0 X 
-. The right limit z the left limit. 


х Lim mixi is not exist. 
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The graph is for one's 
guidance only 


Lesson Seven Continuity WATCH 
VIDEO 


ЕТЕ continuity of a function at a point | 


A function f is said to be continuous at X — a » if the following three conditions are 
satisfied together : 
(1) The function is defined at X — a i.e. f (a) exists. 


(3) Lim f 09 - f (9) 


x If the function is defined by more than one rule › then f is continuous at X =a 
if f (a) = f (a ) = f (a) 

x If one condition from the three conditions does not satisfy » that is enough to decide that 
the function is not continuous at the point X — a 
For example : 

If the function is undefined at X — a » then it is not continuous at it » and we don't need to 
discuss the limit at it » and so on. 

* Geometrically » we say that a function is continuous on an interval if we can draw the 
curve of the function on this interval without raising the tip of the pen from the paper which 
we draw on it » or the curve of the function › in this case has no open dots ог brumpt 
break (jump) » but the curves that have open dots or breaks (jumps) are for discontinuous 


functions «separated». 


168 
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For example : 
0) 700- хэ X21 
* f (1) does not exist because the function is 
undefined at X = 1 
* The curve of the function has an open dot at X = 1 
because the function is undefined at X = 1 , therefore 
the function f is discontinuous at X = 1 
Although the limit of the function exists (f a52füü»z 2) 


» Xs0 
» X0 


x f (0) = —1 (exists) 
*f(0)215f(0)2-1 
г. fO*)#f (07) 


-. The curve of the function has a jump at X = 0 


(2) rosi 


» therefore the function f is discontinuous at X = 0 
У 5 Mai 


(3) f Q9 212 » Х=1 
x , Xl 


x f (1) = 2 (exists) 
* f (1*) = f (17) = 1 (exists) 
л Lim foo =1 
* The curve of the function has an open dot at X = 1 because 
Lim feos f (1) 
» therefore the function f is discontinuous at X = 1 
X+1>5 X21 
orco » X«1 
* f (1) = 2 (exists) 
x f (1*) = (17) = 2 (exists) х 
л Lim f (x)= f (1) 
* The curve of the function has no open dot or brumpt break (jump) 
» Lim f (x) = f (1) 


» therefore the function f is continuous at X = 1 


UNIT 


3 


Example Ө 


" 4 А 2X*3 , X>2 
Discuss the continuity of the function f : = а 
y unction f : f (20) = » wad sat X=2 


Solution 
* The function is undefined at X = 2 
i.e. f (2) does not exist 
~. f is discontinuous at X = 2 


Example Ө 
5Х-6 , X23 


Discuss the continuity of the function Ї . Ї (x) - satX= 3 
Solution 


М1(3)-5х3-6-9 
‚7 (37)- Lim у(ху= Lim (5x 629 


x—e.3* 


fes Lim fona Dit. (3+4) = 13 


X—7 

a FG у= fF) 

.. The function has no limit at X = 3 

2. f is discontinuous at X = 3 

Example Єў 
х"-128 2 

Discuss the continuity of the function f : f 00 = x*-16 ;atXz2 
14 » N22 


Solution 
fQ=14 

^ im X 6-128 [pim X -2' 
in foge Lun X^ 16 pus x^-2* 
л Lim f (x)= f Q) 


~. f is continuous at X = 2 
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Example © 


Discuss the continuity of the function f : f 00 2| X- 1| 4 2»at X1 
Solution 


Lim f o9 = Lim (|x-1|+2)=2 
, #(1)=11-11+2=2 
n Lim f (x) = f (1) 


~. f is continuous at X = 1 


If Lim ТОО) exists but the function f is discontinuous at X = a because f (a) is undefined 


or Lim f CO = f (a) »then we can redefine the function f to become continuous at a but if 


Lim f (20 does not exist » then we cannot redefine the function to become continuous at a 


For example : 


Redefine each of the functions defined by the following rules to be continuous at X = 2 if 
possible : 


1 X22 
2 
The function rule | f (x) = ie дэв у00= —+4х-1 13, , pe 
E » Х« 


[m | ү ЫН 
BEN as 


does not exist. 


Lim f (X) does not 


exist. 


It is not possible 
to redefine it to be 
continuous at X = 2 


(ҮҮ: А Л Y/ oU) - zov ols, - walxdl |169 


UNIT 


3 


Example © 


2x 735 | 
31-24 
> if f is discontinuous » can we redefine the function f to become continuous at X = 4 ? 


7 f is undefined at X = 4 


Discuss the continuity of the function f : f (X) = atx=4 


-. f is discontinuous at X = 4 
ADR тах 2:47 X—4 
iv Epp 
_ Lim QX*D(X-2 r; Я 
Wu E — 1)-9 
To make the function continuous at X = 4 » it is necessary 
that: f (4) = Lim f 09-9 
-. We can redefine the function as the following : 


2 
23-7Х-8 s хаа 
f= rad 
9 › Х=4 
Example (3 


Can we redefine the function f : 


1Х-2| , ха 
fos Х- > to become continuous at X = 2? 
0 , x22 
Solution 
x32 s X22 
у 21 | » X«2 
Же. 
o MEL 1 » x22 
~ f= » X=2 100510 » xz2 
-0--2), x«2 -1 8 Х«2 
X=- 
2 f(2)=0 of 2*)=1 +f (2)2- efor jeTfe 


г. Lim f (Хх) does not exist. 


-. We cannot redefine the function at X — 2 to become continuous. 
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Example ©) 


Xcos 5 X 
sin3X+tan4X , 0«х-2 
If the function f : Р(Х 512Ы > Х-0 
3a-2 cos x » X«0 


is continuous at X = 0 , find the values of a and b 


Solution 
< Рту Lim, - 88:33 үүд, ӨВ Х _ 1 21 
X—0* 883 Х4їаа4Х Х—0* sin3 X tan4X 3+4 7 
х x 
$1 (0) = Lim (за- 2 cos x) =3а-2 
ov (0) =2Ь » "7 f is continuous at X = 0 
20+) = 7 (07) = 7 (0) л3а-2-4 
А 23. — E 
ie BS 7 aaa 
zk bes S 
»2b= 7 з pa 14 
Example бу 


Seat? 3 X»23 


If the function f : f (20 214 з N23 
Sae-bX ; X«2 


is continuous at X = 2 , find the value of : b 


Solution 
vfQ)-4.fQ*)s Lim (Х?+ах-2)=2+2а 


5707) = Lim (5a+bX)=5a+2b 


ээг f is continuous at X = 2 “fQ*)=f2)=f@ 
22+2a=4 а= 1 

VETE 5+2=4 

О 25553 

“ 2b=-1 “b= 2 


Example © 


х2..3Х42 » х2 
feo a] » X»2 


Solution 
At2« X «3 ,then| X-3|23- X 
At Xz3 »then| X-3|2 X-3 


» discuss the continuity of f at X = 2 and X = 3 


K -ANIZ » X32 
= ‚хез 
*At X72: 
70) =22-20) +2=2,7 (27) = Lim (x?-2x+2)=2 
of (2*)= Lim (3-0=1 570%) +307) 
22 Dim f (X) does not exist. 2. f is discontinuous at X = 2 
*AtX=3: 


fG)=3-3=0,fG-)=Lim (3-3)-0 


if 8") = Lim (X-3)=0 


xXx—e3* 
a f@=fG*)=f 3) 2. f is continuous at X = 3 
Example (f) 


Redefine the function f : f (X) = EXIT to become continuous at X — 
Solution 


+: The function f is undefined at X = г 


л 
2 


Lim . Lim 4cosX _ Lim 
> x gf Ох пах © (-x)—+0 Tom ) 
2 


To make the function continuous at X = x » it is necessary that : f (2) = Iu. 109)-2 


-. We can redefine the function as the following : ; 


4cos X s хал 
7:700-17-2Х 
2 А x=% 
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KIWI Continuity of a function on an interval 


(1) If the function f is defined on the open interval I = Ја » b[ » then f is continuous on I if 
it is continuous at each point belongs to this interval. 


(2) If the function f is defined on the closed interval 1 = [a » b] › then the function f is 
continuous on I if : 
x f is continuous on Ja » bf 
* f is continuous from the right at a 
ie. f (а) = Lim, f 00 
* f is continuous from the left at b 


ie. f (b) = Lim 700 


Some types of continuous functions 


From our studying for the graph of algebraic functions » we can deduce types of some 
continuous functions as : 


(1) The polynomial function 


f (X)=ay +a X à; Хар a, X" is continuous on R or any interval subset of IR 


(2) The rational function 


+a Х+а, Henta X 
P(X) = BO 
by tb, X+b, X"+ +b, X 


or any interval subset of IR except zeroes of the denominator. 


(3) Trigonometric functions 


(a) The sine function : 


n 
is continuous on R — {zeroes of the denominator] 


f (X) = sin X is continuous on IR or 
any interval subset of IR and the graph 
shows that as in the opposite figure : 


(b) The cosine function : 


f (X) 2 cos X is continuous on IR or 
any interval subset of R 


and the graph shows that as in the 
opposite figure : 


UNIT 


3 


(c) The tangent function : 
f (X) = tan X is continuous on R 


except the points : 


„ЗП, 3E, л,1, 
3л ,517 Я 
SH, 


i.e. The function is continuous on 

ЯЛЖ! 
R-{x:x=Z+nn ez] 
and the graph shows that as in the 
opposite figure : 


: Each of the following functions is continuous on any open interval subset of its domain : 


(1) The function f : f (х) = |h (X) | where І 
h (X) is a polynomial function and its domain is IR 

| (2) The function f : f (X) = Ah ОО) where n € 7" and greater than 1 » h (X) is a polynomial 

function. 

* Its domain = В if n is an odd number greater than 1 

* Its domain is the interval which satisfies h (X) » 0 if n is an even number. 


Example (T) 

Discuss the continuity of each of the functions defined by the following rules on IR : 
(0f Q92 X «4x-5 (2) f 0923 

909-2 — 0100-5222 

Solution 


(1) f (X) 2 X? +4 Х- 5 (polynomial function) 
-. f is continuous on R 


(2) f (X) = 3 (polynomial function) 


-. f is continuous on R 


Lesson Seven | 
X-4 
х1-5Х-6 
vXÓ-5X4620  when(X-2)(X-3)20 

tex-200X-23 
7. f is continuous оп ~ {2 53} 


(Rational function) 


(3) 700 = 


(Rational function) 


(4) 7 (0 = 


х? +25 
s X? +25 > 0 for all values of X € IR 
-. There аге no zeroes for the denominator 


«<. f is continuous on R 


Remark 


If the two functions f, and /, are defined on the interval I = Ja » b[ and they are continuous 
on the interval I » then each of the following functions is continuous on the interval 1: 


(1) f, 5 f, 
(2 f, .f; 
a where /, (X) #0 


2 


Example [12] 


Discuss the continuity of each of the functions defined by the following rules : 
(D f (X) =(X + 2) sin X (2f (© = (X41? -sinx 
(3)f Qo = SX sin X (4) f 002 X? «543 x? 
X43 
6f (0) = 21 
x*-1 
Solution 


(1) л Each of (X + 2) and sin X is continuous on IR 
-. f is continuous on R 

(2) - Each of (X + 1)? and sin X is continuous on R 
2. f is continuous on R 

(3) '- Each of cos X » sin X and (X + 3) is continuous on R 
2. f is continuous on IR — {zeroes of the denominator} 


2. f is continuous on В ~ (- 3} 


3 


(4) v foak 


2. f is continuous on R — {0} 

(5) '- tan X is continuous ов - [x: х=®+пл nez] and ix^ - 1) is continuous on R 
3 X?-1=0 ахХ=+1 
.. The function f is continuous оп В {1 5-1 enm) » where n EZ 


Example (Е) 


3Х+2 , -3=Х<2 


$ ity of the fi : = 
Discuss the continuity of the function f : f (X) bw ,2sxs5 


5 f is defined on the interval [-3 ›5] › to discuss its continuity on this interval » we discuss : 
(1) Its continuity on each of the two intervals ]- 3 ›2[ and ]2 »5| 

(2) Its continuity at the point X = 2 where the function rule changes at it. 

(3) Its continuity from the right at X = — 3 and its continuity from the left at X = 5 


First : 


x ForX€]-3: 2[ /. f 0923 X + 2 (polynomial function) 
2. f is continuous on ]- 3 ›2[ 

xForx€p > 5| 2 |р(Х)-х2-4 (polynomial function) 
г. f is continuous оп |2 »5| 

Second : 

21()-2244-8 £o» Lim (3х+2)=8 

,£Q*- Lim (х2+4) =8 

5.127) =1(2*) =) 2. f is continuous at X = 2 

Third : 

vfC3-23C3*2-2-7 of -3*)= Lim 6x42) 2-7 

of C3*)=f C3) 


-. f is continuous from the right at X = – 3 

Also › : f (5) 25244229 

ofS )= Тип (x? +4) 2 29 “Fe =) 
~. f is continuous from the left at X = 5 


From first » second and third » we deduce that : f is continuous on [-3 ›5] 
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Example (14) 


Discuss the continuity of each of the functions defined by the following rules on 


its domain : 
(0) 700-1х-2 | (2) 1009-12-32 


OTO 


1х2-25 

b Solution 

(D 700 -1 х-2 (index of the root = 2 (even)) 
^. f is defined if X - 220 
“ X2-2 


2. The domain of = [- 2 | 
Let a €]- 2 «| 
‚+ Lim год = Lim {х+2={а+2=/() 
-. The function f is continuous for all values of a 
~. f is continuous on the interval E 25 ee[ 
(7 f€220,f£c25- Lim, ((х-2)-0 
“ f -2*)=f C2) 
-. f is continuous from the right at X =-2 
2. f is continuous оп [- 2 5 oo[ 

од = 2-8 (index of the root = 3 (odd)) 
-. f is continuous on R 


1 Я 
(3) - f Q9 2 ——— (index of the root = 3 (odd)) 
| х?-25 


2. f is continuous on R — {zeroes of the denominator] 
(v X*-2520 when Х=+ 5 


^. f is continuous on R- [5 ,— 5] 


(Yr: e) У оке Y/ 2A - эч obah, - yall 


3 


Example (D 


Solution 


s РО) =sin Л соѕЛ = 1 


РО) = (п) = у (л) 
~. f is continuous at X = Л 
>. f (0) = sin 0 — cos 0 = –1 


- f O*)=f (0) 
f is continuous on [0 » =[ 
Example (© 


Х-1 
cos X 


(1) f 09-7 
Solution 


(1) >. Each of (X - 1) and cos X is 
continuous on К 
»** cos X 20 


when X — Es +n 
2. f is continuous on 


R-[x:x2X«nmnezj 
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Discuss the continuity of the function 7: f (00 = | 


f (0*) = Lim, (sin X—cos X) 2-1 


2. f is continuous from the right at X = 0 
From (1) » (2) and (3) » we deduce that : 


sin X—-cosX > 0<Х<Л 
2с052 Х-1 » Х» 7, 


<> Each of sin X and cos X is continuous on the interval JO 52 


2 f 09 = sin X — cos X is continuous on the interval Jo >a 
similarly f (Q =2 cos? X — 1 is continuous on the interval ]7 » oof (1) 


.f(v)- Lim (sin X- cos X) = sin Л – cos N = 1 
х— 1л 


fq Lim, (2 cos? X— 1) =2 cos? 7t - 1-1 


(2) 


(3) 


Discuss the continuity of each of the functions defined by the following rules on R : 


(2) (х) = х2-3 


1+sin Х 


Remember that 
The general solution 


*sinX-0 «Х= Ла 
*sinX-1 X2 +271 


esinXecl |. х= 2n 
*cos Х= 0 (XS enn 
*cos Х= 1 *Х=27п 
ecos Х=-1 *Х=Л+2Л7п 
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(2) + Each of (X? + 3) and (1 + sin X) is continuous on IR 
ov 1+sinxX=0 
ie. sin X2-1 when Х= 5-+27п 


7. f is continuous on - (x: x 237 «2m sn EZ} 


Example © 


3Х-2 » Xs-2 


If the function ў: f (= aX+b , -2«X«5 
Х2-12 , Хь5 


is continuous on IR ; find the value of each of : a and b 
Solution 


77 f is continuous on R 

-. f is continuous at X = -2 

n f(2)=f 2") =f C2) 

+ Lim (a x+b)=3(-2)-2 

7. -2а+ь=-8 (1) 
>'v f is continuous at X = 5 

fO) =f GS )=f 6) 

л Lim (a x+b)=(5)?-12 

/. Satb=13 (2) 
From (1) and (2) : 

“a=3 5 b=-2 


Trigonometry 


Unit Lessons. 


• Revision on the most important rules have been studied before. 


The sine rule. 


Lesson 


The cosine rule. 


Lesson 


Solution of the triangle. 


Lesson 


Revision on the most important rules 
have been studied before 


Radian and degree measures of an angle 


* The radian measure of a central angle in a circle 


_ The length of the arc which the central angle subtends 
The length of the radius of this circle 


low =f ett 
GEL) 


* The converting between the radian measure and the degree measure : Notice that : ) _ 


JU in radians is 


| me z a and from it age] equivalent to 
ia 180? in degrees. 


The basic trigonometric identities 


(1) cos? 0 + sin? 0 = 1 
(2) 1 + tan? 0 = sec? 0 
(3) 1 + cot? Ө = csc? 0 


(4) sin Ө csc Ө = 1 ,соѕ 0 sec 0-1 ;tanO cot 0 = 1 


sin Ө cos 0 
"o аат. 


(5) tan 8 = 


Remember the following relations 


‚ д_ OPP: АВ 

eae a 

j. BC 

(2) cos = po =АС 
(3) tan Ө = ЭЁР-= АВ с adjacent B 


(4) If the terminal side of the directed angle of measure 0 in the standard position intersects 
the unit circle at the point (X » y) »then : 
X=cos Ө sy =sin@ and X? + y? = 1 4 27 

(5) The relations between the trigonometric functions 


NOR h rx 
of the related angles are identities : 2 = Ж |н, 


For example : 
sin (90? + 8) = cos 0 
»tan (360° — Ө) = — tan Ө »... each one of 


them is a trigonometric identity. 


Areas of some geometric figures 


+ The area of AABC = 4 absinC= 4 besinA= J acsinB 


+ The area of AABC =Й $ ($ a)(S-b)(S-c) where 5 = $556 


x The area of the quadrilateral = i the product of the lengths of its diagonals x sine of the 
included angle between them. 


x The area of the regular polygon whose number of its sides is n sides and the length of 
its side is X= i nx? cot t 

x The area of the circle = 7617 
» the circumference of the circle = 2 Лг 


x The area of the circular sector — 5 l (y= leu р 


» the perimeter of the circular sector = 2 r + d 


x The area of the circular segment — i г? (grad — sin 0) 
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| “In any triangle the lengths of the sides are proportional to | 


the sines of the opposite angles" A 


— b c 
ie.In AABC: = = 2 = 5 
| Sin A sin B sin C. 


C a B 
Where the symbols А › B and C 


represent the measures of the angles of A ABC and the symbols a » b and c represent the 
lengths of the sides BC , AC and AB respectively. 


Proof 


*- The area of the triangle = i the product of the lengths of any two sides x sine of their 
included angle. 


-. The area of АВС = 1 ac sin B (1) 


2 A 
1 : 
= 7 cbsinA (2) b Я 
= 1 absinC (3) 
4 : Cc a B 
From (1) › (2) »(3): ~. cb sin A = ac sin B = ab sin C 
EM р . SnA _ sinB  sinC 
» dividing by abc : m mich и 
MEUS ANON ЭРҮҮГ 
"вА ~ sinB ^ sinC (QED) 
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Another proof 
First : If AABC is an acute - angled triangle : 
Draw AD | BC › ВЕ L AC 
In A ADB : AD -sinB 
.. AD = АВ sin B =c sin B 


: ‚АЮ. а 
‚їп AADC: AC = sin С 


г AD=AC sin C=b sin C 
b ЕЕ 
ѕіп В ѕіп С 


- c sin B =b sin C 


Similarly in A ВСЕ: BE =sinC ~. ВЕ = ВС sin C = a sin C 


BC 
‚їп А BEA: ВЕ =sinA -. ВЕ = АВ sin A =c sin A 
г asinC-csinA EL (2) 


sinA — sinC 
b © 


Е 1) › (2): ж бы = 
кош LD) 92) sinA sin B sin C 


Second : If A ABC is an obtuse - angled triangle at B : 
Draw AD | CB ; CE L AB 
In A ADB : ÂP = sin (Z ABD) 


-. AD = AB sin (180° – B) = с sin B 


Tu 
sin AADC: 42 =sinC -. AD=AC sinC=bsinC Ё 


1 : А UL ow 
г c sin B =b sin C ^^ | зав sinC (1) 


in A СЕВ: СЄ = sin ( CBE) 


-. CE = ВС sin (180° - B) = a sin B 


sin A CEA: & = sin A ^. CE=AC sinA=bsinA 
d b 
.. i = А NA a z 2 
a sin B =b sin Sin A 408 (2) 
From (1) » (2): а в — (QED) 


sinA sinB sin C 


+ Notice that : The sine rule is also true in case of the right-angled triangle. 


(184) 
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Example ө 


In AABC ;if : а= 10 ст. ›т (2 A) = 30° , т (4 B) = 45? Find using the calculator each of 
b and c to the nearest one decimal ; find also the area of A ABC to the nearest whole 
number. 


Solution 
+’ m (4 C) = 180? — (30° + 45°) = 105° 
в b 6 
sinA sinB sinC 
10 b № 


"* Sin 30° ^ sin 45* ^ sin 105° 


_ 10 sin 45° _ _ 10 sin 105° _ 
=" № 14.1 ст. sc = аа 19.3 ст. 


› ће area of A ABC = 3 bcsinA- i x 14.1 x 19.3 sin 30° = 68 cm? 


Example Ө) 


ABCD is a parallelogram in which : 
АВ = 1234 ст. › m (Z CAB) = 15° 42 » m (Z DBA) = 55° 17 Find: 
(1) The length of each of the two diagonals BD ; AC 


(2) The area of 777 ABCD 
Solution 
Let АС N BD = {М} m б 
7. ш A MAB: см. 
m (Z AMB) = 180° — (15° 42 + 55° 17) = 109° T M Goes. 
1234 _ BM АМ Ч ив. 8 


sin 109° Ї sin 15° 42 55517 
_ 1234 sin 15° 42 


sin 109° 1 : 
4 BD22BM «70,6 cm. „Ам 129450 55^ 17. 1073 cm. 


sin 109° 1 


г. BM = 35.3 cm. 


/. AC = 2 АМ = 214.6 cm. 
› the area of 7 ABCD = 4 the area of А МАВ 
=4х 1 x ВМ x AM sin (4 AMB) 
24x 1 x 35.3 х 1073 sin 109° Ї = 7162 cm? 


2 
(т г) eof git Y / Old - im tou; - ма 


Example Ө) 


ABC is a triangle in which : 3 sin A= 4 sin B = 2 sin C 


Find the lengths of its sides › given that its perimeter = 39 cm. 


Solution 
++ 3 sin A=4 sin B = 2 sin C by dividing by 12 
sinA _ sinB _ sinC A Š 6 
4 3 6 sinA sinB sinC 
г. а:6:с=4:3:6 


Leta=4k »b=3k>5c=6k 
» - the perimeter of АВС = 39 cm. 


“4k4+3k+6k=39 2. 13k=39 
2,Кл:3 г. а= 12 ст. »bz9cm.»c- 18cm. 
Example @ 


If the perimeter of A ABC = 24 cm. m (Z B) = 30° ,m (Z C) = 48° , find b 
Solution 


саа (Z A) = 180° - (30° + 48°) = 102° 
a 8 . € 


^^ sin 102° sin30? sin 48° 


antecedent Р 
gu a = one of the ratios 


the sum of consequents 
Ё а+Ь+с 228 
^^ sin 102° + sin 30° + sin 48° sin 30° 
Е 24 i Ё 
~" gin 102° + sin 30° + sin 48° sin 30° 
24 sin 30° 


ше ид, 
sin 102° + sin 30° + sin 48° = 


Well known problem 


ва = er 
sin B sinC 


Where r is the radius length of the circumcircle of the triangle ABC 
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Proof 
Draw the circumcircle of A ABC ; then 
draw the diameter BD and the chord CD 
First : If A ABC is an acute-angled triangle : 


- m(Z BCD) = 90° (drawn in a semicircle) 
»m(ZA)2m(Z D) (subtended by BC ) 
ру 22:48. 

In A DBC:sinD- р]; Эр 

4 дїн Aum. ЯРЬ — 

^ sin A= 5 aa 27 

imilariv: = une 
Similarly : > -2r ”Яис A 

a. B... 8-. 
"sinA sinB sinC | GEB. 
Second : If A ABC is an obtuse-angled triangle : A 


г. m (Z BDC) = 180? -m (Z A) 


van о AY- BC 

^. sin (180 А)= вр E 
* їп А z—À— 

2. snA= эт 

iep 


sina _ 

UN ЭР PEE: m 

"dA ab ae QED) 
Example ©) 


In ДАВС ; if: b=7 ст. ,m (Z B) = 30° ›с =9 cm. ; calculate the radius length of 
the circumcircle of A ABC : calculate also m (Z A) to the nearest degree. 


Solution 
Бонн "ИР мг 
Г вав ^ ** sin 30° 
7 
ЕЕ] cm. 
222 9 There are two triangles satisfy 
с 
"ac at Sosa 14 these givens and this case is 
i alled i d 
^ sinC - 9. 2. m (Z C) = 40° c D atn case an 
14 we will study it at the lesson 


-. m (Z A) = 180? - (30° + 40°) = 110° 
or m (Z C) = 140° 
-. m (Z A) = 180? - (30? + 140°) = 10° 


"solution of the triangle" 
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Example (3 


In any A ABC , prove that : The area of A ABC = 2 r? sin A sin B sin C 


where r is the radius length of the circumcircle of the triangle ABC 


Solution 

ЕЧ The area of A ABC = 1 bc sin A where : 
b=2rsinB »c=2rsinC 

. The area of A ABC = 4 x 2r sin B x2rsinC xsinA 


=2r*sinAsinB sin C 


Lesson TWO The cosine rule 


In any triangle ABC : 
ао 
IET m » hence CINE l- 
AOR Pe 
I » hence [espe ect Br 
2ca 
FIMES ES 
| За +62 2abcosC. » hence Lr l- 
( 2 ab 
— * This rule is used if : This rule is used if : 4—— 
The lengths of two sides in The lengths of the sides of 
A ABC and the measure of their ДАВС or the ratio among these 
included angle are given. lengths are given. 


Proof То prove that :a?-2 b? 4 c? - 2 be cos А 

First : If A ABC is an acute-angled triangle : 
Draw CD 1 AB to intersect it at D 
From A ADC › we find that : с 
CD=bsinA»DA=bcosA 
7 BDzc-bcosA b a 
In ACDB: 
ч (ВС)? = (Ср)? + (DB A D В 


i.e. а? = (b sin A + (с — b cos A)? 


4 


= b? sin? A + c? - 2 be cos A+ b? cos? А Remember that 

= b? (sin? A + cos? А) + c? -2 be cos A 
s a? =b? +c? — 2 bc cos A 
г. cosA= Peoia (Q.E.D) 

Second : If A ABC is an obtuse-angled triangle at A : 

Draw CD L BA to intersect it at D 
From A ADC : we find that : CD = b sin (180° — A) 
» AD = b cos (180° — A) 
-. BD =c + b cos (180° — A) D А с B 
In A CDB : : (ВС)? = (CD) + (DB)? 
i.e. а? = (b sin (180°- A)) + (c + b cos (180° — А)? 

=(b sin AY + (c — b cos AY 

= b? sin? A c? 2 bc cos A + b? cos? A 


= b? (sin? А + cos? A) + с^— 2 bc cos А 


= 


P 


3 
> 


d ed Lid 
д a? =b? + c? – 2 bc cos А ihe == (Q.E.D.) 
x Notice that : The cosine rule is also true in case of the right-angled triangle 
[putting : cos A = cos 90° = 0] 
Са» 
Remarks 


x To find the measure of an angle of a triangle » it is better to use the cosine rule » because 
it determines the type of the angle whether it is acute or obtuse. 


x1Ifa:b:c22:3:4 ћеп we suppose: a=2k » b=3k > c=4k where К € IR 
»then we substitute in the cosine rule to find the measures of the angles of A ABC 
* To prove that ABCD is a cyclic quadrilateral : D 
— We prove that there are two opposite supplementary angles : 
m (Z A) * m (Z C) = 180* i.e. cos А + cos С = zero 
orm(Z B)+m(ZD)=180° ie. cos В + cos D = zero 
— We prove that the measures of two angles drawn on one base and 
on one side of it are equal : m (Z ВАС) = m (4 BDC) 
i.e. cos (Z ВАС) = cos (Z ВОС) 


© B 
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Example бу 

In ДАВС : If b 30 ст. ›с = 14 ст. m (ДА) = 60° , find a 

Solution 

< a?=b?+c?-—2 bce cos A 

ла? = (30)? + (14)? -2 x 30 x 14 x сов 60° = 676 2 а= 676 = 26 cm. 
Example €) 


XYZ is a triangle in which : X = 4 cm. ,у= 5 cm. › = 6 ст. 
Calculate the measure of its greatest angle and its area. 


Solution 

`7 ZZ is the greatest angle. 

: Х*+у?-2? _ 4245262 «ага 
Минии иж л UI на: ^п (Z Z) = 82 49 9 
>the area of A XYZ = 4 Xy sin Z= 1 х4 x 5 x sin 82° 499 = 9.9 cm? 
Example © 


In ДАВС: 5 sin A= i sin B = i sin C; calculate m (Z C) 


Solution 

.. SinA_ sinB  sinC a № Ч 3 e 4 
HN NEG ту '""sinA sinB sinC 
SR UD HCH BB ih 


Leta=2k »b=3k5c=4k 
a?«b?-c? 4k?4«9k?-16k? -3k? 


ot ~ 16k" al: 
2ab  2Х2ЕХЗК 12k2 4 
-. m (Z C) = 104° 28 39 


“tos C= 


Example © 


In A ABC : а = 13cm. , b = 14 ст. › с = 15 cm. Find the radius length of its circumcircle. 


Solution 
9o 2. 4 
opus D re ca Jas e 2-109 3 РУ. 
2bc 2x14x15 5 5 
NR : 3. р ЕЙ 
, eA 2? ^ne ut эн 


4 


Example © 


ABCD is a parallelogram in which : m (ДА) = 120° , its perimeter = 16 cm. 
» the length of its greater diagonal - 7 cm. 
Find the area of 27 ABCD ; given that : AB < BC 


Solution 
T И alb- 
28) perimeter = -5 8 ст " - 


Í A 

Let AB = X cm. ats 
v 

2 AD = (8- X) cm. 

In A ABD: -. (BD)? = (АВ)? + (AD)? – 2 (AB) (AD) cos 120° 

249 =X? + (8-Х? -2x (8-3) x (- 1) 

;. 49=Х2+ 64-16 Х+Х? +8 Х-Х? 

i х2-8Х+15=0 :(Х-3)(Х-5)-0 МХ-ЗогХ-5 


, `7 AB« BC -. AB 23cm. › Ар = 5 ст. 
-. The area of (7 ABCD) = 2 the area of (A ABD) 


1513 
=2х 1 х3 x5 sin 120° = i 2 


Example (3 
ABCD is a parallelogram in which : AB = 8 cm. ; ВС = П cm. ; BD = 9 cm. 
Find the length of AC 
Solution 
(8)? + (1102 9)? _ 


: sO FUY =)” _ 13 
In A ABD : cos A= 2х8х11 ~ 122, 


;' m (Z A) +m (Z B) = 180° (two consecutive angles in / 7 ABCD) 


d ажи coris P 


22 D A 
. : (АС)? = (8 2. -13. 5 
-. AABC : (AO? = (8) + (11)? -2х8х 11 x 55 = 289 Dv 
“АС = 17 cm. С Ист. В 
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Ехатрїе [7] 


ABCD is a quadrilateral in which : АВ = 3 ст. ; BC =7 cm. ; CD = 5 ет. 
› АС = Вр = 8 ст. Prove that : ABCD is a cyclic quadrilateral. 


х 28748-72 _1 
In АВАС: cos (4 ВАС)-2-55-22--- . . 
in ABDC :сов(2 BDC) 22558 =?" 1 3 = 
i Аа “эрхээ 2 “Зуу 


-. cos (Z ВАС) = cos (4 BDC) С Tem. B 
-. m (4 ВАС) = т (4 ВОС) (and they are drawn on BC and on one side of it) 
-. ABCD is a cyclic quadrilateral. 


Example (3 
ABC is a triangle in which D is the midpoint of BC. Prove that : 
(АВ)? + (АС)? = 2 (AD)? + 2 (BD)? and if AB 23 cm. ‚АС = 4 cm. 
and AD -13.5 cm. › find the length of BC 
Solution 
In A ABD: A 
(АВ)? = (Ар)? + (Вр)? – 2 (АР) (BD) cos (L ADB) (1) 
In A ACD : (АС)? = (АР)? + (CD? - 2 (АР) (Ср) cos (4L ADC) 6 р B 
‚ ^ cos (Z ADB) =- cos (Z ADC) ; CD = BD 
^ (AC)? = (AD + (BD? + 2 (AD) (BD) cos (2 ADB) (2) 


By adding (1) and (2) : 

^. (AB)? + (AC)? = 2 (АР)? +2 (BD)? (First req.) 
= 37 «ay =2 (13.5) +2 (вру? 

2 25=7+2 (ВО)? ^. (BD? =9 

-. BD 23cm. ~. BC 2 6 cm. (Second req.) 


(тө: f) V eft Y / OW - iz obaly - yaksa) 


Lesson Three 


Solution of the triangle means to find the lengths of its sides and the measures of 
its angles › if it is given three of these six elements (one of them at least is the 
length of one side). 

There are four cases for solving a triangle : 


Solving the triangle given the length of one side and the measures 
of two angles : 
In A ABC » if m (ДА) » m (Z B) sa are given: 
Use the relation : m (Z C) = 180? — [m (Z A) + m (Z B)] to find m (Z C) 


a _ b $c . 
mang ne bet 


2) Use the law : 


| 
> Solution 
m (Z C) = 180° — (38° 52 + 96° 51 ) =| 44° 17 


a b c . 223 i... % 


a perry oo = ee == <= = 
snA sinB sinC sin 38° 52 896951 іп 44° 17 


p= 22:3 sin 96° 51 |. (353 cm. 
sin 38° 52 EE 
_ 22.3 sin 44° 17 


<< = |24.8 ст. 
sin 38° 52 - 


3C 
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Solving the triangle given the lengths of two sides and the 
measure of the included angle : 


Second case 


In AABC » ifa »b »m (4 С) аге given: 
(1) Use the law : c? 2 a? b? — 2 ab cos C to find c 


3.22 22 
(2) It's better to use the law : cos A = Brel to find m (Z A) because it 


determines the acute or obtuse angle (or you can use the sine law to find 
the measure of the angle opposite to the smaller of the two given sides) 


(3) Use the relation : m (Z B) = 180° — [m (Z A) + m (Z C)] to find m (4 B) 


Example © 
Solve the triangle ABC in which : а = 8 cm. » b = 5 ст. эт (Z С) = 60° 2 


Solution 
s c?-a?4b?-2abcosC = 64+ 25-2 x 8 x 5 cos 60° 2 = 49.04 


b^«c^-a? 25449-64 | 


2b6 2557 7 
г. m(ZA)«| 81° 47 
г. m (Z B) = 180° – (60° È + 81° 47) =| 38° 17 


Another solution : 
After finding c » you can find m (4 B) using the sine law because Z B is opposite to 


A GosA= 


the smaller given side. 


в В FUE ON. 
sinC  sinB ѕіп 60°2 sinB 
~. sinB jin -. m (Z B) = 38° 14 or 141° 46 
э `7 bis not the length of the longest side 
г. Д B cannot be obtuse. -. m (Z B) = 38? 14 


г. m (/ A) = 180° — (60° 2 + 38° 14) = 81° 44 
* Notice that : The differences in the measures of angles between the two solutions is due 


to approximation in calculators. 


| Third case | Solving the triangle given the lengths of the three sides : 


——————— 4 


In A ABC » ifa »b »care given: 


2 2 2 
(1) Use the law : cos Az 2—28 to find m (Z A) 
с 


2:2 18 
(2) Use the law : cos B = 52 0 to find m (2 B) 
ca 


(3) Use the relation : m (Z C) = 180? — [m (4 A) + m (4 B)] to find m (4 C) 


НЕРЕСТ ЫЕ) 


Example ©) 


Solve the triangle ABC in which : а = 5 cm. »b = 7 cm. ›с = 11 ст. 


Solution 
b?4.c?-a? _ 49+ 121-25 _ 145 


2bc  2х7х11 194 


- m(Z A) «[ 199 4T 


с? +а?-Ъ? _ 121+25—49 97 
2 са 2х11х5 110 


хш(28)-( 28°8 | 


<. m (Z C) = 180° — (19° 4] + 28° 8) = 132° 11 


7 сов А = 


»**cosBz 


Remember that 
The sum of any two side lengths in a triangle is greater than the length of the third side. 
For example : 

Ifa-2cm.»b-5cm.andc = 8 cm. »then these lengths cannot be side lengths of a triangle. 


Solving the triangle given the lengths of two sides and the measure 
of the opposite angle to one of them «Ambiguous case» 


g Illustrated Example 


Using the geometric tools » draw A ABC in which AB = 7 cm. » m (2 А) = 30° 


and ВС = 4 cm. » then verify your answer using the sine rule. 
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Solution 


* We draw a line segment AB of length 7 cm. 

* We draw Z A of measure 30° with AB and it is Z BAD 

* We place the sharp point of the compasses at the point B and 
adjust it with length 4 cm. » and draw an arc intersecting the 
straight line AD at C 

* We notice that the point C has two positions › i.e. we can draw two triangles having 
the same previous conditions and they are ABC | and ABC, , by measuring we find that : 
m (4 С) = 61° in A ABC, orm (Z С) = 119° in A ABC, 


Verifying the answer by using the sine rule : 


DE MEE. р A c1 
` sinA sinC `` sin30° sinC 
^ sinC= 29130 а E (positive) 


«<. 4 C lies in the first quadrant (acute) or in the second quadrant (obtuse) 
- m(Z С) = 61° orm (4 С) = 119° 


Generally › by using the geometric solution » we can reach to the following : 


* In A ABC > ifa » b and m (Z A) are given › then we find h = b sin A » and to find the 


possible solutions of the triangle » we compare between the values а » b and has follows : 


First : If Z A is acute and : 


(1) (2) 


а = һ then we can draw a unique 


a <h » then we cannot draw the triangle. : : 
right-angled triangle. 


(3) (4) 


^ 
+ 


Se A P 
h«a«b then we can draw two triangles. azb then we can draw a unique triangle. 
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(2) 


a <b , then we cannot draw a triangle. a» b › then we can draw a unique triangle 


ж In this case » we can solve the triangle using the sine rule directly without determining 
the number of possible triangles with considering the following : 
(1) Z A lies in the first quadrant (if it is acute) and lies in the second quadrant 


(if it is obtuse) 
(2) The range of the sine function is [- 1» 1] 
(3) If the triangle has an obtuse angle » then the other two angles must be acute angles. 


Example @ 
Show if the following conditions satisfy the existence of one triangle or more › 
or don't satisfy the existence of any triangle at all ; then find the possible WATCH 
solutions : amm 


(1) ABC is a triangle in which m (Z A) = 112? › аг 7 cm. and b = 4 cm. 

(2) ABC is a triangle in which m (Z A) = 112? » а=4 ст. and b = 7 cm. 

(3) LMN is a triangle in which m (4 L) =50° ; { = 4 ст. ава ш- 7 cm. 

(4) DEF is a triangle in which m(Z О) = 60° › 1=7.5 cm. and e = 513 cm. 
(5) LMN is a triangle in which m (Z L) = 30° 5 {= 6cm.and m = 9 cm. 

(6) ABC is a triangle in which m (ZA) =40° › а= 85 ст. and b = 7 cm. 


Solution 
(1) га Z Ais obtuse a >b 
2. The triangle has a unique solution. 


a b 
> OMA sinB The triangle has one obtuse angle at most. 
г. >'v 2 Ais obtuse. 
“sin 112° sinB -. L B must be acute. 
хайш” mu ~ 0.5298 <. ZB lies in the first quadrant only. 


2m В) = 32° ) 
г. m (4 C) = 180° — (112° + 32°) = 


хаш N.N Tu E ч 
ЗША | sinC '"' sin 112? — sin 36° 


(2) л Z Ais obtuse sa <b 
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2. The conditions do not satisfy ТЭ, ЭРЭЭ 


“301125 saB ° 


and this is impossible because sin BÉ [- 1 » 1] 


the existence of any triangle 


at all. 


4 


7sinll2 16 


(3) ^ 2 Lis acute »h=m sin L =7 sin 50° = 5.4 cm. 
»vi«h 


-. The conditions do not satisfy the existence of any triangle at all. 


(4) ч Z Dis acute › В = e sin D = 57 3 sin 60° = 7.5 cm. 
»"dzh 


-. There is a unique solution to the triangle which is right-angled at E 


^. m (4 F) = 180° — (60° + 90°) =| 30° | 


мео? эз 


(5) 52 Z Lis acute › В =m sin L = 9 sin 30° = 4.5 ст. 
57745 <6<9 Le. h«(l«m 


-. There are two solutions to the triangle 


" l -. 18 1 6 = 9 
` sinL 9а М ~" sin 30° sinM 
^ sinM = 3 


“. Z M lies in the first or the second quadrant. 


or 


г. m (Z M) = 48° 35 25 г. m (Z M) = 180° — 48° 35 25 
~ m(Z М) 21131924 33 
= 180° — (30° + 48° 35 23) ^ m(Z М) 


Е. | 
= [101° 24 33 | = 180° — (30° + 131° 24 33) 
і в = 11873823) 


Уза зшМ = ч 


6_=-__*__ ` sin 30° gin 18° 35 25 


7 sin 30° Sin 101° 24 33 7 n= [3.83 cm.) 


(6) л Z Ais acute »a» b 


~. There is a unique solution to the triangle Notice that : 
b 
, эх E If we consider Z B lies in 
ps 7 the second quadrant. 

" in40* sinB ~<. m (4 B) = 180? – 32° = 148? 

7 sin 40° _ 48 and this is impossible » because 

<. sinB = ss it is not possible that the sum of 
measures of two angles in 

B) =| 32° 
noc B a triangle = 40° + 148° = 188° 


г. m (Z C) = 180° — (40° + 32°) = i.e. Greater than 180° 


e 


1 EE 
` ША sinC 
8.5 c 


^ Sin40* sin 180° 
_ 8.5 sin 108° ~ (1258 ол | 
ge d 12.58 cm. 


Remark 


— 


In the ambiguous case » we can solve the triangle by using the cosine rule to find the length 
of the third side » then we get a quadratic equation and by solving it › the number of 
the triangles is the number of positive solutions of this equation. 
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Example © 
Using the previous remark ; solve the triangle ABC in which а = 6 cm. , b = 8 cm. 
and m (Z A) = 30° 


Solution 
v a? =b? + c?-2bccos A 


Remember that 
2. (6? = (8)? c - 2x 8 x c cos 30° | 
The general formula of solving a quadratic 
202-813 с+28=0 equation in the form : 
2 4 
2 aX*+bX+c=0is 
813511-913)-4(1(28 
TT 35 ( 15) ibm y- whet b?—4ac 


2 (1) Е 2а 
7 с= 114ст. ог с= 2.456 ст. 
>'v each positive value of c is corresponding to one triangle. 


с^+а2^—Ь? 
2са 


-. We have two triangles › then we find cos В from the relation : cos B = 
Ас = 11.4 ст. At c = 2.456 cm. 


(114) + (6)? (8)? (2.456)? + (6)? - ( 


ius ийн Г cir METTUS ^ 
^ m (Z By) «41? 49 г. m (Z Bj) = 138° 12 
- m(Z Cy) - m (4 C) 
= 180° — (30° + 41? 49) = 180° — (30° + 138° 12) 
= 108? 11 = 11° 48 


-. The first solution is с = 11.4 ст. з m (4 В) = 41° 49 and m (4 C) = 108° il 
» the second solution is c = 2.456 cm. »m(Z B) = 138° 12 and m (4.Суь 11° 48 
ж Try to solve this example by using the sine rule. 


Example (3 


Solve the triangle ABC in which : т (Z A) = 40° » m (Z C) = 35° , the radius length of 
its circumcircle = 6 cm. 


Solution 
m (Z B) = 180? - (40° + 35?) = 1059 
a b c 


“sin 40° sin 105° sin 35° 


(ту: 0) Y Лад Y/ eA - zm oll, - за] |201 
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a Exercise on pre-requirements 


(11 From the school book 09 


ЕТЕ мире choice questions | 


Choose the correct answer from the given ones : 


( 1) £3 Which of the following arrow diagrams represents а function from X to Y ? 


( 2) CO The relation shown by the set of the ordered pairs and does not represent 
a funcüonis m 
(a) (053) 38555655059] 
(b) {23842685} 
(с) {© +3) $053 9(2 +3) 053] 
( {3 95) +1 95) › 0 +5) (2 »5)} 
(3) If f ® —— Rand f maps a number to half its square added to 3 
s then f (2) = 
(а) + (b) 1 ()3 (d) 5 
( 4 ) If Nis the set of the natural numbers» which of the following represents а function 


from М ——- N? 


(a) f 09 = 2 (b) g(X)=1-X 
()h(X)=2X+3 (d)n Q9 » 515 

(5) Ну: : (15253 4 5] —= R where f (Х+2) 23 X € 1 sthen f (3) = з 
(a) 10 (b) 9 (c) 4 (4) 1 


Exercise i 


3 
( 6 ) The domain of the function f where f (X) - x8 E 


(a) IR (b) R- {8} (c)R-{2} (d) R- {4} 


(7)1f f: R* — R, f (= ёо L , then the domain of the function is «+-+ 
(a) R (b) R- {0} (c) R* (d) R- [- 1] 
C Essay questions | 
LE] CJ If f » g are two polynomial functions where О) = (ах+ 5)2 


: 09 29 Х2+30 Х+с-4апа f (X) = g (X) » find the values of a and с «3,29» 


[2] LE] Determine the values of a , b and c that make f (X) = р (X) where : 
(17700 -(а45)Х7-3Х-2 , в(Х)=5Х3+ (а+ О X4b 
(2)fQ0-(acb)X?-2 , р(х) s X? «(ae-c) X b 


(3)1(0 =(а+25) Х7-сХ-44 , gQQ27 X^ «5X (a-b) 


Real functions 


Test yourself 
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ТЕ Multiple choice questions J 


Choose the correct answer from those given : 


© ( 1 ) Inall the following relations » y is a function in X except «өнө 


(а)у=3 Х+1 (6) у= Х2-4 (0 Х-у2-2 (усны 
è (2 ) In all the following relations » y is a function except === 

(а) y = cos X (b y=2 (ду-х2-1 Фу х2+1 
9 зэв (1x) =x? g then f (2) =ar 

«2 092 23 d) 16 


© (4) If f : В — = R where f (X) = (a+ 1) X + b 2 and f (X) relates each real number to 
itself then (a s b) = -eee 


(а) (1,3) (b) (0 53) (c) (0 »2) (d) (0 +0) 
è (5) The domain of the function f : f (X) = 5 is ее 
(а) IR (b) R* (с) {5} (d) {0 55} 
© ( 6 ) The domain of the function f : f(x) = ASA is —" 
(а) (o) R-{- 2} ©в-{-1,2} @R-{2} 
© ( 7 ) The domain of the function f : f (X) = uw cd jg зананда 
(a) IR (b {5 »—5} (c)R- {5} (d)R-{5 »-5} 
© (8 ) The domain of the function f : f (X) = X ds sensnm 
(a)R-{1>-1} (b)R-{0>-4} (©) В (d)R-{0 54} 
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5 ( 9 ) The domain of the function f where f (X) = са TER 

(a) Ж ()R- {5} ()R- {2} @«в-[-2,-5} 
© (10) The domain of the function f where f (X) = = т is eR 

(a) R- {3} (b) R- {7} (c)R-{0 > 1} (d)R- {0515-1} 
© (11) The domain of the function f where f : + — —»R f (X) = = кеке 


(а)® (b) IR {0} (c) R* (à) R - [1] 


© (12) £ If the domain of the function f : 700=——2 ВВ {3} »thenk e ны 
(а)3 (b) 9 (с)+9 (418 
© (13) LL] The domain of the function f : f (X) -dx-3is I 
(a) Ж (b) R- {3} (c) [3 >% [ (d) ]- e 53[ 
© (14) The domain of the function f where f (X) -14-хь eee 
(a) [4 >< [ (b) ]- e» ›4[ (c) ]4 » ef (d) ]- e» ›4] 
^ (15) [О The domain of the function f : f (X) = "| X — 5 is 
(а) [5 > ef (9 өн 5 OR (d) R* 
© (16) The domain of the function f : f (X) -No-xlis eee eene 
(а) ]- 3 ›3[ (b) К (c) R- ]- 3 ,3[ (d) [-3 ›3] 
© (17) The domain of the function f : f (X) «AX +3 is = 
(91-3-«| — (91-39«| (c) {- 3} (а) {0} 
© (18) C] The domain of the function f : f (X) -1х2-9 is — 
(a) R ®Е-{-3,3} ©R-[-3,3]  @)]-3,3[ 
ө (19) 122 The domain of the function f : f (X) = ui ls mes 
(a) [4 » ef (b) ]4 > e4[ (с) ]- e ›4] (d) ]- e »4[ 
© (20) The domain of the function f : f (X) = "CEP 1s ee 
(a) Ж (9 -1-353| | ©в-{-3,3} @}3,3[ 


© (21) The domain of the function f where f (X) = РЕ MUSS олон 
(а) Ё (b) R- {4} (c)R- {0} (d)R-{-2 »2} 
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6 (22) 0 The domain of the function f where f (X) = ——— — — — синие 
1х2-5хХ-6 
(а) R- 15} (b) R- {6} ()R- (15-6) (9) Ж-4-1,6} 
© (23) The domain of the function f : f (X) = — инь 
1х2-9х-8 
(a)R-{-8>-1}@)R-[-8>-1] ©]8 555 || (d) {-8 ,- 1] 
&. (24) If A is the area of a circle and X is its radius length and the area is given as а function 
of X where A = Ж X? » then its domain = -+ 
(a) R (b) IR - {0} (c) Z* (d) R* 
$ (25) If the domain of the function f : f (X) = "em EE 
Х-а 
(a)3 (5-3 (с) #3 3 
о (26) If the domain of the function f : f (X) = ! is R- [2555] , then a = +- 
ix +a 
(а) 5 (b) - 25 (с) – 5 (d) 25 
© (27) If the domain of the function f : f (X) = 1 is R » then a can not be equal --- 
XR 
(a) 5 оа (c) zero. (d) 9 
-4X+3 5 X«3 
e (28) If: f (x)= | - X? » 3=Х=8 ,then f (10) = 
3х2+1 » X>8 
(a) - 37 (b) — 1000 (c) 301 (d) 43 
о (29) The domain of the function f where f (X) = Р 8 а ASR енды 
З Хэ? 
(а) Ё (b) R- {3} (c)R-{-2} (d) R- {2} 
© (30) The domain of the function f where f (X) - * Maes dues 
2-Х » 1<Xs2 
() R- {1} (9) [0 »2| ()Ё-10»2| (a) Jo » 2[ 
x42 , -2sX«0 
© (31) The domain of the function f : f (X) -| dg wines 
Х-1 » Х»0 
(a) Ё (91-250| 1|-2»«1-10) (@[-2›=[ 
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0 , Xx0 
© (32) The range of the function f : f (X) -| ель 
1 , Х»0 
(а) {1} (b) {0} (c) R (9) {0 51} 


$ (33) The figure which represents y as a function in X ig =- 


$ (35) The opposite figure represents ............... 

(a) function f : = 4, 2] —— В 

(b) function f : [-4 , o| — № 

(c) function f : [-4 #1] —- [-2 »3] 

(d) relation between X › y but not a function. 
© (36) The opposite figure represents the curve y 
of function f » then its domain is ............... 
(a)R-{-4 ,-1} 

©]-4,-Ц 

(©) [-4 ›[ 

9) [-4 ›=[- {1} 


UNIT 


1 e Understand O Apply Ф Higher Order Thinking Skills 


è (37) The opposite figure represents function of X 
» its domain is «e 


(a) Ж 
(b) R- ]- 2 >2[ 
(c) R-[-2 »2] 
(à) R- {0} 


5 (38) Which of the following figures represents the curve of a function in which its range + its domain ? 


у 


у 
(с) 

© (39) The rainge of the function 

shown in the opposite figure is -= 
(a) {-1 52} 

(b) {2} 

(с) {-3 »3} 

(1-1) 


о (40) The range of the function 
shown in the opposite figure is -+ 


(a) {1} 

(b) {1-1} 
(1-1) 
(à R- {0} 


Exercise One | 


© (41) The opposite figure represents function of X 5 


(а) Ж - [0 » 2] 
(b) R- {0} 

(с) R- [0 5 2[ 
(d) R- Jo 52] 


© (42) The opposite figure represents the function f 


» then its range is ............... 
(a) IR 

€» [-2 2] 

(© [-2 2] U (- 3.3] 
(d) ]-3 .3[ 


© (43) The opposite figure represents the curve 
of the function f ; then its range is -.............. 


(а) IR 

()R-(2] 

(с) = ›3[ 

(4) J- 51] U {3} 

$ (44) In the opposite figure 

first : The range of the function is ............... 
(а) R - {0} (b) R-[-2 :2] 

(c) R (à) [-2 52] 


Second : The function is increasing in ............... 
(а) ]- œ% 5 0[ only 

(b) 10 | only 

(c) | ›0[, 10 ,=[ 

(4) R- [-2 ;2] 


(r: А ОЛЯ Y / Gon) etd — zz obal - уаз)! 


1 @Understand OApply & Higher Order Thinking Skills 


4. (45) The opposite figure represents 

the curve of the function 

f which is increasing ОП: 

()- 5-1 

(9 -ө»-1 эе 

© ]2 sf 

|-152| 

& (46) In the opposite figure if the drawn curve 
shows the function f » which of the 


following statements is true ? 


(a) The function increases on its domain. 


(b) The function decreases on Ї-сө»- 2| 


and increases on |0 | 


(c) The function increases on each ]-=›2[,]-2, ool 
(d) The function increases on each ]-®›0[ › 10» oof 


4. (47) The opposite figure represents the curve 
of the function f which of the following 


statements is false ? 
(a) f is constant on ]- 2 » 1[ 
(b) f is decreasing on Joal 


(c) f is increasing on ]-3:s-2[ 


(d) f is constant on ]- 3 »4[ 
& (48) In the opposite figure if the 


function decreases оп |0 » a[ 
and constant оп Jb » | 
s then a— b = eevee 


(a) 5 
(b) 1 
(c)- 1 
(d) 3 
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Second ETE 


[1] If X and y are two real variables › then determine which of the following relations 
. 


represents a rule of a function in X : 


(1)ус-2Х-5 (2)у2= Х+4 (3)у= x3 «4 
(4)(Х-у)?=5 (5)у?-Х?=2 (6)y*2 х2-4х+4 
(7)y=2 (8)x23 (9)y=3sinX+cos2X 


(10)Ху-у-2Х-2 


а [ШЇ In each of the following graphs › show if y is a function in X or not : 


(2) й (3) 


a Determine the domain of each of the real functions defined by the following rules : 


HOPES. =_25+3 _ 
СОО (2) £a f (o Si rali 
е - 8 
(SYN ex өто х2-6Х-9 

ee = X+1 
(S)fOO as (6) £3 f Co Mai 


@Understend OApply > Higher Order Thinking Skills 


Г Determine the domain of each of the real functions defined by the following rules : 
[3 


()f00-,— (2)$Íf 0o -— 
2х-5 {х-3 
(3)уод=-— (4) Ga feo -[x?-16 


1-х 
(5) 1700-14-32 (6) MF 09= 38 


(7) 0 ={х2+2х+5 ($)Et3fCo- : 


(х2-4х-4 
5 

(9) 7 00- 

qx-1 
NN nM 

[5] Determine the domain of each of the real functions defined by the following rules : 

-3 » Х<3 X*-1 в X52 
f09- | o ооо =| 
дад nn $ X23 -5 > 2«X«4 


3x » ХЄ(0»2| 
D ‚ xe€ep.4[ 
x42 5 ХЄЇА,6| 


О Determine the domain and range, then discuss the monotony of each of the 
? functions represented by the following graphs : 


Exercise One 


ё. Choose the correct answer from those given : 
( 1 ) If the relation between the sum (y) of the interior angle measures of a polygon and the 
number of its sides (X) is y = 7t (X — 2) » then the domain of this function is =- 


(a) R* (b) R- {2} (c) Z* ()2"-11,»2) 

( 2.) The domain of the function f : f (X) 2 . —X— is ета 
Х-2 

(а) IR (b) R- {2} (c) :R- (0 ,2} (d) R- {8} 

( 3 ) The domain of the function f : /(Х)---4Х--186----- 
(3x-x 

(a) ]0 «| (b) ]- «e ,0[ (©) [0 ›=[-{1} (à]ose[- {3} 
( 4 ) The domain of the function f : f (X) = — i — 

(а) [1 5 ef (b) [1 ›=[- {3} (© [1 ›=[- {10}  (d) [-3 » oof 
( 5 ) The domain of the function f : f (X) = =; a simae 

(a) 1»«| (b) [1 ,=[-{-3} (о [1 »æ[- {10} (a) [3,=[ 
( 6 ) The domain of the function f : f (x) 16 x -9 - X? is D 

(a) Ж (b) R- {3} (c) [3 > ef (а) {3} 


Operations on functions — 1% 
Composition of functions Test yourself 
OApply 


Exercise 2 


1:1 From the school book (9 Understand $. Higher Order Thinking Skills 


ЕТЕ мире choice questions | 


Choose the correct answer from those given : 


© (1) The domain of the function f : f (X) = 22 +58 — 
(2 R- [15-15-2] (b) R- {1 5-2} 
(c) R-{1 5-12} (à) {1 52} 
© ( 2 ) The domain of the function f : f (X) -Їх-2-17-хь € 
(а) [2 7] (6) ]2,7[ ()R-[2 7] (à R-]2 ,7[ 
à (3) Ef 09 = {х1 > g Q0 eX —1 » then the domain of (f — g) is -- 
eire 7 el (c) R (d) ]- » 51] 
© (4) The а X - 144 x & 218 
(9|-254«| — [r4 (c) J1 »«| (1-2»«| 
5 ( 5 ) The domain of the function f : f (Х)-1Х-4:2-13-Х58-- 
(a) R (b) R-[-2 › 3] (©) [- 2 » 3] (9) ]-2 ,3[ 


© ( 6 ) If f is a function where f = {(1 »2) › (2 ›4) › (3 »6) › (4 58) and g is a function where 
g={(1 +3) ›(3›5) ›(5 ›7)} s then f ege 

(a) 10.52) (2 ›4) ›(3 ›6) › (4 › 8) › (1 ›3) › (3 ›5) › (5 7) 

(b) {(1 »2)»(254)5(3 96) › (4 ›8) › (5 7)} 

(© {0581D} 

(à) (0.55) 5545510545865] 


(22) 
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© (7) If f »g ::R——eR where f 00 23 X 1 sand (f +g) Q0 - X242 x-1 
s then g (- 1) = eere 

(a) -2 (0)-1 (c) zero (d) 2 

© (8) If f : R* — R where f (0) = X?-7 »g:[-3 »2] —= В where в (0 2 X243 
s then (f — g) (—5) = eere 


(а)—5 (b) - 10 (c) - 20 (d) undefined 
© ( 9 ) The domain of the function (f.g) where f (X) = 2-4 28 (X)=X+ Lig ен 
(а) Ё-12,-25-1| (b) {2,-2,-1} 
(c) Ж (4) Ё-14 51) 
© (10) If f ОО =i :g (X) =X » then the domain of (f . g) = ee 
(a) R- {0} ()R (c) R* (9|0»«| 
© (11) The domain of the function f : f (X) -|х-4 х2 1 — 
(a) J4 > eof (b) [2 › =[ (c) IR (d) [4 =[ 


€ (12) If f : В — R where f (X) = X? - X » g : R—>R where g (X) 23 X-2 

> then (f.g-6g) 2) = e- 

(а) 24 (b) 40 (c) 16 (d) — 16 

© (13) ff OO22X*1:g002-X-25h (%9 =f CO +g (%9 Sk (=f -g CO 
»then В (2) . k (1) = --------:.-..: 


(а) 3 (b) 1 (c) 6 (d) zero 
© (14) If f : В+ — R where f (X) = X-55g:[-155] — В where g (x) = x-2 
‚Шеп (£) 113 e 
(a) 1 (b) 2 (c) 4 (d) 8 
© (15) If f » g are two real functions where f (X) = —X—2— sg (Х=хХ-3 
f x -3x-«2 
«аяа (£) ан 
(а) 3 (b) 1 (c) zero (d) undefined. 
© (16) The domain of the function f : f (X) = Eu 18 ee 
Үх 
(a) Ж (b R- {0} (c) R* (d) R* U {0} 
Х-5 . 
© (17) The domain of the function f : /(Х)--222-16---- 
[2x-3 
@R-{5} 0018» (013»41-15) (8-4) 
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© (18) The domain of the function f : f (X) == jS лынан: 

(a) Ж (b) {3} (c) [2 ›=[ (à) [2 » -| - {3} 
© (19) If f : В+ — R where f (X) = X-5 »g: [7155] — R where g Q0- X-2 

»then the domain of (7) is =- 

(a) Jo ›5] )]o.5]-23 — eL (d) Ж 
© Q0)1t f, : [-2 ›3] — R > where f, 09 2 X 7, : [0 ›4[ —— Ж » where f; 09 = Х? 

» then the domain of (3) РЕ 

@[-2,4[ Ы [-2,4[-{0} 0 0,3] (a) [o 53] 
© (21) The domain of the function f where f (X) = Ирэн] — 

X- 

(a) R- [1] (b) R- {- 1} (01-15 «в 
$ (22) f 09 - x-3 ›в 00-13-Х » then the domain of (£) joren 

(a) ]3 sf (b) [3 ›=[ (c) ]- ›3[ (d) ]- ee › 3] 
© (23) The domain of the function f : f (X) = et dS memi 

(a) Ж (b) R- {3 »5} (c) [4 ›=[ (d) [4 >of - {5} 
© (24) The domain of the function f where f (X) = їх-3 JS oce 

15-х 

(a) ]3 5] (b) R- {3 »5} (о) [3 ›5[ (d) [-3 5-5} 
© (25) The domain of the function f : f (X) 3-3 —— 

(a) ]3 ›5] (b R- ]3 ,5] (©) [3 ›5] (d) iR - [3 5[ 
$ (26) If: f (X) - [x «5 эв (X) =X? » then (fog (2) = нее 

(a) 7 (b) 3 (c) 4 (d) 9 
© (27) If f (024 9g (4) =7 » then (g o f) (D = esen 

(a) 1 (b) 4 (c) 7 (d) 11 
© (28) If f Q0 2 X2 +6 >g (X) 23 X sthen: (fog) (3) =e 

(a) 75 (b) 87 (c) 90 (d) 100 
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® Q9)If f O25 X *4»g(0022- X » then (f og) C2) + (fog (5) =. 


(a) 24 (b) - 27 (c) 49 (d) -3 
9 (30) If g 00-42 ; then (g o 8) (1) = v 
(a) 1 (b) zero (c)-1 (d) undefined. 
$ (31) IF FO) = YX >g 09 =X? then (f o g) 09 =... 
(a) X (b) x? «үх (9 |X| 
© (32) f (X)=X-3 > g (X) = X? s then (f o g) (Х) =... 
(а) (x 3) (b) х2-3 (c) x? +3 @yx-3 
9 (33) If f (X)= IG зева Ока 
(a) X (b-x (c) f (x) (d) - f (X) 
1 (34) IF f 02 2 + Sand в (20) = X? s then f (g (29) = 
(а) (2х+5)? (52Х2-5 (c) Q x? +5)? (d) 2 X? « 10 
& (35) If f 023 X 425g Q0 22 X+ kand (fog) (X) = (g o f) (X) s then K =............... 
(a) 1 (b) 2 (c) 3 (d) 4 


© (36) If f O02 X 1»g O0 = X2- 1 , then the solution set of the equation g (f co) = zero 


(а) {0,2} 6) {1 »-1} (c) {0 5-2} (d) {2 5-2} 
9 (3)1f 09 =2х,8 0) => «f (в 09) =6 зей Xue 
(a) 4 (b) 6 (c)4 @ ту 


? (38) IEF O0 = x ›в 09 = X? - 1 › then the domain of (f o g) = шоо, 
(а) {0,1,-1} (b)R-{0,1,-1} (0)8-115-1) (1-151| 
0 (39) If f (X) =x ›в (X) = X? » then the domain of (go f) = носи 


(а) ]- 0] (b) [0 » eof (c) R* (d) R 
9 (40) If f (X) =х 800 =x? » then the domain of (f o g) = eee 
(а) ]- e» 50] (b) 10 » oof (c) IR* (d) IR 


© (41) The domain of the function (f o g) where : 


feos -2 sg O0 24 6-x is —n 


(а) В (b) [2 ›=[ (с) ]- e ›2] (d) ]- e» »2[ 


(£c f) Y oJ gg Yost) old - д ost, - дара 
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è (42) If the relation between X » f (X) 
» g (X) is as given in the opposite table 


-4| ж|-413 


, then g (f (6)) ЕЛТОН 
(а) 3 (b) 1 
(c) ET 4 (d) = 7 


& (43) If the relation between X › f (X) and g (X) 


for some values of X are shown in the given table. 


Which of following is true ? 

(0 f=) 2) f (g@)=- 
(3) (f@)=-2 

(a) only (1) (b) both (1) 5 2) 

(c) both (1) » (3) (d) АШ the previous. 


© (44) If the opposite table shows two functions 

f and g » then (f o g) (D = rr 

(a) 1 (b) 2 
(c) 3 (d) 4 
+ (45) The opposite figure shows the curves 


TETEJE 
сс +|:]+]»] 


of two functions f and g » then 


(go f) (1) = 
ан (5)-2 
(c) -4 (d) 6 


п Let f be a function such that : f (X) 2 X 2 _ X - 12 and its domain is [- 4 8] ; 
g is another function such that : g (X) = X — 4 and its domain is [- 7 4] > 


find each of the following functions and determine the domain of each of them : 


(1) 0) 00 (2) 0-2) 00 (3) 0.8) 00 
(4)(£)@ (5) ($) 0 
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[2 | LL If f » g are two real functions where f (Х) = Х2-4 , g (X) -1х-1 » find : 
© 


(сэ 
(1) (+g) 
(1) (g- h) (1) 


(1) 1709-4- 


(3) Ш1700--43 


Їх-3 


x^.4 


(7)100- 


Х-2 , 
-Х+2 , 
(1) 07.2) 00 


100- 


(лоо 1-3 


(2) (g-h) 


(2) (f .h) (5) 


1 


Х-2 


1-Х 


(5)3700-4х-4- Їх-2 


If f , g are two real functions where : 
Х=2 


Itf(=x?-4x , в00=үх+2 , в00-14-х 


First : Find the rule and the domain of each of the following functions : 


(3)(f.b 


(33(2) 9 


(1) The domain of each of the following functions : (f + g) » (f . g) > (4) > ( $) 


5 


( 2 ) The numerical value — if possible — for each of : (f + g) (5) » (f . g) 2) > ( Г) (3) 


ШЕ 


Second : Evaluate the numerical value — if possible — for each of : 


Determine the domain of each of the real functions defined by the following rules : 


X-1 
(2) 1700-42-19 : 


Х-1 


(4) Ш1700---33-- 
2Х-1 


(6)1(0= 


(8) 100 = 


x-6 


Їх-3 


> 5 (Хх) ЕХ › then find each of the following : 


(2) (2) 9 


X«2 


determining the domain of each function. 


Get 


X-5x- 


7 


(3)(£) оо 


Determine the domain of each of the real functions defined by the following rules : 


(2)fQ9-—5Xt2 
Х-2-1 
EN 
=i 
(4)f09- T 
*4 
x-2 


ü 
9 


8 В < 


P 


p 
D 
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CONF (023X41 » g002X?-5 , k(X)=X? > find: 


(1)fop (2) (2) (gof) © 3) 
(3) (вою) (1) (4)(kof) C2 «-23559 5-4 5-125» 
Г1Н709-4 ‚ g(X)=X+3>find: 


(1) (ов) (0) (2) (во Л © 
and deduce the domain of each function. 


А 


If f (0 = x »  (Х)- X? , then find in the simplest form , showing the domain : 


(1)(fog O9 (2) (во) CO 
287 (0=Х2+6 » ө()-3Х 


(1) Find : Фо) (3) 
( 2 ) Determine the values of X that make (f o g) (Х) = 42 «87 »£2» 


Itfoos-x?-3 » g(X) -|х-2 , find (f о g) CO in the simplest form › 
determining its domain › then find (f o g) (3) «-2» 


It f оо = x1 > g09 = =; > then find the domain of (f o g) 


If f (20 =} -2 > 8 (Х)- ү 4-Х then find each of the following functions 


showing the domain : 


(1) fog (2)gof 


If f (X) -1 -1 > #(Х) -1 X?—4 , then find each of the following functions : 
(1) fog (2) gof 


ив o9 2 [x?-4 > then find the two functions f and g where : В (X) = (f og) CO 


If f is a linear function and (f o f) (X) = 16 X + 15, find : foo 


Choose the correct answer from those given : 


CMT 


(1)11£ 09 2 x-1 goo 2 1-x » then the domain of (f + g) is еее 
(a) [1 » «| (b) ]- e » 1] (о [-1›=[ (d) {1} 
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$ anoo xt? s X>0 =],  Х21 
dix , azar [x43 s <i 
s then (f + 2) QQ = --.--.--.--..- where0<X<1 
(a)4X+2 (b)X+1 (c) 5 X-1 (d) 4 


х2-1 > X«0 
3X+1 5 X20 
› then (go f) (= 1) = seere 
(a) 37 (b) - 17 (c) 10 (d) 6 


4X-2 3 X«2 


eco oo- M^ 9 , «m 


s=] 


&(4)Iff c0 - x? »5(Х)-2Х-3 » then the solution set of the equation 
f (&09) =F В --- 


(a) {1,3} ©) {-3 51} (© {-1 5-3} (à) {-1 53} 
© (5) If f OQ =2X+1 and (fog) (X)=3 X42 , then g (X) = v- 

(a) X1 (b) 5X43 ()$x«d (d) 2 X43 
© (6) If f: Ж — Капа (х) 22 X-3 x(gof) 02 Х+2 , then g (X) = -7 

()2х2+х-6 ХЕ (с) X*3 (9257 


ө (7) Еу (х) = X42 1g (x)= у and (£o f) (0) = (f og) (1) » then k =... 
(a)7 (b) 5 (c) 1 47 


* ( 8 ) The opposite figure 


represents the curve y = f (X) 


» ћеп (fof of) (1) = --------------- 

(а) - 5 (5-1 

(c) 1 (d)2 

& (9) Iff: М —— N where f (X) 22 X »h: М— = М where 

E » Xiseven 

В (0 = s then (f oh) (3) - (f oh) (8) = -------........ 
X*l  , Xisodd 

4 (b) 8 (c) -4 (d)-5 


а If f : R- (0) — Rand f (x)= 1 „йаа: 
(1)(fof 09 (2) (fofof) CO (3) (fof of o...tontimes) (© 


Some properties of functions (even and . 
odd functions / one - to - one functions) Testyourself 
Apply | 


Exercise 3 


С) From the school book | @Understand | 


| first | Multiple choice questions | 


Choose the correct answer from those given : 
5 (1) The even function from the functions that are defined by the following rules is =+ 


5 Higher Order Thinking Skills 


(a) f (=X? (b) f (X) = sin X 
(c) f O0 2 X cos X (d) f (X) = Xsin X 
© ( 2) The odd function from the functions that are defined by the following rules is =+ 
(a) f Q0 = Х? sin X (b) f C9 = tan? X 
(с) f (X) = cos X (d) f 0021 


$ (3 ) Which of the following rules is defined an odd function ? 
1 1 
(Df Q0 - X Xt 


(2) f 0) =X? tan X 
(3) f C0 = Xsin X 


(а) both (1) › (2) (b) only (1) 

(c) both (2) » (3) (d) АШ the previous. 
e (4 ) The type of the function f : f (X) = 2X is — 

(a) even. (b) odd. 

(c) neither even nor odd. (d) one - to - one. 
$ ( 5 ) The function f : f (X) = X cos X is s1 

(a) even. (b) odd. 

(c) neither even nor odd. (d) one - to - one. 


Exercise Three | 


9 ( 6 ) The following functions are even except ............... 

(a) f (X) 2 sin X (b) f (X) 2 cos X (c)f(X)=X?-1 (d)f(X)=1 
$ ( 7 ) Which of the following functions is not even ? 

()y7— (b) у= sec X 

(c) y 2 X? + іп x (d)y23x'-2X?«27 

ә (8)Iff О) = then — 


sin 


(9) f 007 ту (5 f 9--f C29 
(of 09» f C29 (2f C20 - f (2) 
$ ( 9 ) If f is an odd function › f (1) 2 2 » then which of the following points lies on the curve of f ? 
(а) (- 152) (b) (- 15-2) (с) (1 »- 2) (9) (- 1 +0) 
© (10)1f f is an odd function ›а the domain of f » then f (a) + f (= a) = ee 
(a) zero. (b) 2 f (a) (c) 2a (d) f (a) 
© (11) If f is an odd function » then f (а) - f (Ca) = eee 
(a) zero. (b) f (a) (c) 2 f (a) (d) f (2 a) 
Ф (12) If f is an even function ; then f (а) - f (Ca) = 
(a) zero. (b) f (a) (c) 2 f (a) (d) f Q a) 
© (13) If f is an even function › 2 € the domain of f › then f (2) + f (—2) = eee- 
(a) zero. (b)4 (c) 2 (d) 2 f Q) 
© (14) The function f : f (X) = (X + sin X) (ee ) is even. 
(a) X? + tan X (b) 1 sin X (c)4-x? (d) X- cos X 


© (15) If f is an even function and the curve of the function passes through point (C3 »2m+1) 
sand f (3) 25 , then m = ............... 

(3)-1 (b) zero (c) 1 (d) 2 

© (16) CO If the function f is an even over [a » b] »thenb = 

(ауа (b)-a (с) 2a (d) à? 

© (17) If f is an odd function in [а,Ь] ›а<0 then: b = з 

(ауа (b)-a (c) 2a (d) à? 


UNIT 


1 @Understand — O/Apply 4% Higher Order Thinking Skills 


© (18) If f is an even function and f (5) = 1 » f (-5) 23- k sthenk = 
(а) 1 (b) 5 (c) 3 (d) 2 
© (19) If f is a function where f : ]- 5 › 5] —> R > f (X) =X? » then the function f (X) 


(a) even. (b) odd. 

(c) one - to - one. (d) neither odd nor even. 

о (20) If the domain of an even function f is I:55 5| › then the solution set of the equation 
О) = О 2) із 


(а) {2} ©) {1} (c) {0} (1-1) 
© (21) If f OQ =a X? +b X + c is an odd function » then ¢ = 
(а)2 (b) 1 (c) zero. (d)- 1 
9 (22) If f: f O02 X? «a X 4 isan even function » then a= +--+ 
(a) 6 (b) 3 (c) zero. (d)-6 
© (23) If f Q0 = X? - X sthen| f Q0 + f C39 e еее 
(a) zero. (b) 1 (с) 2 (d) 4 
© (24) If f : f (X) is an even function and f (X) +X? f (2923 › еп f (1) = serere 
(а)1 (b) + «3 (d)2 
о (25) If f is an odd function then : моо гс = ЖОО 
(а) его (b) -2 ()-4 (4) 4 
© (26) If f is an odd function and X f (X) + X? f (- X) 22 »then (2) = re 
(a)-2 (b) 2 (o O75 


© (27) If f: f (=a X? + b is an odd function and the curve of the function passes through 
the point (2 › 8) > then а + b? = ss 
(a) zero (b) - 1 (с) 1 (d) 5 


è (28) The one - to - one function from the functions that are defined by the following 


rules 18 sre 
(a) f, (© = cos X (b) f 09 =X? 
(c) f, 09 2 x? (à f, 00= x*«x? 
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* (29) The one - to - one function from those defined by the following rules is .............. 


(a) f (0) 23- x? (b) f Q0 2 33 «3 
(c) f (X) = sin X tan X (@ (Хх) = EX 
* (30) АП the functions defined by the following rules are one - to - one except ............... 
(a) f G2 x (b) f (X)=X+6 
(©) f (X) 2 x? (d) f (X) = (x - 2? 
* (31) The functions defined by the following rules are one - to - one except ............... 
(a) f (X) 2 38 (b) g(X)=3X (с) в (Х) =-ъ (9 n(x) =x? 
* (32) All functions defined by the following rules аге not one - to - one except .........-..... 
(f(x)-x* (b) f (X) 25 (с) f (X)=X+2 (d) f (X) 2 sin X 
* (33) If f эв are two functions where f (3) 2 X? ; g(X)=X+2 , then (вој) 
D аат function. 
(a) a one - to - one (b) an odd (c) an even (d) a linear 


* (34) If the function is continuous and decreasing for all values of X € the domain of the 
function; then the function is ............... 


(a) even. (b) odd. (c) one - to - one. (d) not one - to - one. 
* (35) If a function is increasing for ай real values of X € the domain of the function 

» then the function is --- 

(a) one - to - one. (b) an even function. 

(c) an odd function. (d) not one - to - one. 


© (36) The function f where f (X) = 5 X is symmetric about ............... 


(a) the point (2 » 1) (b) the straight line y = 1 
(c) the point (5 » 0) (d) the point (0 › 0) 
(37) The function f : f (X) = X? + 5 X is symmetric about ............... 
(a) the X-axis. (b) the y-axis. 
(c) the origin. (d) can not be determined. 


© (38) The function f : f (X) = X? + X* + 1 is symmetric about ............... 
(а) the origin. (b) the X-axis. 
(c) the y-axis. (d) it has neither symmetric point nor symmetric line. 
© (39) The function f : f (X) = sin 3 X is symmetric about the point -.............. 
(a) (0 ›0) (b) (3 »0) (с) (- 3 »0) (9) (-3 »3) 
(o: f) V ef gg Y / Gol) OW — ie сд, - palsa [33] 


1 e Understand O Apply 4» Higher Order Thinking Skills 


* (40) Which of the following functions is not even ? 


у 


* (41) The opposite figure represents ће 
curve of the function f » then f 


(a) one - to - one. 
(b) an even function. 


(c) an odd function. 


(d) neither odd nor even. 


© (42) The opposite figure represents the curve of the function f 


(a) one - to - one. 
(b) an even function. 
(c) an odd function. 


(d) neither odd nor even. 


© (43) The opposite figure represents the curve of 
the function f » then f is v+- 

(a) one - to - one function. 

(b) an even function. 

(c) an odd function. 


(d) neither odd nor even. 
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* (44) Which of the following functions is even ? 


* (45) Which of the following represents one - to - one function ? 


у PA b 1 


х хх, хх, хх. х 
о o [U 0| 
y y y y 
(a) (b) (c) (d) 


© (46) LL] The curve represented in the opposite 
figure is symmetric about the straight line 
whose equation is ............... 

(a) X20 

(b) y 20 

(c)y=-2 

(d) X22 


OApply ^ e$ Higher Order Thinking Skills 


СД In each of the following figures › mention the curve which is symmetric about 


* the X-axis › the y-axis or the origin point : 


EJ (1 Determine which of the functions represented by the following graphs is even » 


odd or neither even nor odd : 


(1) 


Exercise Three | 


ЕЗ C Find the range of each function and mention its type whether it is even , 
odd or otherwise : 


a Each of the following graphs represents the curve of the function f › determine 
whether the function f is even » odd or otherwise verifying your answers algebraically : 


Ш Fig. (1) (88 Fig. (3) 


UNIT 
1 @Understand Apply «% Higher Order Thinking Skills 


Я [ГЇ Use the following figures to answer the following questions : 
- y у 


Fig. (4) 


First : Complete the curve in each of fig. (1) and fig. (3) in your notebook to get an 
even function over its domain. 


Second : Complete the curve in each of fig. (2) and fig. (4) in your notebook to get 
an odd function over its domain. 


Third : Determine the domain and the range of the function in each case » then show 
which graph represents a one - to - one function. 


[ 6 | Determine which of the functions defined by the following rules is even » which is 
7 odd and which is neither even nor odd : 


(1)5 09-5 (2) 0/0 =х“+х2-1 
(3) Gf 0023x-4x? (4970) -х2-3х-4 
(5) f =x? (x?- 1) (6) 00 =(х-3)2-7 
2, ET 
(7700-2330 (о == 


2 


(9) £2 C0 = > 


(10) cB f (9 24x «3 


(11) £2 f Q9 = (X? + 1} (12) t3 f о) 24x? « 6 


(13) у eo - o8 ex 


(15) f Q9 - (x-2) 
2 
07) £09 = (2-Xy + (22%) 
5 
(19) f 002 Gcr) + (44) 
(21) £D f G0 = X cos X 


X 3X 
(23) f 09 = сех 
(25) f Q9 =X? si? X 
27 f= Eres 

4 e sin X 
Ре х 


(31) /(ху- 223 Xcos2 X 


sec X 


ao Fo9=|?% , 
-253Х 


(35) f 00 = |; 


X20 
» Х40 


эй? y KSD 
X-X^ p X50 


Exercise Three | 


(14) £2 f 09 - x? - 


(16) 09 = (07-2) 
(18) f co = (E29 - 539 


(20) f 907 (X? + 1* - (x? 1)* 


(22) f 09 = 3% 


Q4) у (9 = 34 -e x 
(26) f (x) = X sin x? 

(28) f Q9 = sin X? - sin? x 
(30) f (Xx) = X" + tan? x 


(32) f 092 4х + cos X+ 2 ?* 


(33) f (20 = (cos X + sin X — 1) (cos X + sin X + 1) 


Each of the following graphs represents the curve of the function f › show from the 
1 graph that the function f is one - to - one verifying that algebraically : 


Fig. (3) 


UNIT 


1 e Understand O Apply 4, Higher Order Thinking Skills 


E Prove that the functions that are defined by the following rules are one - to - опе: 


o 
(1) (1700-2Х-3 (2)709-4-3Х7 
(3)700=552-5 (4)£2/00- 3X3 


a Prove that the functions that are defined by the following rules are not one - to - one : 
© 

(1)f 0923 (2)700-(х-3У 
(3) 1700 =х?-5 х+6 (4) 00 = 


1 
x4 


7 In each of the functions that are defined by the following rules determine whether 
the function is one - to - one or not giving reason : 


(1) Gf 00 -X' «1 (2)f00- x?-1 
(3) 1109 =2х?-х-3 (4) 9170) = х*+2х2 +1 
— 2091 З=: 
(5) 109 = 225 (61009 355 
a Determine which of the following functions is even › odd or otherwise : 
(1)f:R—+R › /00-Х-42 (2) f:[-3 53, —+R » f 09 23x? 
(3)f092X? » f:R' —eR* (4)1:1009-х2 , ХЕВ- {3} 


Tf C5 +3 f (5) 
2f C5) 
(1) f is an odd function. (2) f is an even function. «255» 


12) Let f be a function whose domain is В find the value of if: 


[13] If f and р are two real functions such that : 

f Q0 = (1 - 20? and g (X) = (1 + 20? » then determine which of the following 
functions is even » odd or otherwise : 

(1)f*g (2)f-g (3378 (4) 
is Let f, > f; > в; and g, be real functions such that : 

Ї Ў 00= х , 7, (Х) =соѕХ » g 002 2X? and в, (Х) - sin! x 
Determine which of the following functions is even » odd or otherwise : 


(1)fi*g (2) fi- f, (3)8 +в, 


f 
(4) fi. (5)8,.g (6) 5 
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[ Creative thinking : Represent graphically the curve which satisfies each of the 

| following conditions : 

( 1 ) Passes through the points (0 »— 2) » (2 52) > (3 » 7) and represents an even function. 
( 2 ) Passes through the points (0 »0) › (-2 » 1) »(—3 » 5) and represents an odd function. 


Choose the correct answer from those given : 

* ( 1) If f is а one - to - one function and the point (2 › 3) belongs to the function f 

» which of the following points can be belong to f ? 

(a) (5 »3) (b) (2 »— 1) (c) (3 »2) (d) all the previous 
$ (2) If f is a one - to - one function and the two points (2 ха) » (3 » b) belong to the 
function f » which of the following is always true ? 


(a)a>b (b)a=b (c) as b (d)a+b=0 
4 (3) If f is an even function and f (X) + X? f (- 29 23 s then f (1) = 
(а) 4 (b) 1 OE (4) 2 
< ( 4 ) If f is an odd function and f (1) =k and f (X + 2) = f (X) + f (2) 
»then f (3) = еее, 
(a) zero (b) 3k (c) 6k (d)9k 
e&(5)Iff 00- т + x and g (X) = ix » then each of the sum of these two functions and 
their product 1$ +-+ function. 
(a) an even (b) an odd 
(c) a one - to - one (d) neither even nor odd 


% ( 6 ) If f is a real function and X » — X € the domain of the function 5 then the function 
g O9 = f OQ + f (- 20 is always еее 


(a) odd. (b) even. 
(c) neither even nor odd. (d) one - to - one. 

4 (7) If f is defined on R and 3 f (X) + 2 f (- X) = X? — sin X » then f is -+ 
(a) odd. (b) even. 
(c) neither even nor odd. (d) not one - to - one. 

& (8)IEf 09 2 X2 »g Q0 = X? +1 » which of the following is an odd function ? 
Q)(f xg (2) (f og) (3) (go f) 
(a) (1) only (b) (2) › (3) (c) (1) › (2) (d) (1) › (3) 


(361) fit И) etd - эч ook, - yalsal 


1 5 XE А Е | 
D aa. ө 8 7 E 
: Graphical representation of basic functions 
Exercise : : : А 
and graphing piecewise functions Test ушен 


111 From the school book | e Understand O Apply 4. Higher Order Thinking Skills 


Multiple choice questions | 


Choose the correct answer from those given : 


6 (1) If f (0) = 5 › then the domain of the function f is “гн 


(a) R (b) R* (c) {5} (d) R- {5} 
© (2) If f (Хх) =7 › then the range of the function f is -+7 

(a)R (b) R* (c) {7} (d) R- {7} 
© ( 3 ) The range of the function f : f (X) = 5 whem 200 Р 

1 when X>0 

(а) {1} (b) {0} (c) R 
© ( 4 ) In the opposite figure : 

The range of the function is -7 

(а) {1} 

(b) (15-1) 

(1-1 

(d) Ж 
Ф (5) The range of the funcion f : f (x) = 35-3 is DERIT 

(9 8-11»-1) (b)R-{3 5-3} (0) {3 »-3} (9 {3} 
$ (6) The range of the function f : f (X) = х°-эх (— TÉ" 

(а) Ж (b) R- {0} (c) {0} (d)R-{-3} 
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3 
9 (7) The range of the function f : f (X) = 2х 2х нана 


(а) Ж- {1,-1} (b) R- {2 .-2] (c) R* (4) R* - {2} 
© (8 ) The range of the function f : [-2 ;3[—-m RPK) ux? 1$ «хөхөө 
(а) [4 5 9[ (b) R* (с) [0 ,9[ (9) [0 ,4] 
x » X»0 
^ ( 9 ) The range of the function f : f (X) -| TCI 
-2 » Х<0 
(a) R* (b) iR* - {-2} (© IR*U {-2} (d) R 
© (10) Ш The function f where f (00 = | 2 dil ad^ symmetric about 
-2 , X«0 
the point оиа 
(а) (2 , 0) (b) (-25 0) (c) (0 > 0) (d) (2 — 2) 
© (11) The axis of symmetry for the function f : f (X) = X? is the straight line зе: 

(a) y 20 (b) y=X (c)y=-X (d) X20 

- 2 Е] 
Ф (12) The function f 1 f (0 = | б. med is increasing ӨП ела 
E , Х»0 
х 
(a) Ж (b) R- (c) R* (d) R- {0} 
ac? >» X>0 
* (13) The curve of the function f : f (X) = | ÍS сөнөөөөөө 
x s 850 


331340133 


ot 

-2 
ЕТ | 

(4 


y 


(b) 


eUnderstand — OApply 4» Higher Order Thinking Skills 


X › X«-1 


© (14) The curve of the function f : f (X) = 2 8 AUS SL iG өнөө 
„+ X1 


© (16) In the opposite figure : 
The curve of the function f defined by the rule f (X) = +--+ 


ХЭ. —2 «2 
(a) 
=4 5 X«-2 


39 . Ax Xd 
- 3 j 


-4 4 X«2 


X? y -2eX«2 
-4 , <2 


| 
i" ,-24Х52 
| 
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^ (17) In the opposite figure : 
The curve of the function f defined by the rule f (X) = ............... 


2 ; Х»0 
(@) + » X«0 
2 +» X20 
©) = or X40 
2 » X«0 
©) i » Х»0 
2 з 2052 
(4) + s Х«2 


51451111! Essay questions 

п Graph each of the following functions and determine its range : 
(1)5:1-3,—151 3212 —[-357] s f09-2X«3 
(2) 18:1155|--В8 > ө(Х)-Х41 

(3) 16:1-26--1---48 » Е(Х)-1-Х 

(4) f:f(X)=-3X+7 for every XER 

(5) f:R— Rf (x) =x? 

(6)f:fQoex?-5.x20 
(7)7:709-Хх2-3ХьХЄ1-3»2| 


=26 ee 
EJ 017: [-2,6] — R where f (x) = 4 s ОЗЕР 
| х ‚ 15х56 
( 1 ) Graph the function f › and from the graph deduce its range › and discuss its 
monotonicity. 


(2 ) Is f one - to - one ? Explain your answer. 


& Higher Order Thinking Skills 


e Understand O Apply 


ЕЗ Graph each of the functions defined by the following rules and from the graph. 


? Find the domain and the range of each function and discuss its monotonicity and its 
type whether the function is even » odd or otherwise showing its symmetry : 


_ Lee 
(2) 00 = 775 


(4)f 09 = EX 


ed 


a Represent graphically each of the functions that are defined by the following rules ; 


from the graph find the domain and the range of each function and discuss its 
monotonicity and its type whether it is even › odd or otherwise and show its symmetry : 


(1) f :]-9 ›3[ — R where f (x) 22 22709-2 » Xs0 
-3 > Х»0 
2 > Х»1 Х-2 5 хЄ[-2,1] 
3 - 4 23 
vem Ж х XSi eu -х+4, ХЄ|АА| 
4 > X«-2 ХЭ „ M0 
18 = 6 = 
(5) EI f CO ba ME (6) EB f O9 |х к 
x? 5 51 Xe » 021 
= 8 = 
(7) Gf oo | а (8) f (> s <, 
omrol) * Xs айшагоо=}!Х! * Х=0 
9 , Х»0 , bc 
3 » Xs-3 3X-6 , хэ2 
(1) 700 411Х| s -3«X«3 (12) f (X=, 2-Х 
3 s WES 2 з 342 
2 , -3<Хх<-1 -X-15 -4sX«-2 
(13) f 9210 » -1«Х«1 (14) f C0 211 $-295X2 
2 » 15Х53 X-1 » 24Х«4 


where f, (X) = 
its monotonicity. 


KJ Co iff, :R —-R where f, (0 23X-1 » f;:[-253] —+R 
7 3-2 X » graph the function (f, + f,) showing its domain » then deduce 


g 70) = X?-4X > р(х) = Х2 -4 , determine ће domain of the function -/ and 


g 


? graph it and from the graph determine its range and mention whether it is even » odd ог 


otherwise » and discuss its monotonicity » and mention whether it is one - to - one or not. 


Geometrical transformations я 
of basic function curves еи 
Apply 


LCJ From the school book @ Understand 


| First | Multiple choice questions | 


Choose the correct answer from the given ones : 


es Higher Order Thinking Skills 


$ ( 1)I£ f Q9 2 - (X 3)2 +2 » then the graph that represents the function f 18-9 


(b) 
e (2)1£ f Q0 2 2 - (X- 1)? , then the graph that represents the function f is =- 


y y 


Гат) 


1 @Understand — OfApply ə Higher Order Thinking Skills 


(a) (b) (c) (d) 


* (5) Thecurve of the function in the given figure is translated 
two units in the positive directions of the two axes then 
the function represents this translation is ==- 

(a) f O0 = (X «2? +2 

(b) 70) = (+2) -2 


(с) f (02 x-2? -2 


(à f (02 (x-2/ +2 
© (6) Which of the following functions represents the curve in 


the given figure ? 

(а) f Q0 21x-41-3 
(9 /00-1Х-4143 
(c) f O9 21X « 41-3 
(d) f O9 2| X * 4| * 3 
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* ( 7 ) Which of the following functions is 


represented in the given figure ? 

(a) f O02 (X-1? «2 

(b) f 09=1-(Х-2)° 

(c) f (92 2- (x- 1 

(d) f Q9 2 (c 1? -2 
© (8) CI The point of the vertex of the curve of the function f : f 00 = (2— X +3 

dg sene 

(a) (2 ›3) (b) (2 ,-3) (с) - 2 »3) (d) (-2,-3) 
© ( 9 ) The vertex of the curve of the function f where f (X) = (1 + X) -3 is  --- 

(a) (1 »3) (b) (1 »—3) (c) C 153) (9) (-1,-3) 
© (10) The symmetric point of the function f : f (X) = X? —2 is e 

(a) (0 »2) (b) (0 ;— 2) (с) (2 » 0) (d) - 2 0) 
© (11) The symmetric point of the function f : f (X) 23 — (X + 2) is =e 

(a) (3 › 2) (b) (2 ›3) (с) (-2 ›3) (d) (-2›-3) 
© (12) The symmetric point of the function f : f (X) = t T2is-e— 

(а) (2.0) (b) (1 »2) (c) (0 ›2) (d) (0 0) 
© (13) The point of symmetry of the function f where f (X) = xt 5 18 es 

(a) (5 ›0) (b) (-5 ›0) (c) (0 »—5) (d) (0 » 5) 
© (14) QI The point of symmetry of the curve of the function f : f (X) = xi + Fig eee 

(a) (3 »-4) (b) -3 »-4) (с) (3 »4) (d) (-3 ,4) 
© (15) The symmetric point of the function f : f (X) = а 18 e 

(а) (1 +0) (b) (0 > 1) (c) (0 »0) (d) (1 »- 1) 


© (16) LL] If f is a function where f (20 = 2 » then the symmetric point of the function 
g: g (X) = f (X+ 1) is eee 


(a) (1 +0) (b) (0 » 1) (c) C 1 0) (d) (-151) 
е (17) If f (x)= 23 + c where a » b »c € R has the symmetric point (3 »3) 
ера“ samona 
(a) а? (1 (c) af (4)-1 
à (18) The vertex of the curve of the function f : f (X) =| X +3 |- 2 is 
(a) 3 » 2) (b) (-3 »—2) (с) (—3 »2) (d) G ›-2) 


(V: г) Verf git Y / Gu OW — iy сә, - yall 


1 eUnderstand ӨАрр & Higher Order Thinking Skills 


$ (19) The curve of the function f : f (X) =|Х- 2 | is symmetric about the straight line +- 


(а) X22 (b) Х--2 (c)y=2 (d)y=-2 
s (20) The axis of symmetry of the function f : f (X) = X 2 _ 1 is the straight line зе 
(a X21 (b) X20 (c) yz1 (d) y 20 
e (2D If f (X= | 1 т? then the equation of the axis of symmetry of the curve of the function f 
E eS 
(a) y 20 (b) X20 (c)y=X (d)y=-X 
© (22) f (X)=(X- 1)? + 2 is increasing on the interval з 
(a) Ж (ELI (c) ]- e » Ц (@ ]- 1 » 1[ 
© (23) The function f where f (X) = 12 Х-1% decreasing on the interval .......-.-.-- 
(a) гө» 1] (9 ]- 5 » 1E s ›=[ 
(c) [1 »=[ (4) ]- ›2[ › 2 sf 
© (24) The area between the curve of the function f : f (X) 2| X 2 |- 2 and the X-axis 
equals «нөөс square units. 
(a) 3 (b) 2 (c) 5 (4)4 
© (25) The range of the function f : f (X) = ms TS eres ees 
(a) R- {0} (b) 10 > -[ (c) [0 sf (4) {0} 
о (26) The range of the function f where f (X) = (X— cA Їз =з 
(a) | »3[ (b) [-3 ›4] (о [4 = (d) |-> 54] 
© (27) The range of the function f : f (X) = 3 – (2 – XY As canes 
(а) ]- e» 2] (5) [2 ›=[ (c) ]- »3] (d) [3 | 
о (28) The range of the function f : f (X) = „сш equals -s.es 
(а) R- {1} (b) R- {2} (92-1142) (d) R - [0 » 1} 
© (29) The range of the function f : f (X) 22— vu 18 eee 
(a) R (b) R- {1} (c) R- (2] (d) R- {3} 
© (30) The range of the function f : f (X) =| X—2|is w+ 
(a) 0 »=[ (b) [2 ,=[ (о) [0 = (4) ]2 =] 
© (31) The range of the function f : f (X) 22-|3-2 X | is +- 
@]-=,]  ®[-2›=] (с)]15-›=[ (4) ]- 5-2] 
© (32) The range of the function f where f (X) =- | 23 | is e 
(a) Ж (5) [0 > ef (c) ]- = ›0] (d) R- {0} 
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e (33) The range of the function f : f (X) = X| Х|18 Hese 


(a) R* (b) R- (c) R (4) [0 ,=[ 
© (34) The range of the function f : f (X) = ls e 
(a) (0 › of (b) ]- <> ›0[ (c) R- {0} (d) {1 ;- 1] 
m К » Х«-1 
© (35) The range of the function f : f (X) = Ї | s=- 
E » Х»1 
(а) 051| €) [0 » 1] (c) 10 » of (d) R- {0} 
© (36) The range of the function f : f (X) = i os SH dccem 
3 > Х>1 
() R- [0,1] (b) - {1} 
(с) ]- e ,o[ U {3} (d) ]- ,0[ 143) 
© (37) The curve of the function Од x + 4 does not intersect the line ............... 
(4) X2-3 (b) X23 (c)y 2-4 (d) y 23 
© (38) If y = f (X) is a real function then its image by translation 3 units vertically upwards 
is. meme 
(a) f (x -3) (b) f 0543) (07003 (d) 09-3 


© (39) If the curve y = f (X) represents a real function then its image by translation 5 units 
vertically downward is the same as g (X) = ............... 

(a) f (x-5) (b) f (X 4 5) (c) Р(Х) +5 (d) f (X)-5 
© (40) CJ The curve of the function g : g (X) = X? + 4 is the same curve of the function 
f:fügex* by a translation of magnitude 4 units in the direction of +... 
(a) OX (b) OX (c) Oy (d) Oy 

© (41) The curve of the function g where g (X) =| X | 2 is the same as the curve of the 
function f : f (X) 2| x| by translation two units in direction of -.............. 

(a) OX (b) OX (c) Oy (d)Oy 

© (42) If f is a real function whose domain is [-3 ›4] › then the domain of 
£:g002f0922is icer 

(а) [- 3 ›4] (5) [- 1 6] (о) [- 5 » 2] (4) К 


@Understand — OApply 4. Higher Order Thinking Skills 


© (43) The curve of the function g : g (X) = _1 4.2 is the same as the curve of the function 


|x| 
«xy = 3 by translation two units in direction of --. 
= 
(a) OX (b) OX (c) Oy (d)Oy 


© (44) The curve of the function f : f (X) = | X 3 | is the same as the curve of the function 
в: g (X) = 1 X| by translation 3 units in direction of -+++ 

(a) OX (b) OX (c) Oy (4) Oy 

© (45) CO The curve of the function g : g (X) = | X +3 |15 the same curve of the function 
f: f CO =| XI by a translation of magnitude 3 units in the direction of +++: 


(a) OX (b) OX (c) Oy (d)Oy 
о (46) If y = f (X) is a real function » then its image by translation 4 units to the left 

is g (QQ = c 

(a) f (X - 4) (b) f (X * 4) (c) f O9 +4 (d) f (x) - 4 


© (47) If f is a real function whose domain is [-2,3] , then the domain of 


g:g(X)=f (X-2)is рее 


(а) [-2›3] (Ы) [-4 51] (c) [0 ›5] (d) R 

ө (48) Lef f O0 2- X ? move 3 units to the right and 2 units down › then resulted curve is g (X) 
»then g (4) = ser 
(a) -3 (b) - 16 (c) 16 (d) - 7 


о (49) If the curve f CO = - X 3 moves 4 units to the left and 2 units upwards to become 
the curve g (X) » then g (-2) = 7 


(a) - 218 (b) 214 (c)6 (d)-6 

= (50) The curve of the function g : g (X) = X is the same as the curve of the function 
Tof mmm by reflection in the X-axis. 
(a) X (b)-X (c) X41 (4)-Х-1 


* (51) The product of the slopes of the two straight lines f (X) =a X +b and its image by 
reflection in X-axis equals «ен 

(a) 1 (b)-1 (c)a (d) - а? 

& (52) The curve of the function g : g (X) = 1 — | X | is the same curve of the function 


f: f 09 =|X| by reflection in X-axis » then a translation of magnitude one unit in 


the direction of эээ 
(a) OX (b) OX (c) Oy do; 


| Second | Essay questions | 


(1) #09 =хХ?-3 
(3)t£0g0922-x? 

(5) 1Е(С0--(Х-3) 
(7) ЕД2 (0) =2-(х+ 3)? 
(9) Швсо-(х-3)-1 
(1) g Q0 = X?-4 X44 


and write its point of symmetry : 
(1) EB g 00 2 X? «4 
(3) E.g 09 » (x - 3? 
(5) (20 = (x-2? «1 
(7) 600) =(3 0) +1 


Exercise Five | 


FT] Use the curve of the function f where f (X) = X? to represent each of the functions 
? that are defined by the following rules › from the graph find the domain and the 
range of the function and discuss its monotonicity and its type whether it is even » 
odd or otherwise and write its axis of symmetry : 


(2) Ч в090=х?+1 
(4) g(x) =(x-2) 
(6) Eg Q0 2 (X « 27 -4 
(8)800-(2-Х9-1 
(10) (1Е00--4 x? 
(12) Lg O0 2 X?*4 X41 


7 | Use the curve of the function f where f (X) = X? to represent each of the functions 
that are defined by the following rules , from the graph determine its domain » 
range › discuss its monotonicitly and its type whether it is even » odd or otherwise 


(2)g09-24-x? 
(4) 5 (0 = Q- x» 
(6)g0922-(x- 1 
(8)g0922X?-1 


(1) 23 8 (>) =1х1+1 
(3) ШГ1809-2-1х| 
(5) Шїв00--1Х-5| 
(7) Шїв(0-4-1Х-2| 
(9) 08 (0) =2|х-7|+2 
(1) g0921-l2 х-1| 


Use the curve of the function f where f (X) = | X | to represent each of the functions 

that are defined by the following rules and from the graph determine its domain , 
range and discuss its monotonicity and its type whether it is even , odd or otherwise 
and write the equation of its axis of symmetry if exist : 


(2) їв(00-1х1-3 


(4) в (0) =[х+1| 
(6)800-12-Х141 
(8) ШєЕСОд-21Х| 


(10) Q ғ (0) =5-2|х+2| 


(12) M в C9 24x? - 8 x +16 
[53] 


UNIT 
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a Use the curve of the function f where f (X) 5 x to represent each of the 
functions that are defined by the following rules › from the graph determine 
its domain » range and discuss its monotonicity and its type whether it is even » 
odd or otherwise and write its point of symmetry : 


(DgQ0-i«2 | (23 00-35 (3)200=515+3 
(4)800-3-xl; | (5)&09=у—у-3 (6) £g 00= XH. 
(7)800=25 (8)g00- xx (9)g00- 392 


E 
(100g 00 = х2-1 


a (13 The curve of f where f (X) =| X | is 
** graphed › then translated in the directions 
of the coordinate axes as in the opposite 
figure. Write the rule for each of the 
functions : g >h »2 


[6 | Write the rule of the function f that is represented graphically by each of 
' the following figures : 


(1) " (3) у 


(4) (5) 


Exercise Five | 


range and discuss its monotonicity : 


АТ y х»0 


(1) F09| : 
-X*-1 =, X«0 


(109-97 » X20 
-1 , X«0 


following rules showing its domain and range : 
0)fj00-f(X*0 | (2)5,09-100-1 
(4)g 00=8 00-1) | (5)8,00-800-4 
(7) k, 09 22k Q0 (8)k 00) = 1k 09-3 
(10) п; Q92n(X-2 | ()n092n09-1 


a»me-| 


coreo-| 


п(Х)= i » then represent each of the functions that are defined by the 


EB If f >g >k паге real functions where f (X) = x? g 00-2 X? k 09 2|xI ; 
© 


(333,00-2-10Х-1) 
(6) 8300) =8(Х-1)+2 
(9)k, Q0 22k (X - 1) 


(12) nj Q9 22- n (X +1) 


241 
xe 


(ХЕ 42 
1 


—— + 


Х-1 


7 


KJ Draw the curve of ће function f in each of the following and determine its 
© 


-4xX«0 
0=Х=4 


Х=-1 
Х>-1 


[85] 
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a The following figures represent the curves of the functions f › 2 >h respectively. 
? write the rule of the function in each figure : 


Fig. (1) Fig. (3) 


_————-—-—-—-—-—-—-—--— 


(10) If feos , then draw the graph of the function g in each of the following : 
(1) 1800-17001 (2)5(0--1700| 

(3) 0509 =2+17 09| (4) 9 #00 = (x-2)| 
(5)8(0 -17(Х4-1)1-2 


с дд 


KI] Draw the curve of the function f in each of the following : 
. 


(1) 00 = хіх! (2) Cf 09=х1х1-1 
(3)f 00 21xX?l (4)f 09 2-1xX?| 
(5)700= E (6)700-1х2142 
(7)у од=х?\х\+2 (в) оо=[-3 


(9) Ш1700-0Х-2)1Х| 


[12] Draw the curve of the function f and determine its range and monotonicity if : 
LJ 

(1109 =14-Х?| 

(2) 27 00=1х2-2х-31 » xE[-1>4] 


Exercise Five | 


ЕЗ Choose the correct answer from those given : 

* (1) Iff isa polynomial function and f (X) = 0 at ХЕ{-3,1,0} ;then the function 
5:8 (X) = f (X —3) cuts the X-axis at X € 

(а) {3,1,0} (){3,0,-2} (о) {0,3,4} (9 {-6 52,0} 
e (2)IFf: (х) =(X-at+1)?+b-2isa quadratic function whose range is [1 ›оо[ and 
the curve of f passes through (3 » 2) » then a = e 

(а) +4 (b) 3 or 5 (c) 3or- 5 (d) - 30r 5 

& (3)Ifg (X is decreasing on ]- с, O[ and is increasing оп |0 ; = › then f(M=g(X+1) 
is increasing оп гн 

(a) ]- 1 sof (b) -ө»-1 — (oss (d) ]- = » o 


& (4)Thecurvey 23 (X- 5)? + 7 by translation 3 units in the positive direction of X-axis 


and one unit in the negative direction of y-axis is ............... 


(a) y 23 (X - 8? «6 (b) y 23(x-8) -6 
(c) y 23(x-8) +6 (фуу-3(Х-8)/-6 
9 (5)If f OO 2| X| 2 » then the range of the function (f o f) =... 
(а) ]- ›4[ (b) [4 ›=[ (c) [-4 ›4] (d) [0,4] 
9 (6)1fgQo- 2 x?-8.f (Х) =[Х| then the range of the function (f o g) = ен 
(а) [-8 ›=[ (b) [0 ,=[ (c) [8 ›=[ (d) К 
® (7)1f f ап odd function › then | f (X) 8... 
(a) odd. (b) even. 
(c) both odd and even. (d) neither odd nor even. 


x?^32 , X0 
* (8)Iff:f@= is symmetric about the origin 
g (X) , X«0 


othe gis... 
(a) decreasing. (b) increasing. 
(c) not one - to - one. (d) even. 


(А: f) V оля Y/ G2) OW - эч с>, - да] 


UNIT 
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X^.2 » 050 
e (9)Iff:fM= is symmetric about y-axis 
goo , х<0 
»then g (X) = 
(a) x?-2 (5) X7+2 ()-Хх7-2 (фу-27-2 


в Graph the curve of the function f in each of the following and from the graph 
determine the domain and the range and discuss the monotony and show if the 


function is even » odd or otherwise : 


(1)feosx?^«x!Ix|«2 (2) f Q9» (XIxI- 1? 
9665] » Xs-1 
(3) f 09» 1+1 (4) 09 =1 „ -1<X<1 
X^43X^42 


|Х-2| » xxl 
(5) (Х)-1Х411-1Х-1 


Solving absolute value _ ux _ 
equations and inequalities MED 


С From the school book | @ Understand @Apply $» Higher Order Thinking Skills 


ОИ Multiple choice questions | 


Choose the correct answer from the given ones: 


Exercise 6 


© ( 1 ) The solution set of the equation | X — 2 | =3 1$............... 


(a) {2,3} (b {-1,5} (c) [- 1 » 5] (d) {5 ,-5} 
? (2) The solution set of the equation l5 X — 1 | - 42 1 in R is ............ 
| @ БО o {$} 21: ( {$} 
э (3 ) The solution set of the equation | X- 3|2|3- X|inR is ............... 
(а) {3} (b) {3 »-3} (c)R (4) 9 
о (4 ) The solution set of the equation : |2 X - 4| 2 | X - 1 | is 44 
| G5] (b) {5 ›-1} (©) 15-5] (d) {-5,-1} 
э (5 ) The solution set of the equation : |2 Х-1|= Х+2 is ............... 
| @ {3} (b) {34} (©) {3,- 4} (d) 
э ( 6 ) The solution set of the equation | X-2|2 Х-215............... 
(а) © (5) {2} (c) [2 › eof (d)R 
э ( 7 ) The solution set of the equation : x3 Ге 1 18 ен where X #3 
|^ (a) {5} (b) {1} (©) {5 > 1} (d) 9 
> ( 8 ) The solution set of the equation : 
БӘ Е 250 IB «эхлэхээ 
(а) {0} (6) |-= ›0] (c) ]- » › 0] (d) Ø 


UNIT 


1 eUnderstand — O Apply @ Higher Order Thinking Skills 


© ( 9 ) The solution set of the equation : xt = Lin Ris ve 


(a) {0} (b) R* (с) R^ (d) [0 ›=[ 
о (10) The solution set of the equation 1 x? — 3 X= 8 іѕ eree 
(a) 2 (b) {-2 »-4} (1-4) (1-2 
© (11) The solution set of the equation X ?22-|X]is verre 
(а) {1-1} (b) {2,-2] (c) {1-2} (d) {1,2} 
ө (12) If : f (X) =х? + | Х| »then the solution set of the equation f (X) = 2 in IR is еее 
(а) {2 ;-2] (5 {1 »-1} (c) {2 ›0} (9) [- 1 50} 
о (13) If f Q9 2| X-2 |+ 4 » then the solution set of the equation f (X + 2) = 3 js Л, 
(4) 11531 (Б) К (c) @ (1-15-3) 
о (14) If (х) 2| X-2 |+ 4 › then the solution set of the equation f (X + 2) = б1$ззееесее 
(a) {0,4} (b) {2,-2} (с) {2,4} (9) {-2 »-4} 
© (15) The solution set of the equation] 4x? - 12 x +9 25ig-e 
(а) {4} (b) [- 1j (с) {4 9-1} (OR 


ò (16) Which of the following does not belong to the solution set of the equation : 
|Х-21-1Х-1|1-32 
(а)-2 (b) zero (c) -3 (d) 1 


о (17) The domain of the function f (X) = IE 18 iren: 
(a) R- {2} (b) R-{-2} (c) IR (d)R-{2 5-2} 
© (18) The domain of the function f : f (X) = ak ўе еседа 
(а) Ж (b) {3 ›-3} ()R-[3.-3]  @)R-{3} 
о (19) If the domain of the function f : f (X) = ut : is R- [25-2] , then a = eee 
(a)2 (b -2 (c) +2 (d) zero 
= (20) The type of the function f : f (X) = ID аа 
(a) odd. (b) even. 
(c) neither odd nor even. (d) one - to - one. 
© (21) The false statement in the following is === 
(a)|Xyl=IXllyl (b)|X|=|-X| 
()0x*ylelxl«lyl «x? =|х| 


Exercise Six | 


* (22) Ifa» 0 5b «0 » then which of the following is always negative ? 


(а) |ab| (b) a|b] (c) alb (d) a  |b| 
$ (23) Ifa- b » 0 , then which of the following could be equal to | a - b |? 
(1)a-b (2)b-a (3)|5-а| 
(а) ошу (3) (b) both (1) » (3) (с) both (2) » (3) (d) (1) › (2) and (3) 
* (24) If: jal =-1, m = 1 , then all the following statements are false except ............... 
(a)axb>0 (b)a—b>0 (c)a—b=0 (d) a? +b>0 
* (25) ЇЁа«0«ьБ.Шеп|а|-151418-а1-1а-5|-------г- 
(a)2a (b) 2b (c)a- b (d)b-a 
* (26) The number of intersecting points of the two curves yzlX«2[sys2-|X [iss 
(a) zero. (b) 1 (c) 2 (d) an infinite number. 
© (27) The solution set of the inequality | X |» — 1 is ............... 
(a) [0 „= (b) R (с) д (@ в - {0} 
^ (28) The solution set of the inequality ET Elise 
(а) [- 1 51] €) 1-1,1 (© [-1,]-40} (91-1: 1[- (0) 
^ (29) The solution set of the inequality : |3 — X |» 018... 
(а) ]-3 »3[ (b) IR - [-3 , 3] (c) R- {3} (d) R 
© (30) The solution set of the inequality T Л » i 18 e 
(а) 0541-12)0910541-(2) (о [0,4] (4) 10 +4] 
© (31) The solution set of the inequality | X + 3 |018 ............... 
(а) © (b) ]-  .- 3] (о ]-3 ,=[ (1-3) 
ө (32) :|Х|«азаЄ Rt then XE ............... 
()R-[-asa]  ()[-а, а] (c) R- ]- a »a[ (d) ]- a »a[ 
© (33) The solution set of the inequality | X 2| x —4 in R в... 
(a) ]- 2 ›6[ (b) [-2 « 6] (c) R (4) @ 
© (34) The solution set of the inequality |2 X- 5 |<915.............. 
(а) ] - »7[ (6) [-2 57] 
(c)R-]-2,7[ (d) R- [-2 57] 
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b (35) The solution set of the inequality | X+ 2 |» — 1 in 45... 


(a) ]-3 »- Ц (b) Ж ()R-[-3.-1] Ø 
© (36) The solution set of the inequality |4— 6 X | 2 14 is нөсөө 

(a) HR ,3[ (b) [2 :3] (9R-F2 :3[ «в- [2 ,3] 
© (37) If X€[- 154] :then|2 X-3] s еее 

(а) 3 (b) 4 (c) 5 (d) - 5 
(38) The solution set of the inequality | X2 — 4 X + 4> 0 in Ris... 

(a) R {2} ()R- 1-2] (c) R (d) 2 
$ (39) The solution set of the inequality [2-2 X +124 is ++: 

(а) [-3 ›5] (b i&- ]-3 ,5[ (c) ]- 3 ›5[ (d) IR - [-3 5] 
2 (40) The solution set of the inequality 4 X? — 12 X +9 < 9 is 

(a) [-6 » 12] (6) [-3 ›6] (c)R-[-3 > 6] (à) R- ]-3 56[ 


© (41) The solution set of the inequality : |2 X -3|4|6-4 X| x21 is өө, 
(a) [-2 55] ©в-|-2,5[  ©]-2,5 (1-255) 


© (42) The solution set of the inequality (Х-27-12Х-44|»618------ 


(а) [-4 ›0] (b) R - [-4 50] (с) ]- 4 »o[ (d) R- ]-4 ,0[ 
ө (43) f1« X «2 /йеа:(х2-2Х-14-|х7-4Х-4- € 
()2Х-3 (b)2X-1 (c) 1 (d) 3 


© (44) The absolute value inequality that represents that the score of a student in one test (X) is 
including between 70 to 9018 
(a) | X| « 90 (6) 11270 (с) | X- 80 |= 10 (d) | X— 70 | « 90 


© (45) Number of the integer solutions to the inequality : | X— 2 |< 5 is +e 


(a) zero. (b) 7 (c)9 (d) 11 
© (46) The domain of the function f : f (X) =, | 4x? T] fs escenas 
(a) [- 1 » 1] (b) ]- 1 » 1[ (c) R- [- 1 » 1] (d) R- ]- 1 »1[ 


Exercise Six | 


“14511118 Essay questions 
Exercises on solving absolute value equations : 


a Find algebraically in IR the solution set of each of the following equations : 


(1)4|x|-20=0 «[55-5)» | (2) GQI3-2xl=7 « {59-2} » 
(3)3-1Х-2|1-2 «{-15-3}» 1|(4)21Х1-3-1Х| «(15-1)» 
(5) 11Х-21-3х-4 ‹{3}» |(6)|х+2|-Х+1=0 «Ø» 
(7)Ц1|1Х-21-Х-2-0 «(0)» 1(8)5Х-2|1Х|-21 «{7} » 
(931Х45141х-3| 4-1)» | (10) 112Х-61-1Х-3| &{з}» 


(11) 3 |х-1|-212-х1=0 «13.31» (12) Х?-5|Х|+6=0 «(243--25-3)» 
(3)|(х7-2х-6 «42» | афса 1х)-4х-4-4 | 46-23» 
(15) ШЦ11Х1-Х-0 «|- © ›0]» | (16) Ц11Х-31-2Х-0 «[-1)» 
(17) ШїЦх”-6х-9-2Х-9-(4)» | (89|-312-1Х-31-0 — «(2:4)» 
(19)513-х|-2 4x?-6 x «9 - 12 «paie 


(20)| 2-11-1Х-1| «(1,0»-2)» | QDIX«11Ix-11226 « {313 »-313 |» 


(22)|x+1|?-3|x+1]-10=0 «[45- 6)» 
(23) (x-5?2|2 x—-10| «(5.753)» | (24) XIX|- X20 «(051 5-1)» 
(25) Х15-Х|-6 «(29356)» | (26)| Х24Х-101-10 «{0,-1,-5,4} » 
От) 2х » X#2 «(44)» | (28) ХЗ|Х|=8Х 41-2 0521» 
а Find graphically іп R the solution set of each of the following equations and verify 

the results algebraically : 

(1) 1х!-4=0 «{4,-4}» | (2)1х1+2=0 «Q» 
(3)2-1Х421-0 «(0-4)» | (4)|х2-4х-4-3 vili eife 
(5)|X*3|- X25 «{1}» | C6)EgdIx-2|23x-4 HII 
(7) 12х+4|=1-Х «{-1,-5}» | (8) 11|12Х-5|1-Х-4 «@» 
(9)881х+21=1х-31 «{1}» | аюш!х-2141Х-11-0 D» 


e Understand O Apply & Higher Order Thinking Skills 


(11) £3Ix-31-212x«11«[-4.2]» | (1231Х-41-4-хХ М ИР 8 
(13) |X+2|=X+2 «[-2»=[» (14)|Х-31-1Х-21-5 « |-® 5-2] » 
(45|x-3|]24-|X*1]  «[1,3]» | (16)|Х-2|1-Х2-2 «{0,1}» 


Prove that the function f : f (X) = Тэр A is even » then find the solution set of the 
equation f (X) = 2 algebraically. «1-454)» 


Es Graph the function f : f (X) 2|2 X + 5|—3 › determine the range of the function and 
study its monotonicity. 
From the graph » deduce the solution set of the equation : |2 X - 5 |-3 = 0 » then verify 


the solution algebraically. «1-15-4|» 
Graph the function f : f (X) = 1 — | 2 X | and from the graph deduce its range and its 
monotonicity. 

Prove also that f is even. From the graph or by any other method 

» find the solution set of the equation : 1 -|2 X| 2 - 3 «1-2»2|» 
Prove that the function f : f (X) = : T is even » and graph its curve » then 


find graphically or algebraically the solution set of the equation f (X) =0 «1-191)» 


и Draw the graph of the function f : f (X) = | X- 1| X 1 »then deduce the range and 
monotony and find the solution set of the equation : f (X) 23 « {3} » 


п Draw in the same figure the two functions f » g where f (X) = xX? |X| sg (Х)=2-|Х|› 
then from the graph find the solution set of the equation f (X) = g (X) «[-151]» 


Exercises on solving absolute value inequalities : 


e Find algebraically in IR the solution set of each of the following inequalities : 


(1)|x-31s5 «|-2»8|» (23|Х-3|125 «R-]-2>8[» 

(3)|2X+5|>3 «R-[-45-1]» | (4)13-XI1<7 «]-4 » 10[ » 

(65)1ž <1 «171» | (6) 13 X «21e 5«4 «Ø» 
1 1 

MAg? «H£558-(GP (8) 005 525 «ok - {0} » 

(9) D z^? 4-2-13|» | 00)12Х-31-3»7 «в-[-1,7]» 


Exercise Six | 


an (11х2-2х-1 24 «В-}-3, s[» 
(12) П114 х2-12х «9 «9 4-3-41» 


(13)|1Х-21412-Х|«6 «]-1»5[» 


(14)13Х-214-216Х-41»20 «®-|-2,2[» 


(15) Ge 2X +12 +4126 «®-]-4,0[» 


10 Using the following figures : 
(1) (2) 


Six y=] x42] 


ee ВНЕ E: 
&(X)=2 


Find : The S.S. of the Find : The S.S. of the Find : The S.S. of the 
inequality f (X) < g (X) in R inequality f (X) > g (X) in R inequality f (X) < g (X) in R 


ш Find graphically in R the solution set of each of the following inequalities » then 


(3) gy 4x?-12x+9>5 


(631Х-31-1Х-41»5 


verify the result algebraically : 
(1) Ц1ЇХ-1|«2 (2) Ц112Х-5|22 


(4)|X+3|<-x 


(5)Ix-21«2- x«6 


B [ШЇ Write in the form of an absolute value inequality each of the following : 
(1)-4<х<4 (2)0«x«6 
(3)Х22.ос25-2 | (4) xER-[2 56] 


13) LL] Write the absolute value inequality which expresses : 
(1) The student's mark in an exam ranges between 60 and 100 
( 2.) The temperature measured by a thermometer ranges between 35° , 42°С 


( 3 ) The Green algae found in Ocean reaches 30 meters deep. 


(8: 0) Y ofa Y / (uj) OW - doy Lol, - жа! 


@ Understand OApply @ Higher Order Thinking Skills 


Miscellaneous exercises : 


ш Find the domain of each of the functions defined by the following rules : 


ECL ҮЛ 
(19700111 (237091 (1 
Нати (4) оо -'[5-Ixl 


(5) 700 =]1х1-5 (6) fone ЧИН 
15-1х| 


a Show whether each of the functions defined by the following rules is even › odd or 


otherwise : 

(1)f 09 = ХІХІ (2) CO f(x) = х21х1-1 
-114Х1411-Х| X) cos 2 X 

(3)f ОО” Т XI-H-xl (4) ГОО ‘вых 


(5) f Qo -2|Х за Х-2 X| tan Х| (6) eo =Мх|+х 


16) Find in square units the area between the curves of the functions f and g where : 
(1)700-1Х431-2 » g0924 

(2)f002-IX-21*3 » 800-0 

(3) 9100 =|Х-21-1 » g0925-Ix-2| 


1х1+1 
[x] 


find graphically and algebraically the solution set of the equation f (X) 2 2 X - 2 and 


ш Prove that the function f where f (X) = is even and graph the curve of f › then 


check your solution. 


"nu ТОТА 


Choose the correct answer from those given : 


о ( 1 ) The solution set of the equation | X + 1 P +12 X+3|=0 in Ris Билли: 


(а) {-1 x (b)R ©{1,3} (d) 9 
© (2)The solution set of the equation | X? - 4 X + 3| 2| X - 3 |in R is ............... 
(a) {0,2} (b {2,3} (с) {0,3} (d) {0 52 53} 


ge- 


(231 2Х-31-8|-5 


2 - 
(3) +11 3 


(4) [e -3 хага 


[02-31 
(6314-Х1-1Х-21-10 


( 3 ) The smallest value of the expression 
(a)-1 (b) zero 
& (4) If2*=61 »Шеп|Х-6|1-|Х-5|----“-“- 


( 8 ) The number of integers that satisfies 3 «| X | « 8 equals 


(a) - 11 (b)-1 
(а) 2a (b) -2b 
e 
(a) 24 (b) 20 
(a) - 25 (b) - 10 
(a) 4 (b) 6 
ө 


(1)(Х+1)(1Х]—-1) + 5 = лето 


(5)Ix?-3|4 —2— 23 


(7)(12x-3|-5)(12x-3|4 5)» 11 


& (5) Ifa? b>0 ›-2-<0 „епа? +b? а) =- —— 
()-2а-25 
(6) If-4<X<6anda<|4X-8|<b , ћепа+ь=............... 


Exercise Six | 


(d) 2 


(d) 11 


(d) zero 


(d) 16 


© (7) The product of the roots of the equation : X? 3| X|— 10 20 EQUALS саах 


(d) 25 


(d) 10 


(9) f (M=|2x-5| ›8 (Х) =|Х+1| > then the solution set of the equation 
бо (OQ = 3 inIRis ............... 
@&2,-4} {3,2} 


91353) 


а Find algebraically in IR" the solution set of each of the following equations : 


4! 


--.-14-4-5-1-4-1» 


(27774712 


«1-8 95 30 »-3)» 


« [25-251 1)» 


«(15-1)» 


«242.425 WS ›-{5 |, 


« [8 ‚-2}» 


аар 


Нь | Life Applications on Unit One 


LO From the school book @ 


ЕВ C Mechanics : If the velocity у (t) of a motorcycle is given by 
8t » 051410 
у (0) =: 80 » 10«1«200 where t is the time in second » v in cm /sec. 
—4t4880 » 200<t< 220 
» find : 
(1)v (10) (2) v (150) (3)v (210) 


EJ (3 Geometry : 
If P is the perimeter of a square of side length l , write P as a function of ( [р @)] 


» then find : 
(1)P@) (2)P(12) 


EB 0 Geometry : 
If A is the area of a circle of radius length г » write А as a function of r [A (1)| 
» then find : 


(1)А(2) (2)А(5) 


ГД C3 Industry : 
Said works in a factory producing energy - saving lamps. If his salary was 8 pounds 
every working hour in addition to 0.3 pound for each lamp produced daily : 


( 1 ) Find the function f which expresses Said's salary if he works for 7 hours daily. 


( 2.) Is the function f one - to - one ? Explain your answer. 


Е A Trade: 
A grains merchant pays 50 L.E for each ton getting in or out of his warehouse for loading 
or unloading the goods. Write down the function representing the cost of loading or 
unloading » then represent it graphically. 


Я ш Mechanics : 
A body covered d meters in 3 minutes with a uniform velocity 30 m./min. 
Show that the velocity (v) varies inversely with the time (t) for covering this 
distance and write the function which represents the velocity and time » then represent it 
graphically » then find the time taken to cover this distance if the body moves 
with a velocity of 45 m./min. 


Life Applications | 


u CJ Industry : 
An iron gate whose two sides are 3 metres high and " 
its arc is in the form of a part of the curve of the 
function f : f (X) 2 a (X — 2)? 4 has been designed 
as shown in the opposite figure › find : 3metres 


( 1 ) The value of a | х 


( 2) The maximum height of the gate. 


( 3 ) The width of the gate. «-1 » 4т. ›4 т.» 


[ 8 | LI Geometry : 
If you know that the area included between the curve 
of a quadratic function and a horizontal line segment 
joining between any two points lying on it (as shown 


in the figure) is calculated by the relation a — 4 lz 
(1) Find the area of the figure included between the X-axis and the curve of the 
quadratic function f : f (X)=X? -6 X 4 5 in square units. 
(2) On the same lattice represent the curves of two functions f and g where 
g Q9 2|X—3|- 2 » then find the area of the part included between them in square 


units. 


ы 


, + square unit » 


a LL] Planning cities : A piece of land is included between the curves of the two functions f 
› Where f (X) 2| X 2 3|-2 and g (X) =3 » calculate its area in square units. If the length 
unit is 8 metres › find the area of this land in square meters. « 1600 m2» 


&) LL] Roads nets : Two roads › the first is represented by the curve of the function 
1:209:41Х-5| запі the other is represented by the curve of the function g : g (X) = 5-2х 
If the two roads intersects at the points A and В ; find the distance between A and В to A 
nearest km. if the length unit represents a distance of 5 km. « 36 km. » 


11| [ШЇ Life application on solving inequality : One of the natural gas companies allows 
employing a counter reader if his length ranges between 178 cm. and 192 cm. Express all 
possible lengths for the persons applying to join this job using the absolute value inequality. 
«|Х-185157» 


1 


{А C3 Mechanics : А body moves with a uniform velocity of magnitude 8 cm /sec. 


from the position A to position C passing through the position B without stopping. 
If the distance between the body and the position B is given by d (t) = 8|5 – t| 
where t is the time in seconds and d is the distance in cm. 
( 1 ) Calculate the distance between the body and the 

position B after 2 seconds and after 8 seconds. 

What do you notice ? Explain your answer. 
( 2 ) When does the body become at a distance 16 cm. 

from the position B ? Explain your answer. А с 
(> | When does the body become at a distance less than 8 cm. 


from the position B ? «24 cm. › 24 ст. »3 $7 › |4 56[ » 


KE) CU If a light ray falls on a reflective surface whose pathway 


: : Incidence | Reflection 

is subjected to the modulus function » the measurement of the angle | angle 

incidence angle equals the measurement of the reflection angle. | k 1 4 

In addition › the pathway of the billiard Бай before and after 2 

colliding it against the table edge. 

* The opposite figure shows a billiard player y 
shooting at the black ball. Considering OXand с 
Oy the perpendicular coordinates axes » and 
the path of the ball follows the curve of the 
function f where f (Х) - 4 Ix-5| 


2— 4units 


Does the black ball fall in the pocket B ? 


о 
t> 


Explain your answer mathematically. - 8 units 


Exponents, logarithms 


and their applications 


Unit Exercises 


E | Rational exponents and exponential equations. 
i | Exponential function and its applications. 

E The inverse function 

i Logarithmic function and its graph. 

E Some properties of logarithms. 


* At the end of the unit : 
Life applications on unit two. 


Rational exponents and 
exponential equations Test yourself 


Lì From the school book O Apply Ф Higher Order Thinking Skills 


ЧЕ Multiple choice questions ) 


Choose the correct answer from those given : 


(a) а"? (b) a2™ (c) 2а" (d) ma? 


T 7 7 10 
(а)] а? аб (c) fa^ (4)42 Ya 


С 12**!28 » then X= v 


(a) 1 (b) 2 (c)3 (d)4 
It3**5- 3 E 
сж Os ()-8 (3 


co irs*-!=4*-! Биээ 229 


(а)5 (b) 1 (c) -1 (d) zero 
The solution set of the equation : 5 x?-4 = х2-4 22 

(а) {2} (91-21 (с) {2 ;-2] (d) {zero} 
17**1232X*? ten: 5*1 = s 

(a) zero (b) 1 (c) 2 (d) 5 


Exercise Seven 


e (8) Ш sir. 1 where a > zero › Шеп:а= vere 
(a) 1 (b) -3 (c) 2 (d) 3 
© ( 9 ) The solution set of the equation : 7 x? йб анна 
(а) {-2} (b) {-2 ›4} (©) {-2 »3} (d) {2 »-4} 
e (10) 3-2 , 2/29 ,ћепХу= ----------- 
(a) 2 (b)3 (c) 8 (d) 18 
© (11) Gy 1£5* =2 » then Q5)* = v 
(a) 10 (b) 625 (c) 4 (d) 2 
6 (12) I£2* 2 5 , then 2**? =... 
(a) 15 (b) 4 (c) 10 (d) 20 
e (13) Ш If x2- 64 » then X257 
(а) 512 (5) 16 (c) 4 (d)2 
9 (14) Ifx3-4 › then X27 
(a) 4 (b) 16 (c) +4 (d) + 32 
© (15) QI If 4 X5 = 128 » then X = o 
(а) 4 (b) +2 (c) 2 (d) -2 
9 (16) 128) 7... 
(a) 2 © 4 oi (a4 
e (17) 0 tae = PA 
(a) 8 (b) -8 © @-4 
© (18) IfX,yER then] x? уб = не 
(a) ху? )1xy?l (04 х2у @ = ху? 
$ (19) гд 116 ху... 
(а)2 Ху? )21х1у? (с) 2 Х|у|? (à)2 xly?l 
o (20) If 2*-! = 44 ‚тһеп25—?=..- 
(a) 18 (b) 22 (c) 10 (d) 16 
o Q0) 1t x322y$ = 32 › Шеп Х+у= еее 
(а) 16 (b) zero. (c) 16 .— 16 (d) zero » 16 
© (22) The solution set of the equation : 3** ! + 3% = 12 in R is ee 
(a) (0) ( {3} (©) {1} (d) (150) 


пальто - dey ouest; - а] 


2 @Understand — OApply Ф Higher Order Thinking Skills 


© (23) The solution set of the equation : 3% + 33-Х = 12 і... 


(a) {1 52} (b) {0 53} (с) {3,4} (d) {-1 5-2} 
© (24) The solution set of the equation Wx? - 3x + 2 =0 js eee 
(a) {1,8} (b) {9,3} (c) {8} (9) {1} 
ө (25) The solution set of the equation : 9*-30 x 3*-14.9 <и. 
(91051) 091152) (©) {0 »2} (a) {0 53} 


© (26) The number of real roots of the equation : X" = a where n is an odd number 


(a) 1 (b) 2 (c)3 (d) n 
© (27) The number of real roots of the equation : XÓ = a where a» 0 9 ig ---........... 
(a) 1 (b) 2 (c) 3 (d) 6 
© (28) The number of roots of the equation : X? = 4 is e- 
(a) 1 (b) 2 (c) 3 (d) 4 
© (29) The number of real roots of the equation : X^ = —16 is =- 
(a) zero (b) 1 (c) 2 (d) 4 
© (30) CO The set of the real roots of the equation : (X — 2)* = 16 equals сезсе 
(a) (0) 0914) (c) (8) (d) {0 ›4} 
© (31) The solution set of the equation : (X — 38 = 32 in R ig еее 
(a) {2} (b) {11} (©) {11 ,-5} (d) {-11 5 11} 
© (32) If X CIR" , п is an even integer » which of the following is true ? 
(a) х">0 (b) X" «0 (c) X? 0 (d) X^ 20 


о (33) If XER »nis an odd integer » which of the following is true ? 

(a X^»0 (b) X" «0 (c) X" x0 (d) X20 
5 (34) LL] Which of the following is not equal to x^ ? 

ex) өх © хз @ (x5) 
& (35)Ifa«b«0«c Je (322: 228 
(a) 1 (5)-1 i (c) — (d) = 
* (36) Ifa «0 « b «c › then which of the following does not belong to R ? 


(a) ab (9 bc (ab «c (ас 


Exercise Seven | 


$ (37) н(2х(3-1Х епох 


(a) 27 (b) 48 (c) 72 (d) 108 
ө (38) giéX? „эы 
в” (b 3857 (c) 9** (d) 9 X* 
© (39) 1£3X-2 = 27 s then =н. 
(а) 11 DE ©з (d) 6 
© GUES sition uo 
(a) 54 (b) 27 oi (d) dc 
о (41) If£2* 220 ,n« X«n«1 ən is an integer › then = eee 
(a) 4 (b) 5 (c) 6 (d) 7 
€ (42) I£3* «0 , then eaz 
(а) 0<Х<1 (-1«Х-«0 
(c) X«-1 (d) there are no values for X satisfy this inequality. 
4 (43) CL] The number (2% + 223 + 222) is divisible Буз 
(a) 3 (b) : " (c) 7 (d) 9 
9 (44) If 3* = 4 then 9b + 162 =... 
(а) 7 (b) 12 (c) 20 (d) 25 
ө (45/1(22-3 , 3*-7 , 7°=11 ›їһеп2*°©—.............. 
(a) 11 (b) 27 (c) 21 (d) 231 
© (46) f2* 2a ,3X 2 b 5X z c , then (90) = 
(a) abc (b) abe (c) ab?c (Ч а+26+с 
Second 
i Simplify to the simplest form : 
amer sc a [o£ "m 
mE e ЦЭГЦ T de 
1 1 
(5) СА (18)2 х (12) 2х 1. «36>» (бэрэг E «1» 
(24)2 (63)5 


e Understand 


я Prove that : 
© 


1 
(27) 3x 1 » +3y 


(3) © 


5 4 3 
48x [6 х (15)4 


(1) fn x?- 128 

(3) £x 3-32 

(5) ш {с-1#=з2 
Com +1 2=(327 2 
(9)({х+2)7=з 

an £a x$-10x3+9=0 
(13) Q x +15=8үх 
ase - ^6 - e 


5 
an (3-3----2- 
Nx 


ри d. 
Чы еш 
(3)2*-9-1 
(5) m (813) * =27 


хаз 1. 
(7)2x4 = 32 


5258 ix 25. 
(9)5 х7 = 49 


(11) 123Х-2 х 9Х+1 


18? X 42-2 id 


O Apply 


Rd 
(gi! x (21277 х (49) 9 


8 1 
125 х 1 43х 1073 


=25 


«[-1)» 
«(3-3)» 


«{2,-2}» 
«{-6}» 
«{3}» 


«{2}» 


4» Higher Order Thinking Skills 


2Х-4 3X41 
(2 (3432 Х-3х(4) 23 
a (1969 X x 4 7 


(4) эхо erani 


2*3 6x2* — 


T Find in R the solution set of each of the following equations : 
о 


(2) х?= 4; 

(4) ¥x*=81 

(6) @х+3)3=81 

(8) (x2-5 x49) = 243 
(10) £2 x3-5x344=0 
(12) x-3x2+2=0 

(14) t Tx? -25 (Х-54-0 
(16) га (х5-3 2-4 


п Find їп R the solution set of each of the following equations : 
[3 


(2)5**?2 x**? 415 5-2] » 

(4) xX°-25 = 3X°-25 « {39-3 95 5-5} » 

(6)313Х-41 = g2x-2 {8} 
3\2X-1 27 

(8) (5) 7155 «21» 
X+1 X-1 x 

an 2— 2 —=(3) «оь 

a2) 4, ([3) = «iio 


Exercise Seven | 


2 
(13) ([3)* 7-1 «(055)» | (14)5X-5X = 0.0016 zii ab 
(15) 5€ =25Х+4 «[-254]» (16) £13*-* = (1)* «[6s-7)» 
(17) (7) ***! = 49 «(25-6)» | (18) 32-3 у 76-4Х _ | din 


(19)49* -2x3**! +9 224 «6» о0о) [52-37 2 x5*41=124 «{4} » 


Find in IR the solution set of each of the following equations : 


(1)5**14.5*-1,. 95 «{!}» | (2) 13573-33Х52-162 «121» 


(3) £0 7?-* 4. 7-* 2 50 «01» | (4) £15?*«25226x5* | « {0,2} » 


(5)t22*«25-*-12 «(зэз)» 
1 Х+1 13 1 Х+5 _ 

(6б (2) «(3j «(à =% "Ee 

(7)4*42**12g «fija 

(8)2?***1.33x2* 4 1620 «[-154]» 

(9)57 ^ 8x 4-14 8i «(152)» 
2 2 

(10)9 -1.3653* -5..3—0 «{15-15425-42}> 

(11) 10%-5*-! x 2X-2 = 950 «(315 
3 $. 

(1)Ify422X3-64 then find the value of: 5 X 2y «552» 

4 2 

(2) Q If X223 y 3 2 27 , then find the value of : X + y « 36 0r-18 » 
B ol 

(3)If X329y 3-81 then find the value of : |2 X y | «2» 


1 Find the error : 


(1)-92 c9 AEC - 81-9 


(2)1fx*=81 „еп х= [81 :Х-3 

Find in R x В the solution set of each of the following equations : 

(1)4***« pg. , 52-22-31 «qi ,2)}» 
(2)E13*x5*275 , 3! xs*-45 «{@ 52)}» 
(3)3*x3Y227 , 3%43%=12 «(0525250)» 


UNIT 


2 @ Understand Oo Apply Ф Higher Order Thinking Skills 


a LL] Creative thinking : 
^ 


Find in R the solution set of the equation : 9**! -3X*3. 3X 43-0 «1-231» 


[10] [O Creative thinking : 
eo 


If X? 2 y? and X^*! 2 y^^! , find the value of n «5» 


їйн Higher skills - 
@ Choose the correct answer from the given ones : 


& (1) Ex <0 then x? -AX A03 -2 x1 18 en 


(a) X (b -X (c) 0 (4)-1 
3 
% (2) ШіІға= E »then which of the following numbers is rational ? 
7 
(a) al? (b) а!6 (с) al? (d) a^ 


* (3)Which of the following is not always true ? 
6r |20 5 5 
"Id TH -2 (5) (128 - 244 


6 6 4 
(VX? у?-ху! @ үх (х5-х3 
2 3 
о (4) The solution set of the equation X3 = X2 in R is 17171. 


(a) {1} (b) {- 1 51} (c) {0,1} (d) {0 51 5-1} 


(a) {2 АГ (с) 18 (a 35 


n n 
4 (6) The relation | quU ( Та) is true for all values of өөө 


(ада ER (b) n €Z* - {1} »niseven 
n 
(c) {а ЄК,һЄ2*- {1} (d) nothing of the previous 


2 
& (7 ) The equation ХЗ = a has a solution in IR if еее 


(a) a ER (b) a € R* (уа ER (d) a €m* U {0} 


Exercise Seven | 


^ (вээ 2 312-1 m42 9 then m = --. 


(a) 6 (b) 8 (c) 10 (d) 12 


& 0) lax Ta - 
m n+m Ja. I nm 
@ Ya ъ а ©" "Ya (d) алт" 


t Find in R the solution set of each of the following equations : 


(1)5Х-1хх2-Х-5 «{5 ›2} » 
(2) (x-39*-521 «(5 4)» 
(3)(x-3)*-6$z1 « [65452] » 


Exponential function and ү 
its applications Test yourself 


__ФАрріу | 


О ҮЙ Multiple choice questions 


Choose the correct answer from the given ones : 


Exercise 8 


11 From the school book | @ Understand && Higher Order Thinking Skills 


© (1) I£ f f(X) =a% is an exponential function › then a Ge 


(a) IR (b) R* (c) ЁС (d) R*— {1} 
6 (2) f:f Q023X*? ,thenf (= 2) = еее 

(a) 3 (b) zero (c)-1 (d) 1 
6 (3) If: f (х) =4Х-! sthen f (X+ 1) = ==. 

(a) 4* ()4**! ()4X*? (a) 2* 
o (4) If: f Q0 =2% sthen f (C29 = еее 

(a)-2* (1) (92**! @(1)`* 
о (5): 09 = G7 > then = а 

(а) 5 (b) i (c) 25 (d) л 
© (6)Н: f (X- 1) 22**! ; then f (X) = e 

(a) 2X (b) 2X-! (c)2**2 (à) 2*-2 
о (7) If: f (X=a~ then f (X+1) x f (X-D = f ( ) 

(a)2X+1 (b) à2* (02X (d) 2 
о (8)1f: f (X 1) =2 and f (а) 28 s then a = re 

(a) 3 (b) 2 (c)4 (d) 5 


Exercise Eight | 


© (9)1f: f Q9 2 3*-? , then the solution set of the equation : /(Х-1)-48118----- 
(a) {7} 09 {5} (с {4} @ {3} 


© (10) If f (Q 2 2 * , then the solution set of the equation f (2 X) — f (X + 1) = zero 


(a) {0} (b {0,1} (011) (1-1) 


© (11) If f (x) =3~ ,then the value of X which satisfy the equation : f (X + 1) - f (Х- 1) 224 


(a) 2 (b) 3 (c) 8 (d) zero. 
€ (12) If f 00 23 X , then the value of X which satisfy the relation : 
fQ3)-24f (X- Y-F 2) =0ів werner 


(а)2,3. (b) 2 » zero (c) 2 (d)2 5-1 
* (13) LL] The exponential function of base a is increasing if ------- 
(а) а»0 (b)a»1 (c)0«a«1 (d)azl 
* (14) C The exponential function of base a is decreasing if =- 
(а)а»0 (0)а«0 (c)0«a«1 (d)-1«a«0 
© (15) The range of the function f : f (X) = (2) is e 
(a) |-өө › oof (b) 1-өө»01 (c) Jo ›=[ @ J 5 eof 
* (16) If f (0) 2 2 * , then f (© is decreasing when X € ............... 
(а) R (b) R * (c) R^ (4) 2 


^ (17) Which of the following functions is increasing on its domain ? 
1\* х 2 \Х Х 
(f eo = (1) (5f 09-3 0f00-(23) @fw=s 
X41 
* (18) Ifn (х) = (2) 1 » then it represents ............... 
(a) an exponential function with base (-4) 
(b) an exponential function with exponent (X + 1) 


(c) not an exponential function because the base < 0 


(d) both (a) and (b) 
© (19) If f (x) 2 2** ! and the point (a E 1) Eto the curve of the function f › then a= -.............. 
(а) + (b)-1 (c)2 (d)-2 


& (20) If y =2*,y =3% , y, =4% where X>0 s then =: 
1 2 Уз 


(a) y, > y5 > ya (b) y, > Уз > Y; (с) y5» y57 y (d) y5» y, » y; 
(MP) лолу Yl) ed - zz, с\з, - yalsdl 


O Apply ф Higher Order Thinking Skills 


o (21) If f (X) =a” , then ++ 

(a) Г(Х-ку)- 709470) (D f (X-y = f CO- f (у) 
()f(X*y2f00.fQ) (4) f (Xy = f OO .f (у) 

© (22) If the curve of the function f : f (X) = 2 X is shifted one unit to the left › then the new 
function is g: g CO = еее 

(a) 2*1 (5) 2Х-1 ()-2Х (d)-2!-X 
© (23) The curve of the function f : f (X) 23 X is the image of the curve of the function 
g:g (X) = – 3 X by reflection in +. 

(a) y 20 (b) X20 (с)у-Х (фу--Х 
© (24) (11 The equation of the symmetry axis of the two functions f » g where f (X) = 3 х 
and g co-(4)"is ТРЕЯ 


(а)у=0 (b) X20 (c)y=X Фу=-х 

© (25) The curve of the function f : f (X) = 5 X intersects the y-axis at the point --------------: 
(a) (1 ›0) (b) (0 » 1) (c) (5 ›1) (d) ›5) 

© (26) The curve of the function f : f (X) = 2X*? intersects the y-axis at the point гөө 
(a) (0 » 1) (b) (0 »2) (c) (0 » 4) (d) (0,8) 

© (27) The straight line у = 9 cuts the curve of the function f : f (X) =3 X at the point --ннннөн 
(a) (0 » 1) (b) (2.0) (с) (2 » 9) (d) (1 »9) 


© (28) If the point (a » b) where a #0 Нез on the curve of the function y = 2Х , which of 
K 

the following points lies on the curve of the function y = (4) ? 

(a) (a » b) (b) (- a » b) (c) (a »- b) «5 (a » d v) 


© (29) If the point (a » b) lies on the curve of the function y = 2 X ‚ then which of the following 
points lies on the curve of the function y = 2 MS 
(a) (a » b) (b) (a - 3 » b) (c) (a »b +3) (d) (a » 8 b) 


° (30) ГЦ The exponential function f where f (X) = aX ,а> 1 sits curve approaches -------------- 


(a) the X-axis (positive direction) (b) the X-axis (negative direction) 
(c) the y-axis (positive direction) (d) the y-axis (negative direction) 

2 (31) C In the exponential function f : f (X) 2a* за» 1 › еп f 00» 1 when X € зт 
(а) IR (b) R* (с) ЁС (d) Z 
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© (32) Which of the functions that are defined by the following rules represents an exponential 
growth function ? 
X x 

(f00-2-* Ф/00-(4) © (:c0-3* | (@убо=(2) 
© (33) Which of the functions that are defined by the following rules represents an exponential 
decay function ? 

(a) f 00) =2* wra=(4)* ого=зх «rco-(2) 
© (34) The opposite figure represents the curve of the function y = ах 
»thenaz............... 
(а)2 

(b) 3 

(c) 4 
(4) 9 


(a) 10 ›=[ (b) ]- 50] (c) ›=[ (d) ]- e › 1] 


(a) (b) (c) (d) 
© (37) The opposite figure shows the function f where - 
(a) Р(Х) =2**! 
(6) f (00) =2-* 
отед © 


(2f(922* 


2 e Understand O Apply 4» Higher Order Thinking Skills 


<. (38) An amount of 5000 pounds is deposited in a bank gives a yearly compound interest 
5% for 7 years = ·----------.--- pounds. 

(a) 6750 (b) 7035.5 (c) 5350 (d) 8500 

2, (39) Galal bought a car for 200000 pounds › if the car price depreciated by 0.4 96 yearly. 
Which of the following functions express the car price after n years ? 

(a) y = 200000 х (0.4)" (b) y = 200000 (0.996)" 

(c) y = 200000 х (1.4)" (d) y = 200000 (0.2)" 


Second 


KB C Show which of the functions defined by the following rules is an exponential 


о 
function › then determine the base and the power of each : 


(1)700-237 | (2)700= 2 @* 
= ү 
(5169 = (2) 


1 


(3109 = 


(6)7(00=(— 7х 


(4) 7 (0) =3 2-1 


єз _&Х “1(Х44)-10Х43) 1 
2 If f 0025 » then find the value of : z^ — (x44) «5» 
a 
9 


£D If f Q9 = 7**! , then find the value of X that satisfies : 


Ї(2Х-1)4-1(Х-2)-50 «1» 


а ГД If f, (x) = Запа f, (X) = 9* » then find the value of X that satisfies : 
Е 
f, QX- 1) * f, QC 1 = 756 adi» 


f(X+I+f(K+2)_ 


If f : В — > В’ where f (X) = a^ » then prove that Гүү лу 700) = 


(5) 
o 

_ ax fOxe24fQx-Dn 7 
ü If f (X) = 3% > then prove that 077057) = 2 


f (X+1)x f (X+2) 
f (X+3) 


1041) f(X-) 17 
fx-)n fri) 4 


If f (X)= 33X-1 , then prove that : =f (X) 


If f (X)= 7* , then find the value of X satisfying : 
füx-D«fax«n- 20 «=, 


ex 

E] 
ü CD mx) 2Х , then prove that : 
a 

9 
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ўж) ў) _ 


E -f00. 
17 00-22 and e кту; 


f (X-2) , then find X «3» 


Ї(2Х-1) 


уст) e 4-3)» 


Ф 
a If f (X) 2 3-Х , then find the S.S. of the equation : 
e 


a If f (X) = 3X-! , then find the value of X satisfying : f (X + 2) + f (4-Х) 230 «0or2» 
Ф 


a If f (X) = 2* , then find the S.S. of the equation : f (2 X) - 6f (X) +f (3) 20 «(152)» 


e If f (X) = 3* , then find the S.S. of the equation : f (X) +} ( x) = 12 «{2}» 
Ф 


9 If f (Х- 2) 23* , then find the value of X that satisfies : f (3 X+ 1) – f (3 X-1) 224 «0» 
© 


ш { Write the rule of each function under its suitable graph : 
(1)у=3х (2)y=3-* (3) y=-3* (4)y=-3* 
(5)y=3*-1 (6)yz3*-! (7)y=3!-* (8)ys1-3* 


7 
Fig. (6) Fig. (7) Fig. (8) 


ш Ш Represent graphically each of the following functions ; then find the domain 
and the range of each , also determine which is increasing and which is decreasing : 


(1)f09-3X (2)100-(4)5 (3)/09--30)* 


Х-1 


-ü (6) 109 -2(2) +1 


1” 


(4)f09-2**' «1 | (5)700-(1 
2X 3 
(srw =- (1) +2 


2 e Understand O Apply Ф Higher Order Thinking Skills 


[Т] Find graphically in R the solution set of each of the following equations : 
© 


(1)2***-4 (2)2*=8 (3)3*24-x 

(4) Е 3%"? =3-x (8y2!-*- x45 (6) 4Х+1-4-х 

(7) 2*=2x (8) 2% =3%t! (9)2X*1231-X 
18) If f : R— Rt where f (X) = 3*-! , graph the function where X €[- 2 »3] » 

from the graph find : 

(1) #(3) (2) The value of X when : 3%! 27. «17,28» 


1-X? , Х<0 
Graph the function f : f (X) = iX 
(1) » Х»0 


and from the graph » deduce the domain and the range of the function and its monotonicity. 


B 


Draw the function f : f (X) = 21X1 , then from the graph » deduce the range of the 


function and its monotonicity and show whether it is odd » even or otherwise. 


Ixl 
Draw the function f : f (X) = (4) » then from the graph » deduce the range of 


the function and its monotonicity and show whether it is odd » even or otherwise. 


If f (X) = 5X and f (1 + sin X) + f (- 1 + sin X) = 26 » find the real values of X 


B 


«Х- 2+2 ла where п 2 Z » 


QO Creative thinking : 


-В 


1 
— —  —— has a constant value whatever the 


1 
X : 
Iff(00z2 s Bien pue that: 77-ТЭЭВ 15 zi 


value of X 


Applications on the exponential growth and decay 


(25 | CL] Saving : 

^ 
Ziad deposit L.E. 80000 in a bank which gives an annual interest of 10.5% » 
Find the total amount of money after 10 years. 


given that the total amount is given by C =а (1+ r)' where t is the number of years » a is 


the starting amount »r is the annual interest. «Г.Е. 217126» 


Exercise Eight -eJ $ 


[26) In-habitation : 
T If the population of a country at the end of the year 2000 is 43.3 million and the rate of 
population increasing is 1.5% yearly. 


(1) Find a form represents the population of this country after n years from the year 2000 
(2) Use this form to find the expected population of this country at the year 2020 


« 58.3 millions » 


[27] CI Sport : 

T The number of spectators of a football team decreases at the rate of 4 96 each match as 

a result of recurrent loss in a championship. If the number of spectators in the first match 
was 36400 » write the exponential function which represents the number of spectators (y) 
н in the match (t) » then estimate the number of fans in the tenth match. « 24200 fans » 


LI Investment : 


The number of cows in a cattle farm is 80 cows and the reproduction rate of these cows is 


18 % annually. Find the number of cows after 4 years. « 155 cows » 


a ЕД Population : 
The number of population in a city of A.R.E. reached 4.6 million people with an average 
increase 4 % annually. 


( 1 ) Write the exponential growth function after t years. 
(2 ) Estimate the number of population after 5 years. « 5.6 millions » 


[30] Industry : 

? The production of gold mine is decreasing with the rate 596 yearly › if the production of 
the mine in the first year was about 254 kg. evaluate the production of the mine in the 

9% year, « 160 kg. » 


ЕП Biology : 
If the amount of the bacterium at an instant 2000 bacterium and it is increasing with the 


rate 796 per hour. 
Find the amount of the bacterium after 11 hours. « 4210 bacterium » 


32) C A man deposited a capital of L.E. 5000 in one of the banks with annual compound 
interest 896. Find the sum of the capital after 10 year in each of the following : 


( 1 ) The interest compounded annually. « LE. 10794.62 » 
( 2 ) The interest compounded quarter annually. «Г.Е. 110402 » 
( 3 ) The interest compounded monthly. «LE. 110982 » 


2 Ф Understand O Apply Ф Higher Order Thinking Skills 


Choose the correct answer from the given ones : 
е ( 1 ) The function f : f (0 = (2а)Х is decreasing when a € 
(а) 0,1 (9154 (c) 10,21 @ 0,2] 


x 
e (2) If the function f : f OO = (2) is an increasing exponential function » then 


(а)а»0 (Б)а>1 (с)а> 3 (d)a«3 

6 (3) If f : f (X) = (a – 2)* is an exponential function » then --------------- 

(a) a GR* - {2} (b) a»2 (c) a «2 (d) aE ]2 ,=[ – {3} 
* (4) Which of the following curves intersects X-axis ? 

a f09=(4)" (b) f (X)=2%+3 ()f0923*-1 (0) 00 = 3%! 

& (5 ) If the straight line y = 8 cuts the two curves y = 27 sy = (17 at the two points А › В 
respectively » then the length of AB = -++ length unit. 

(a) 2 (3 (c) 4 (d) 6 

& ( 6 ) When the curve of the function f : f (X) = 3* is reflected about y-axis › then shifted 


5 units upwards » then the new function is g: g (X) = veer 


(а) 5-3-Х (b) -3* +5 
(c) 3X - 5 (d)3-X-5 
&CDIE O07 S then £09 f 739 € 
2 9*43 1 
(a) T MC m (03 (d) 1 
ER T 2 3. 10). 
& (DIE Q9 воа fl Г) +7 (2) +4 (8) +099) = кше» 
(a) 5 (b) 6 © б. (9) 10 


Exercise 9 The inverse function 


Test yourself 


CÌ From the school book | e. Unde irstand | O Apply E Higher Order Thinking Skills 


| Fist Т choice questions 1 
— ——: 


Choose the correct answer from those given : 


» ( 1) If f is an odd function and g is a function where the curve of g is the image of the curve 


of f by reflection in the straight line y = X » then -+--+ 
(9809-2009 (800--1- (0Е00-/:100) (àgCO-(fof)CO 


® (2) Which of the following does шин an inverse function ? 
@у=үх (ys3x (у= х? фу-х? 

è (3) The function f » f ^! are image of each other by reflection in the straight line - 
(a) y 0 (b) X20 (c)y=-X (d)y=X 

о (4) If(a»b)€ the curve of the function f » then -...-..-....-.. € the curve of the function f~! 
(a) (a » b) (b) (a »— b) (c) (b ›а) (d) (b »— a) 

> (5) If f (7) =3 thenf ^! (3) = ere 
(a) 3 (b) 4 (c) 7 (d) 10 

» (6) If the function f = {(1 ›4) (25-3) ›(3 > 1) » (4 ›0)} then f7! (1) + f (2) = eee 
(а)-1 (b) zero (c) 1 (d) 3 


о ( 7 ) If the function f. —1 where $ -1- 10 »3) »(5 >b)} is the inverse function of the function 
f where f = {(4 55) ›(а›2)} › then a— b = s 


(a) zero (b) 1 (c) - 1 (d) 2 


(M: P) А о Y / o old - эч сә, - ма] 


2 @Understand — O/Apply « Higher Order Thinking Skills 


© (8) If the straight line y = X intersects the one - to - one function f at the point (2 » 2) › then 


it intersects the function f -1 at the point eee 
(а) (-2 $2) (b) (2 › 2) ()(-25-2)  ($Q5-2 
о (9) If f is a function where f (302 X 4-2 »Шеп f^ 1 (X) = 
(a) X42 (b -X42 (c) x-2 (d) 5 
© (10) If f is a function where f (X) 2 7 X › then f! (X) = = 
(a) 7X ых (x @7-х 
© (11) The image of the point (3 »-1) by reflection in the straight line y = X is з 
(а) G »- 1) (0(-1»-3) (c) C 1 »3) (d) G »1) 


© (12) If the curve of the function f intersects the curve of the function f -1 at the point 
(k »2К-3) »ШепК- n 


(a) 2 (b) 3 (с) 4 (d) 5 
© (13) If the curve of the function f intersects the curve of the function f ^ ! at the point (a , =] 
Айра: агаа 
(a) 2 (b) +2 (c) 4 (d) x4 
& (14) If f ^! is the inverse function of the function f › then энэн 
(a) domain of f ^ ! = domain of f (b) domain of f~! = range of f 
(c) range of f ^ 1 = range of f (d) range of f ^ 1 = domain of f^! 


3 n . . 
ө (15) Ify = Tx » then its inverse function is y = гэн 


(a) ix (b) X? (c) X?-1 (d) 3 x? 
© (16) If f Q0 =X? +7 sthen f! (= 1) = 
(a) 1 (b) 2 (c)-2 (d) 8 


А (17) If the function f : f 00 =515 +2 аш ол” 


пин ( 51-2 (c) f 00 (d) f -») 
e (18) If f is a function where f (X) = 3 «^| x -1 » then the range of f ^! is 1111 
(a) [3 sel ©) Ву! юше | godes 


& (19) If f » g are two functions where f (X) =4Х- 12 › $ (X) =аХ + 3 and each one of them 


is the inverse function of the other » then = өн 


(a)-4 Ф 1 ()4 ОЕ 
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$ (20) If f (X) = 5 X + b is the inverse function of g (X) 2c X+ 4 , then b X € = se- 


(a) 4 (6) –4 (с) 20 (d) - 20 
e (21) tf^! (0) =2Х+1 sthen f (Q = еее 
(09-2X-1 (i x+] () 1 x-1 @ 5+1 
@ Q2) If f: X —, y sand f Q9 = 3 E and 5 52) € f^! епке 
(a) zero (b)1 (c) 2 (d)3 
e (23) If f (х) = 2: +b s Шеп f^! (a) + f (b) =. 
(a) undefined. (b)a-b (c) a b (d) zero. 
€ Q4) 1£3/09 22 x - 1 s then f7! (0) =... 
(a) 1 (b)-1 (c) 2 (d) 5 
9 (25) F7! o f) OO = өнг“ 
(a) X бэ (0700 (d) 771 Qo 
© (26) If f : R- {2} — R- {1} where f Q9 = £27 s then f ^! (4) = nee 
(a) 2 (b) 3 (c) 4 (d) 5 
9(27)И7:100- 2X*3 then the domain of the inverse function f dore 


3Х-5 
(a)R O92-L3) ©в-{2} @в- {22,2} 
© (28) LL] The opposite figure 


represents the function f : X ——» Y ; 


then f7} (2) =. 
(a) 1 (b) 5 
(04 (@7 


< (29) The opposite figure represents 


the curve of the function f › 
then f^! (0) + f^ 1 (6) =з 


(a)- 1 
(b) 3 
(c) 5 
(d) 8 


UNIT 


2 e Understand O Apply & Higher Order Thinking Skills 


è (30) If the opposite figure represent у 
the function f : f 09 =x »x20 LL. 


» then which of the following figures 


| 
| | 

represent the function f~! ? х | | | х 
Е 


14511118 Essay questions 


EB Find the inverse function for each of the following : 
ө 


(2) 17={(1 ›2) › (2 ›3) › (3 4) 


со | 


лоот [41 |] 
(3) 00) =2Х+5 (4) 0 100=1х+4 
(53 1709-5434 (6) 1700-8х3-1 
(7)100-Үх-1 (8) 1700-14-х 
(9) 1700-2-13-х (10) (QQ f Q9 = X? where X 20 


(11) f QQ = (X + 2)? where X x 2 (12) CQ) f CO = (X - 1? + 2 where X2 1 
(13) CO f C0 2 X? - 8 X 4 7 where X2 4 

(14) £D f 09 249 x? where -3 « x «0 

(15) D f (x) ={9-Х? where 0 < x «3 


(16) f :IR* — В where f (X) ==> 


+2 
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а Which of the following functions has an inverse function : 
сэл ={(1 92) › (2 94) › (3 ›5)} (2) f,={C1 ›3) › (0 ›2) «(1 ,3)} 
(3) f; 00 = X? - 1 where XER (4) f 00 2| X| where XER 


EB Determine whether each of the two functions f and g is inverse function to the other 
e 


or not in each of the following : 
(1)f0922x-3 , вод-233 
(2) 00 = X!«A4where X20 » (0-1Х-4 


8 -45Х-3 
G) O=- › в00= 3€ 
3 3 
(49700-14Х » вод=®- 


2) (1) GOI f Q9 =5 X » find f ! (20 and represent it graphically. 
( 2 ) The opposite figure represents 
the function f from X to Y ; then find 


e U N =- 
Z 


the value of : f^! (6) +2 f^! (c) 


a In each of the following figures draw in the same figure the curve of the inverse 
function f~ : 


(2) 


UNIT 


2 eUnderstand — O Apply 4» Higher Order Thinking Skills 


(3) L3 (4) 


(5) (6) EH 


о Which of the functions defined by the following rules its inverse is the function itself : 
(1)f0922X 
(2)f ==Х 


(4) 00=7-Х 


1 
x-3 


5 22 
(6) 00) = +k where k ER 


+5 


(S) f= 
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и С] Discover the error : 


Wael and Rana tried to find the inverse function of the function f : f (X) = 2-5 


х 


Rana's answer 


Wael's answer 


ie 58 «exchanging the variables» 
M 


/. УХ=У- 5 «cross multiplication» 
“ yX-y=-5 =. y (X-1)=-5 


.0-1 _ -5 
of eT 


Which answer is correct ? Why ? 


о Ш In each of the following › determine the domain іп which the function f has 


an inverse function : 
(1))f092x? (2)f 09 2x? (3)700=1х 


Х-1 


Find the inverse function of the function f where f (X) = Хал 


a 
о 
üe If each of the two functions f » g where f (X) =2 Х+а » g(X)=bX+3isan 


inverse function to the other » then find the value of each of a and b «-65 


Choose the correct answer from the given ones : 

&(1)Iff OOsaX«b » /71(9)-3 » f-'()=2>sthenax ba 
(a) 12 (b) - 10 (c) - 8 (4)-7 

e (2)Iff Cos X? » gO92X-3 » then the solution set of the equation 
g(f c0) == is ккк 


(а) {2,-3} (5) {3} (с) {3-2} 00 {2 53} 
: _1090+1 =й pay 
9 (3) E fi R- [- 19 —eR- {2} where Х= == s then f © 
(4)-4 (b) -3 (c) -2 (9-1 
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ё (4) f  R- {1} —eR- {3} where f Q9 =®^+5 »Шеп F (1) =. 


(а) – 2 (b) zero (c) 2 (d) undefined 
2 (5)IE f R — = R where f (х) = -5 › g:IR—~+R where g (X) 22 X-7 » 
then (go f7 Q9 = ee 


(a) 2 X?—3 (b 2X?-5 (02 X? 43 (d) 2 X? +5 
& (6)1£ f : «R — R where f (X) 23 X-4 > then f^! (X 42) =... 

(a) 2 (X72 (94 (дф ^+ 
о (7)Iff OQ = X2 43X^ 43 X & 1 s then fo! Qo = ee 

(a) QC 1»? ox- 1 x 1 (d) 7-1 


4. (8 ) The opposite figure represents the curve 


of the function f~! (X) > 

then (f o f) (zero) = eee 
(a) -3 (b) -2 
(c) zero (d) 1 


Р ЭХ 
Exercise 0 Logarithmic function 


and its graph “Test yourself 
CÌ From the school book | e Understand O Apply €» Higher Order Thinking Skills 
Multiple choice questions | 
Choose the correct answer from those given : 
$ (1) The form log, X = y is equivalent to =+- 
(a) log, y = X (b) ау =X (c) aX z y (Фу=ах 
© (2)Log, = yb 
(а) -2 (b) -4 (c) 3 (d) 5 
© (3) Log, log, 8 = --------------- 
(a) -2 (b) - 1 (c) 1 (4) 4 
$(4)1flog001 =3Х+1 > then X= eere 
(a) -3 (b -1 (c) 2 (d) 7 
© (5) If log} X22 »then X = ver 
(a) 3 (b) 5 (c) 8 (d) 9 
ә (6) Iflog X2-1 o then X = eeren 
(a) - 3 (b)-1 (c) 1 (d) 3 
Ф( 7 )Iflog; X=log, 9 »Шеп X2 ен 
(а) 1 (5) 2 (c) 3 (d)4 
о (8 ) If log; Х=2 » then log (40 X) = eeren 
(3) 3 (b) 25 (c) 100 (d) 1000 


(vr: P) Хэд Ү/ (ул ou - i OSL, - на] 


@Understand @Apply = $ Higher Order Thinking Skills 


9 (9 )IfLog, X23 > then log; = аа 


(a) 2 (b) 3 (c) 25 (d) 125 
o (10) @ If log (X + 11) 22 s then X = еее 

(a) - 9 (b) 22 (c) 89 (d) 91 
ө (11) If log 4x +4 = i s then X2 77 

(a) 2 (b) 4 (c) 6 (d) 8 
© (12) The S.S. of the equation log, 81 = 4 in R is +--+ 

(a) {- 3} (b) {3} (c) (3 ›-3} (919) 
5 (13) The solution set of the equation : log 27 32-2inRis eee 

016) (9 {9} 1131 (d) rdi 
9 (14) If Log 25 22 »then X? X? - X = з 

(a) 95 (b) 105 (c) 145 (d) 155 
9 (15) If log , 2 X+ 3) 22 » then X = ~ 

(a) 3 (b) 2 (c) 9 (d) 4 
о (16) The solution set of the equation log (X — 1) = zero is e- 

(a) 145) (b) {1} (c) {2} (91-11 
о (17) The S.S. of the equation logy (3 Х-2) = 2 in R is еее 

(a) (152) (b) {1} (c) {2} (4) @ 
о (18) If log „(Х + 6) 22 »Шеп X € зе 

(a) (3 »-2| (b) [3] (с) {3,1} ( {6 51} 
^ (19) If the solution set of the equation : log „64 X = 4 in Ris зз 

(a) {2} (b) {4} (c) {6} (9) {0,4} 
9 (20) If log у, ,,64 73 s then X € 

(а) {6 »- 2] (5 {2 »- 6} (c) (0 »-8} (d) (4-8) 
© (21) If log, (4 + log, X) 22 s then X = we 

(a) 16 (b) 32 (c) 64 (d) 128 
© (22) If log, log ; log, X = zero » then X = +--+ 

(a) 4 (b) 8 (c) 16 (d) 32 
© (23) If f (X) 2 2* » then log, f(X) = vs 

(a) 1 (b) X (c) f (0 (d) 2 
ө (24) If (х) =3 > then f^  QQ =... 

(a) log, 3 (b) log , X (с) X? (4) 3Х 
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© (25) f (X) = log, (X +4) s then f7! (2) =... 


(a) 6 (b) 5 (с) log 4 6 (d) 10553 
9 (26) If (3) = log, (X + k) and f~! (3) = 1 sthenk =... 

(a) 4 (b) 5 (c) 6 (d) 7 
© (27) The value of logg 33 =... (by using calculator) 

(a) 1.95 (b) 0.0512 (c) 2.297 (d) 0.74 
© (28) The value of X where log X = 0.35 is -.............. (to the nearest thousandths) 

(a) 3.534 (b) 2.839 (c) 2.239 (d) x 2.239 
© (29) The curve of the function f : f (X) = log 2 (X + 1) intersects the X-axis at 

the point --.---.-.-..... 

(a) (0 +0) (b) (1,0) (с) (2 50) (d) (1 » 1) 


© (30) The curve of the function f : f (X) = log, (3 — X) intersects the X-axis 


at the рош 


(а) (1 »0) (b) (2 ›0) (c) (0 » 1) (d) (3 ›0) 
© (31) The range of the function f : f (X) = log X is e 
(a) В+ (b) С (c) Ё (d) R? 


© (32) The function f : f (X) = log , X is decreasing for every a Єз 
(a) ]0 > e [ (b) ]- e» »0[ (с) Jo » 1[ (d) Jl » e [ 
© (33) If the function f : f 00 log X »then f (4) + f (8) = v 

2 


(a) - 3 (b) -1 (c) 2 (d) 5 
© (34) If log; f G0 = X » then 8 f (2) + f 3) + f (0) =. 
(a) 1 (b 4 (c) 11 (d) 22 
© (35) C3 If the curve of the function y = log, (1 — a X) passes through the point (1 „— 1) 
еа аашаа 
(а) 2 (b) 3 (c) 4 (d) 8 


о (36) Г If the curve of the function f where f (X) = log, X passes through the point 
(8 »3) »then /(4)- — 


(a) 1 (b)2 © i (d) -2 
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о (37) [Г] The domain of the function f where f (X) = log, -x) З 18 еее 


(а) |» 0| 90:34. ®]-=›, 1 (©) >= (à ]- 1 »1[ 
© (38) ГГ] The domain of the function f : f (X) = logy уу X İS зет 
(a) X20 (b) Х«1 (c))O« X«1 (400<Х<1 
© (39) The domain of the function f : f (X) = log y (5 - X) is нөөс“ 
(a) Jo »5[- {1} (b) [0 » 5] (c) Jo ›5[ (d) ]- e» »5[ 
© (40) If log, X=log, y > then e 
(a) y=X (b) y=-X (c) y-a* (d) х-а? 
о (41) If log, X= log, y »then X = y because f (X) = log, Xis еее function. 
(a) an odd (b) an even (c) an increasing (d) one - to - one 


$ (42)1f (Х) = log, X »a € 0, 1[ › then all the following statements are true 
except «m 

(а) iflog, X= log, y »then X= y 

(b) the function f is increasing on its domain. 

(c) if log, Хэ log, y »then X «y 

(d) the function f is neither odd nor even. 

© (43)1flog, X «0 where a> 1 »then X € өн, 

(а) Jo s 1| (5) ]1 > eof (c) -өө»0| (d) 0 «| 
о (44) The opposite figure shows 


the curve of the function 


f:fQOzlog, X» 


then b = -- е 
(a) а? (b) a4 3 
(c) a? (d) за 


© (45) CA The opposite figure 

represents the function -+--+ 

(уг 32! (b) y=3**! 

(с) y = log; (2-Х) (d) y = log, (3 - X) 


100) 


Exercise Ten 


Express each of the following in the equivalent exponential form : 
(1) log, 128 27 (2)log; & -2 (3) 03 юр,4 2-3 
5 


а Express each of the following іп the equivalent logarithmic form : 
(1) 6 5°=1 ( 2) 107 *-0.0001 (3) Kl 5*« 1 
£3 Find the value of each of the following : 
(1) GQ log, 16 «4» | (2) С log, 1 «0» | (3) GQ log0.00001 «-5» 
(4) Ш log, 128 «-7» (5) ED log, 4 «-3» (6) log, 8*2 «7» 
2 


4 
(7) Q log, 127 «3» | (8) log, cos 45° — «-1» 


GB Solve each of the following equations in В : 


(1) log, X27 «128» | (2) log, Х=-2 Iro 
(3) log, Х2=4 «#9» | (4) logs, x= 2 «27» 
(5) log, X! 2-5 «32» | (6) Е] log, (log, X)=1 «9» 
3 
(7) @ log, 2 X- 5) 0 <3» | (8) logg Vx? «482 2 «#4» 
( 9) log, log, (Х2-23)-1 «4or-2» | (10) ШД log, 12Х-11-1 «2ог-3» 
(11) log, X (X4 6) 24 «2or-8» (12) log, (X?-229 21 «Зог-1» 
(13) (log, X}? — 9 log, X 20 =0 « 81 ог243» | (14) log, (3-3 Х-2) =3 «2» 
узен, d «-1» | (16) llogi X - 2122 « 0 or 1» 
C Find in R the S.S. of each of the following equations : 
( 1)1og, 125 23 «5» | (2) log, 2=5 «р 
1 -3 
(3) log, 32-2 «Р (4) log, 0.001 = 77 «{ 10000 }» 
(5 ) 108 8124 «53» | (6) log, 27=3 «4» 
(7) log, (7-Х) =2 «{3}» | (8) log, 64=-3 «аЬ 
X 
(9) Е log, 5x=2 «{5}» | (10) log, x°=5 x «425» 
(11) log, log, log 27 2 0 «[3)» | (12) log, (X ?- 12) 2 1 «[4]» 


(13) loge ((х- 2- 2) =й «(2 53)» | (14) dog, 07? + 15=8 log, X «(243 527» 
(15) 108,5 (X —2) + log, (X - 2) = 4 «{29}» 
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£8 Find the value of X in each of the following : 


( 1)1og, 82 =x «Р | (2) log 262515 = x? EEN 

(3) logy, 0.09 =x~? oS (4) GD log, (2*-4)+x-5=0 «3» 
2 

(5) Е log, (13-18, (X- D] 22. «9» (6) CO log, = „=! «Зы 


u Using the calculator › find the value of each of the following approximating to the 
nearest 4 decimals : 


( 1) LH log 3.15 ( 2)1og; 27 (3)4 log 7-5 log 13 


ca Using the calculator ; find the value of X in each of the following approximating to 
the nearest 4 decimals : 


( 1) log X = 0.2345 (2 )log X2 1412 (3) log X=-03 


ЁЗ Find in R x R the solution set for each pair of the following equations : 
(1)ХУ7-5Х-4 » log, 162 y «{(4 »2)]» 
(2 ) log, log, log, y =0 > log, 9=1 «{(3 ›9)}» 


10) If log,,49=a > log; 25 = » prove that : 4*1 = 10 


ш Determine the domain of each of the functions that are defined by the following rules : 


(1) A 700 = 1log, 2 X * 1) (2) Qf C922log X 

(3)f (X)=log, X (4)f (0) = ову Х 

(5) #0) -log, xX (6) E f C9 - logs. x9 (X - 3) 
(7)f О) = ову з X? (8)fQ9-logy,, GX4 1) 
(9) f Q0 = log, G - 3) (X+ 1) (10) f 00 = logy, G -X (Х+ 1) 


ЕЙ If the curve of the function f : f (00 = log, X is passing through the point (81 , 4) » 
find the value of a › then graph the function f taking X ЯГ , 9] » from the graph : 


( 1 ) Deduce domain and range and monotonicity and the point of intersection with X-axis. 


( 2 ) Find approximated value to the number log, 5 
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B If the curve of the function f : f (00 = log, Х 18 passing 5 (т, 3) » find the value 
of a » then graph the curve of the function f » taking X єр i 4] » from the graph deduce 
the range » monotonicity and the intersection point of the curve with the X-axis » then 


find approximated value to the number log | 3.5 
2 


a Use the curve of the function f : f (X) = log ; X to represent each of the functions 
2 
that are defined by the following rules , from the graph determine domain » range 


and monotonicity of each function : 
(1)g00-2lg,X«2 . (2)11100-108:1(Х41). (3)hO9--log,X 
2 2 2 


15) Use the curve of the function f : f (X) = log, X to represent each of the functions that 
are defined by the following rules › from the graph determine the domain › range 
and monotonicity of each function : 

(1) (09 =1og, (X - 2) (2) 100) = 108, Х+1 

(3) (0 =-log, X (4) в (2) = log, (- X) 


16 {Ц Graph in the same lattice each of the two functions g » f where g (X) = log, X » 
f 09 2 6 - X › then use that to find the solution set of the equation log, X=6-X «{4}» 


ш Graph in the same lattice each of the two functions g » f where g (X) = log, X › 
f O0 24- X › then use that to find the solution set of the equation log, X 24— X «{3}» 


Choose the correct answer from the given ones : 


© (1) If f (X) = log, Q X+ 4) and f^! (5) = 14 » then a = s 


(а) 1 (5) 2 (c) 3 (9)4 

© (2) Ну: R*— R > f (X) = log, X and f^! (a + 3) =32 › then a = 
(a)-4 0-2 ()-1 (9-1 

& (3) If f O0 = 108, (X+ 1) »g (X) = 5 + log, (Х- 1) » then (fog) (10) = =- 
(а) 3 (b)4 (c) 5 (d) 6 

е (4) Iflog (Х- 5) > zero » then ээс, 
(a) X»5 (b) X>6 (c) X»1 (d) X «5 
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© ( 5) The solution set of the equation : log , log || x — 1 [+ 5[=1 in Ris не 


(a) {2 54} (b) {2 5-2 54-4} 
(©) (-2 ›4} (a) {4} 
& ( 6 ) The opposite figure represents the curve of у 


the function f : f (X) = log, (X +b) > | иш ярж a) 
then f (7) + f 1 (2) =. iL 
(a) 9 x. Eo x 
(b) 8 mt tld 
7 | H- 
(d) 6 y 
© ( 7 ) The domain of the function f : f (X) = log| X? -9 | is 1 
(a) IR" (b R- (3 ,-3] 
(c) IR - [-3 ›3] (d) ]-3 ›3[ 
| | log, (X3) . 
4 (8 ) The domain of the function f : f (X) = — — ——— is нөөс 
X°+3X+2 
(a)R-{-2 5-1} (91-24 
(0Ё-1-2»-15-3) (9) ]-3 ›=[-{-1,-2} 


Some properties of logarithms ~~~" 


Test yourself 


1 From the school book e» Higher Order Thinking Skills 


| First | Multiple choice questions | 


Choose the correct answer from those given : 


! log; 5 x logs 2 = 


| (a) 1 (b) 10 (c) log, 10 (d) log; 10 
E T E 
(a) log 5 (b) log 2 (c) log 20 (d) – log 5 
The value of the expression : 2 log 25 + log = + 2 log 3 – log 30 = ·-...-...-..... 
(a) 6 (b) 2 (c) 3 (4)-1 
Which of the following statements is true ? 
(a) log 2—log 2 = log 2 (b) log, 1 = zero 
(c) log 1... 087 (d) log 7 + log 2 = log 5 


(a) 4 (b) 6 (c) 8 (d) 16 

If log X + log 5 = 2 s then X = eerren 

(a) 3 (b) 8 (6) 17 (4) 20 

2 log; 3 + 3 log, 2 = еее 

(a) log, 6 (b) 6 log; 6 (c) log; 72 (d) log, 36 
log, a x log, b x logy c x log, d = +. 


(a) zero (0) 1 (c) abcd (d) ad 
ПЕР ef agit Y / Lus) OW - ans Slob, - yalsell | 105 
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e(9) 3 log 4 у 3 log 25 + 7 log, 16 i EORR 


(а) 9 (0) 25 (c) 5 (d) 16 
© (10) 3 “үлэг та” MN 
(a) 1 (0)2 (c) 5 (d) 30 
© (11) 21og, X + log, y -log, (Xy) = eere 
(a) log X (b) log, X (с) log, Ху (d) log, X 2 
© (12) The simplest form of the expression : log, а? x log, bx log, c 2 A 
(a) 2 (b) 3 (c) 6 (d) 1 
© (13) log (£)- — where a »b »c CR* 
(а) 2 log a + log + log c (b) 2 log a—log b + log c 
(с) 2 log a—log b - log c (d) 2 (log a – log b – log c) 
© (14) If X-2=log, 3 »then X = -+--+ 
(a) log, 6 (b) log, 9 (c) log, 12 (d) log, 18 


© (15) log, p + + log, Lo on 
(a) T (b) 3 ()-1 (d) 1 


o (16) LL] The expression ird or is equivalent to the expression +- 
(a) log, 2 (b) log; 2 (с) log), 8 (d) log; 8 
© (17) Q I£3*2 5 , then XH eee: 
(a) 3 (b) log, 5 (c) log, 3 (d) + 
о (18) The solution set of the equation : log, (225-4ү:45-- Хван 
(а) {4} (5) {4.5} (с) {5} (9 {5.4} 
© (19) The solution set of the equation : log 45% * log T (X+1)=2is eee 
(a) {1,2} (b) {-2} (© {1 »-2} (9 {1} 
© (20) The solution set of the equation : 2 log 2 – log X = log (Х-3)-108718--------- 
(a) {7} (5 {4} (01754) (4) @ 
© (21) If log, X + log,3 = log; 27 — 1 » then the value of X = in terms of b 
(a)9b (b) гь ©? 9-2 
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© (22) If log, X = log4 9 » then X = --------------. 


(a) 3 (b) 4 (c)9 (d) 12 
© (23) The solution set of the equation : log , X + log 4 X 23 is +--+ 

(a) {2} (6) {4} (©) {2,4} (4) {0} 
e (24) If log, X + log, X* =6 9 then X = еее 

(a) 2 (b) 4 (c) 6 (d) 216 
" (25) The solution set of the equation : log X? — (log X)? = 0 is -e= 
| et (b) (1510) (с) (15100) (а) (100) 
© (26) The solution set of the equation : (log, xy - log 3 X*4220is 5. 

(a) (3) (5 {3,9} (c) {9} (a) {1,2} 
© (27) The solution set of the equation : log, Х-2 log, 3 = 1 in Ris eene 

(a) (8 3] {8,1} wfo t} @ {8} 
boux” = log, 16 » then X a ~. 

(a) 2 (5-2 (c) +2 (d)4 
* (29) Which of the following statements is true ? 

(а) log 3 + log 3 = log 6 (b) 1 -log5z2 

(c) log 2 x log 2 = log 4 (d) log (1 + 2 +3) = log 1 + log 2+ log 3 


© (30) If X 24 y z where X » y » z are positive numbers » then log y = сс 


log x 2log X E 

(a) em (b) bez (с) 2 log X- log z (d) 2 (log X — log 2) 
© (31) If log 23 = a » then log 2300 = -.-.--.-------- 

(a)a+2 (b)a-2 (c) 100 a (d) a? 
© (32) If log, 5 = a › then 10815 5 = еее 

(a) a? (3a (c) — (d) — 

а+3 а+1 

© (33) If log 3 =X s log 4 = y › then log 12 = +--+ 

(a) X y (b) Xy (c) X- y (d) log X + log y 
© (34) ABC is a right-angled triangle at A in which AB = (log, 3) cm. » AC = (log, 64) cm. 

ə then its area = «e cm? 

(a) 1.5 (b) 3 (c) log 16 (d) log, 16 
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10236 log 64 
log X _ log = Ё у then Х+у=. о н 
lg5  log6 logy 


(a) 25 (b) 8 (c) 17 (d) 33 


© (36) If Land M are the two roots of the equation : 3 X? 16 X + 12-0 
s then log, L + log; M = eer 
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(a) 2 (b) 4 (c) 12 (d) 16 

^ (37) If L and M are the roots of the equation : X? + X log, а=9 and TW = 4 , 
епа 
(а) 12 (b) 24 (с) 27 (9) 729 

© (38) The solution set of the equation : log, (X + 5) = log, X + log, 5 in IR is еее 
(a) {5} ( {4} 12) 12] 
* (39) In the opposite figure : 
The perimeter of the figure =. cm. bL d B 
(a) 2 log, 35 (b) log, 70 log;27cm. Ў 
(с) 3 (d) 6 

ө (40) ГГ] log (cos Ө) + log (sec Ө) =... , өє[о ‚п | 
(а) 1 (b) 0 (c) 2 (4)-1 

Second 

KB Without using the calculator , find the value of each of the following : 

] (1) CQ) log 2 + log 5 «1» | (2) ELI log, 15-108,3 «1» 
(3) Ё log, 5 x log, 2 «1» | (4) log, 81 x log, 3 «2» 
(5 ) log, 15 + log, 14 — log, 105 «1» | (6) EQ) log 54-3 log 3 – log 2 «0» 
( 7 ) log, log, log, 4 «0» | C8) EB 1+10#3 – 108 2 log 15 «0» 
( 9) EA log 0.009 — log 27 + log 15 Š log b «0» 
(10) 108100 Te 108 100 33 +102100 L «-1» 
(11) CA 2 tog 25 + tog (1 + 1) 2 10g 3-108 30 di 
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log 8 x log 16 log, 25 + log; 4 
(12) £L log 25 + ae «2» | (13) 166, 30108533 30—1ор,3 «2» 
(log 3? — log 32 1 – log} 2 
(14) 155 3 10р 100 «log 3» (15) Бат m «-1» 
og3 (> 
(16) log, (log X'$) — log, (log X?) 5 айж 
(17) Ga Іов, са + 1086, b + 106,6, c «1» 
(18) 4. 7 €: atm + log, b + 2 log, c — log, fab Ь- log, 3c? «-1» 
(19) Ш 1 + 1 «2» 


E 12 + log, 12 logg 12 


а Without using the calculator » prove each of the following : 
(1) 2log, 15 + log, 7. - log, 175 = 2 log, 3 


(2)1og; ү + log, 297 - (210g, 2 x log, 3)--1 


2 7) гү log 729 — log 64 — 
( 3) (1 - log 5) (2 - log 25) = 2 (log 2) (4) С —9 log4 =3 
2. 2 log, log; log4 243 
(5) 0085) —1ов5' _ 1-1082 85 1055 1053 " 
log 5 – log 100 log; log; log; 512 


ЕЙ Using the calculator › find the value of X in each of the following › approximating to 
б 
two decimals : 


(1)5*=13 «159» | (2)3%+2 26 «-037» 
(3) Ц137-25-1334 «232» | (4) £77! =з? «-489» 
(5y329-3—3]l-* «124» | (6) x!$2 94,5 «+1717» 
(7 Шох”? «-007» | (8)7Х5"1-7Х-1:300 «192» 
(927553 343598 «-442» | (1003x2*- 28x 6 X! «-082» 
(1)25*-27x5*45020 «20r0.43» | (12 8 5X4 7^* X22 «=0.18 » 
(13) log, (4** ) 2 x-2 «20.64 » 


i If log, 5 = 1.465 , then find without using the calculator : 
(1) A log, 15 ( 2.) log, 135 (3) log, 


a СД Iflogg22 X , 1083 =у › Шеп find in terms of X » y each of : 
(1) log 6 (2 ) log), 12 
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О Discuss the true of each of the following and correct the false one [where X , y ER* , 
LJ 


a b ER* — {1} in the questions (3) to (7)] 
(1) log, ХХ = X for every XER (2) log X" =n log X for every XER 
(3 ) EL log, (X+ y) = log, X+ log, у (4) Ш log, (X + y) 2 log, X x log, y 
(5) @ log, (X y) = log, X + log, y (6) LL log, * = log, X+ log, y! 
(татат 
(8)I£ X «0 > then log, X^ = 4log, Х,аЄ* - {1} 

ЕЗ Find in R the solution set of each of the following equations : 

if (1) GO) log, (X + 6) = 2 log, X « {3} » 
(2) log, X + log, (X + 6) =3 «{-3+173} > 
(3) log, X+ log, Х2=3 « {3} » 
(4) LO log; (X- 1) + log, (X + 1) = log, 8 «(3)» 
(5) 1] log (X + 8) - log (X-1) 21 « {2} » 
(6) @ log, X = 1 - log, (X —3) «(4)» 
(7) log, X? + log; 2 = log, 18 «(35-3]» 
(8) log, (7 X^ -4) = 2 log, X+ 4. log, 9 «ЇЇ» 
( 9 ) 5 log, (X + 2) - log, (X - 1? = log, 32 «(4)» 
(10) £I log (8-3) +2 log x - 6 =0 «m 
(11) log (X + 2) + log (X- 2) = 1 - log 2 « {3} » 
(12) log 7 x log 729 = log 49 x log X? « {3}> 
(13) log, (X? + 6 X + 9) - log, (X — 1) = log, 625 « {5} » 
(14) log X = CEM A Ta =! « {3} > 
(15) С (log 2)? - log x? 23 « {0.1 » 1000) » 
(16) (log ХУ + log X? + 1 = (log 5)? 4%} 
(17) 2 log, 2 + log, 14 – 3 log, 3 23 + log, 7 4131 
(18) log (3 Х-14 log (Х-2- log 20-1 «(3)» 
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[Г] Find in R the solution set of each of the following equations : 
ә 


(1) log, X= log, 9 «{3} » 
(2) 3ЕХ = 2183 «(2)» 
(3) GQ х!%®^=— 10 « {10 50.1} » 
(4) C log, X=log, 3 «3941» 
(5) x £x X^ = log 109 NT 
(6)27!8X x 5 los X = 8000 « {1000} » 
(7) 2.4080” y вд = 2 log x? « {100 5 1000} » 
(8) log x—- 27 “ал 
(9) ED log, X + logy 2=2 «{2}» 
(10) C log X- log, 100 = 1 « {> 100} » 
(11) log x log = =-1 « {20 50.2} » 
(12) Q (log 20? = log x? « {1 $1000 50.001} » 
(13) ГД x ^e* = 100 x «(100545)» 
(14) dog х+2) (0055) = 5 « {1000 50,001] » 
(15) log, X+ log, X? 4 3-0 у 
(16) log, X = log, (X + 6) «{3}» 
(17) О log, X + log, X= = 413» 
(18) £3 log, x = log, Y x «{1 16} » 
(194 хех 210 « {100 dc)» 
Х 
(20) 4] log жый) «log "B «(8)» 
(21) log = X (log 5-1) «її» 
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KJ) In each of the following figures: find the required below the figure in the simplest 
© 
form : 


(1) (2) 


€ D 
If MD = logg; 243 cm. 
If DE // BC › find the value of X я » find the length of BC 


5 


(3) " (4) А 


S log,X cm 
$ g, 9 
& 108,5 cm. й 


С 108,27ст. D B c D юв ст B 
log 3cm. logbcm. 


If AB L AC , AD L BC If AD bisects Z A 
» find the value of X » find the value of X 


&) Find the S.S. of each pair of the following equations in IR x IR : 

(1)logXyz1-log5 » logy’ =3 – 10р 125 «(a52]» 
(2)1og; X + log, y + log, 4=2+log,9 » X+y=10 « {(1 59) › 9 ›1)} » 
(3) log X2 + log у? = 11 > log X? -log у 23 « {(1000 » 10)] » 


Ki] Answer the following : 
(1 ym xy -9^[3 › then prove that : 5 log, X +4 log, y -log, X? y! - 5 
(2)14 log a= $ logb-logc » then prove that : с =a b 
(3)1flog ЖУУ = i (log X + log y) » then prove that: + 7 =7 
(4) If 3 № Х = a , then prove that : log, X is the multiplicative inverse of ће 
number log, 3 › then find the value of : logy X «2» 
( 5 ) Prove that : log,» b? = log, b and prove that : log, Ъ2 + log, b^ = 4 log, b 
(6) If3 log X + 4 log y - log X y? = 2 (log 2 + log 3) » then prove that : X= 
(7) их? +y =8 Ху » then prove that : 2 log (X + y) = 1 + log X + log y 


(8) £ If log (X+ y) = 4 (log X + log у) + log 2 » then prove that : X = у 


23 


23 
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(9)IflogXy?z1 , log Х?у=1 » then find the value of log X y «3» 


(10) Prove that : log, Х- њу » then find the solution set of the equation : 
x 


log, X + 3 log, 324 « {3 527} » 
Wu. 
(11) If X »y »z are positive integers 1738) Я ‘Gy y z3 log, 2 » find the valueof Xz «1» 
(12) If y 2 a 8a * , then prove that : X = y and hence find the value of : 32198, " «7» 
(13) Prove that : log у a= x y and hence find the value of : logi 125 x sd « 3 » 
lo; 
(14) Prove that : log, аг bas dog p and from this » prove that : (log, aby! + (log, ab)" E 
(15) If log, а + log, b - 2 март" = 0 » prove that: a—b=0 
(16) 1t (хте х)? x x3 = 105 , find the value of : х — — P" 
1001 10 
(17) Putting а^ = y in the equation : ах — a^ X = 1 , evaluate y and 
show that : X = log, AT 2, 
(18) If f (X) = log X? , find = solution set of the equation : 
f(X+1)+f(X-1)=f(3) «(2»-2)» 


(19) Discuss whether the function f : f (X) = log ({2+1- x is even » odd or otherwise. 

(20) CO Use the calculator to find the number of digits of the number 447 «29» 
Е Choose the correct answer from the given ones : 

(1) If log X=z + log y » then X = ~ 


(a) y x 107 (b) = (с) z- (10) (d) х (10)* 
(2) танаа: © hae + TUR MET EU 
(a) log, bc (b) log, ac (c) log, ab (d) 1 
( 3) The sum of the roots of the equation : (25)Х — 12 x (5)* 27 2 0 equals --------------- 
(a) log; 12 (b) 12 (c) log; 27 (d) 27 
(4)3h&X .............. 
(a) 3 log X (b) X log 3 (c)log3 X (d) xlo£3 


(5)Ifa»b»c»1 » then log, log, log, а?°=. eene 
(a) zero (b) 1 (c) 2 (d) abc 


(Мос) А ДА Y / Go) OW — iy oto; - wall 


eUnderstand ӨАРр 2, Higher Order Thinking Skills 


6 (6)IfbX-2b- *- 1 where b> 1 s then X= 1 


(a) 2 (b) log 2 (c) log, 2 (d) log, b 
& (Tilt stig xt T gx) s then X2 еее 
(а) 1 (b) 2 (с) 4 (d) 8 
© (8) НюгаЕ]0 › Ц, then a € чс 
(а) Jo » Ц (5) ]t »2[ (c) ]1 » 10[ (9 ]1 ,=[ 
о (9) НаЕ]0 ,9] » then log, a E 
(a) ]-  »2] (Ы) ]2 +81] © [2 >| (d) |- +0] 
ò (10) The solution set of the equation : 2108) (X +4) 4 31083 (X +5) — 251085 7 1 ............... 
(a) {2 »3} b) {-4,-53} (© {2>-2} (d) {20} 
о (11) If X » y €IR* - {1} and log, X= log, y > then == 
(a) Х-у х= (с) Х=+1 (d) a » b together 
e (12)1£3* 2 5° = T7 sthen ec €— 
(a) 35 (5 7 (с) log; 7 (d) log, 35 
& (13) If log, X + log, X + log; X = 11 »then X= vee 
(a) 32 (b) 36 (c) 64 (d) 121 
& (14) If log, 3 x log, 4 x log, 5 x + x log (п + 1) = 10 s then n = еее 
(a) 9 (b) 10 (c) 1023 (d) 1024 


$ (15) The graph that represents the function f : f (X) = log 2* is = 


3 


ae Without using the calculator ; find the value of each of the following : 


1 2 3 80 
о (1)1og, > +1023 3 +083 4 * +1083 gp «-4» 
(2) (11 log tan 1° + log tan 2° + log tan 3° + --- + log tan 89° «0» 
(3) log tan 1° x log tan 2° x log tan 3° x -- х log tan 73° «0» 


EJ Prove that : log, X + log,2 X^ 105,3 ЭС ug Іов X" = log, X" 
^ 


уза Life Applications on Unit Two 


LL From the school book @ 


LT Ш Geometry: eed 
If the radius length of a sphere r is given by the relation r = (22 3 where V is the 


47 
volume of the sphere ; find the increase in the radius length when the volume changes 
from% to 36 Л cube unit. « 1 length unit » 


Ж LL] Numbers : 
If the sum of 2 + 4 + 8 + 16+ --- + 2" is given by the relation S,=2(2"-1) 


( 1 ) Find the sum of the first ten numbers in this pattern. 


( 2 ) Find the number of terms of this pattern starting from the first term to give the sum 
131070 « 2046 » 16» 


Е Ш Education : 
If the relation between retention of materials of a student in the first secondary form and 
the number of months (t) starting from the end of study of the class is : 
1(0-70-4 log, (t + 1) » find the score of the student : 


( 1 ) At the end of the study of the class (t = 0) « 70 marks » 
(2 ) After 7 months from the end of the study of the class. « 58 marks » 


a LL] In a study to measure the students retain what has been studied in a certain subject 
they re-examed from time to time in the same subject. If the student score follows the 
relation f (t) = 85 — 25 log (t + 1) where t is the period after studying in months ; f (t) is 
the student score in percentage ; find : 


( 1 ) The score of the student in the first exam for this subject. « 85% » 
( 2 ) The score of the student after 3 months from studying this subject. « 69.95% » 
( 3 ) The score of the student after one year from studying this subject. « 57.15% » 


[5 л country use a taxes system such that the taxpayer pays yearly the decided taxes 
according to the following function : 


10%X .» where X< 5000 


О = | 10% х+ 100 log (X — 4999) where X » 5000 


Where X is the yearly net profit ; find : 
( 1 ) The decided taxes оп a taxpayer whose yearly net profit is 3600 pounds. 
( 2 ) The decided taxes on a taxpayer whose yearly net profit 8000 pounds. 
« 360 pounds » 1147.7266 pounds » 


[115] 


KJ 2 Chemistry : The (PH) level of a solution is known as negative the logarithm of 
the concentration of the hedrogen (Н?) in the solution i.e. PH = — log (Н?) : 


(1) What is the PH of a solution for which the concentration of hydrogen ions is 10? ? 
(2) Find the concentration of hydrogen ions of a solution whose PH is 9 «3 » 10?» 


ЕЗ (I3 Population : If the population of a city increases by yearly rate 7 % : 


(1) Find a formula of the population of the city after 1 year. 


( 2) After how many years the population is doubled assuming that it rises at the same 
rate ? « 10 years » 


KJ) C If the population of a city starting from 2010 is given by N = 10^ (13) - 999, 
where М is the number of population › t is the year. 


(1) Find the population of this city in 2015 
( 2) In which year the population of this city is 1.4 million people ? « 371293 people » 2020 » 


KJ) If the magnitude of the intensity M (I) of an earthquake on Rickter scale is given by 
M (П = log (1) where I is the earthquake intensity » I, represents the smallest earth 
о 


movement that can be recorded : called the reference intensity. 
(1) Find on Richter scale the magnitude of the earthquake of intensity 1.5 x 106 times 
the reference intensity. 


( 2.) If the magnitude of the intensity of an earthquake is on Richter scale is 8 » find how 
many times does this earthquake intensity equal from the reference intensity. « 6.2 10° » 


Т] If the efficiency of a machine decreases yearly according to the relation k = К, (0.9)" 
where К is the machine efficiency » К, is the primary efficiency of the machine and n is 
the number of years the machine works. 

If you know that the machine stops working if its efficiency is 40 % of its primary 
efficiency › how many years does the machine work before it stops working ? «9 years » 


Ki] Industry : 
If the efficiency of a machine decreases yearly by a rate of 5 % » if you know that the 


machine stops working if its efficiency is 60 90 of its primary efficiency » how many 
years does this machine work ? « 10 years » 


© 
© 
б 
7 
= 
5 
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Trigonometry 


Limits and continuity. 


Trigonometry. 


Limits and continuity 


Unit Exercises 


Introduction to limits of functions "Evaluation of the limit 
numerically and graphically". 


Exercise 


Finding the limit of a function algebraically. 
Theorem (4) "The law". 
Limit of the function at infinity. 


Limits of trigonometric functions 


Existence of the limit of a piecewise function. 


Continuity. 


Exercise Exercise Exercise Exercise Exercise Exercise 


Introduction to limits of functions 
Exercise 12 "Evaluation of the limit numerically and 
graphically" 
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Lj From the school book | @ Understand 


| First | Multiple choice questions | 


Choose the correct answer from those given : 


. ( 1 ) All the following are unspecified quantities except ............... 


(a) zero + zero (b) оо — оо (с) оо + оо 


° ( 2) In the opposite figure : 
Lim f (X) УЙ 


х—2 
(а) 1 
(b)-1 


(c) does not exist. 


(92 


E ( 3) In the opposite figure : 
Lim f (X) Л ЛЭ 


Х-»2 
(8)-3 
(b) 2 

(c)-1 


(d) does not exist. 


3 


(4) In the opposite figure : 


Lim f Q9 = om 
(a) zero 

(b) 2 

(c) 3 


(d) does not exist. 


(5) [ГЦ From the opposite figure : 


First : Lim, f (X) = eere 
(a) zero (b) -3 
(c) -2 (d) does not exist. 


Second : Lim ОО иван 
(a) zero (b) -2 


(c) -3 (d) does not exist. 


Third : im, f X) mes 


(a) zero. (b)-4 
Fourth : Lim Tus 
(a) zero. (b) 4 


( 6 ) Using the opposite figure : 


First : Lim, Оо =... 
(а) zero. (b) -2 


(c) 1 (d) does not exist. 


Second : Lim. Р) mense 
(a) zero (b) -2 


(с) 1 (d) does not exist. 


Third : Lim jf e 


(a) zero (b)-2 
Fourth : Dim. РОО ze 
(a) zero (b)-1 

Fifth : Lim, КОО ee 

(a) zero (b)-1 
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(c)-1 (d) does not exist. 


(c) 1 (d) does not exist. 


(c) 1 (d) does not exist. 
(c)-2 (d) does not exist. 
(c)-2 (d) does not exist. 


Sixth : Lim f ees 


(a) zero. (b) 1 
Seventh : Lim Онна 
(а) zero. (5)-1 


( 7 ) Using the opposite figure : 


First : хт, Рена 


(a) zero. (b)-1 

(с) 4 (d) does not exist. 
Second : Lim. $ ym 
(a) zero. (b)-1 

(c)4 (d) does not exist. 
Third : Lim, PCR) = scenes 
(a) zero. (b)-1 
Fourth : f (2) = eee 

(a) zero. (b) 3 

Fifth : f (5) = ---............ 

(a) zero. (b) 2 

Sixth : Lim Об eseessan 

(a) zero. (b) 2 
Seventh : Lim, f Oy mies 
(a) zero. (b) 2 

Eighth : lim Я бдения 
(a) zero. (b) 2 

Ninth : Lim. Т =. 
(а) zero. (b) 2 

Tenth : Lim Y OQ os 

(a) zero. (b)2 


(c)4 


(c) 4 


(c) 5 


(c)3 


(с) 3 


(с) 3 


(c) 4 


(c) 4 
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(d) does not exist. 


(d) does not exist. 


(d) does not exist. 


(d) undefined. 


(d) undefined. 


(d) does not exist. 


(d) does not exist. 


(d) does not exist. 


(d) does not exist. 


(d) does not exist. 


(P) Усны Y / GU) OW - д obah - yalsal 
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g YL Essay questions 


Т ( Complete the following table and deduce Lim f (X) where f 0025X44: 


x—+2 


18 СП Estimate each of the following limits graphically and numerically : 
— 2 p 
(1) Lim 0-33 (2) Lim (x^-2) 


a From the opposite figure : 
Find : 

(1) 70) 

(23709 

(3)142 

(4) 0 Lim 709 


EF Study the opposite figure ; then find : 
(1)f() 

(2) ED f (1) 

(3) £2 f 1 

(4) 0 Lim 700 


a Study the opposite figure › then find : 


(DFO (2) £B f (0) 
(3) £a f (0) (4) Li Lim 709 
(5370) (6) Lim f Qo 


[122] 
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a From the opposite figure : 
Find each of the following : 


(1) 23 1(3) (2) Lim f (09 


(3) Lim, f 09 (4) 03 Lim 700 


From the opposite figure : 

Find each of the following : 

(1) f (0) (2) f (0) 
(DFO (4) Lim 700 


From the opposite figure : 
Find (if possible) each of the following : 
(1) f (3) 
(2) 9 Lim f Q9 
X—e3 
(3) £3 Lim, f 09 
(4) Lim РОО 


н" From the opposite figure : у 
Find (if possible) each of the following : 


(19 708) 
(22789 
(39768) 
(4) Lim f 09 


1 
1 
р 
1 
1 
П 
i 
Т 
i 
t 
П 
1 
1 
i 
3 
t 
1 
1 
1 
1 
1 
1 
t- 
1 
1 
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10) From the opposite figure : 


Find : 

(£20 (2) 0%) 
(3)f() (4) 0 Lim 709 
(5) 170) (6)fQ* 
DID (8) 0 Lim 700 


ТЕ Higher skills 


Choose the correct answer from those given : 


è (1) Which of the functions represented by the following figures does have a limit at X=3 ? 


( 2 ) The opposite figure represents circle M 
» Из radius length is 5 cm. » MC L АВ 
» the length of MC = X and the length of AB = y 


When X — 0 > then : y — ээс cm. 


(a) 2.5 (b) 5 (c) 10 (d) 20 


(3)In the opposite figure : 


When 0 —— => е 
2 y С 
А then : У е cm 
(a) 0 (b)5 (c) 10 (à) 1012: == 
© (4) Ifthe curve of ће polynomial function f intersects the X-axis at X = 3 » Шеп-- 
(а) Lim f 090 (b) Lim f 09 23 
(c) Lim f (x) =0 (d) Lim f (x) 73 
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(5 ) If the curve of the polynomial function f intersects the y-axis at y = 3» then 


(a) Lim f ОО = zero (b) Lim f0923 
(c) Lim f 9 = zero (d) Lim f 00-3 


( 6 ) The opposite figure represents the curve of the function 
у= f CO and Lim f (o = Lim, f O9 + Lim 700 


ЭШЕЙ 5 mimosa 
(а) 3 (b) 4 (с) 5 (9) 6 
( 7 ) The opposite figure represents the curve of the function 
y-f (00 and Lim /00- Lim. f CO + Lim, 700 
» then the greatest possible value of = 
(a) 1 (b) 2 
(c) 3 (d)4 


3nd c 
For 2™ Sec. 


l Finding the limit of a function 
Exercise : 
algebraically 
L Fromtheschoolbook ® Understand OApply Ф. Higher Order Thinking Skills 


ЕН | Multiple choice questions 


Choose the correct answer from the given ones : 


(1)Lim (10)- шланг 
2 


(a) 5 (b) 20 (c) 10 (d) 104 
(2) Lim (зх) = 
(а) 8 (b) 10 (c) 14 (d) 16 
(3) Lim (За? — 
(а) 3 (b) 6 (с) З a? (d) 12 
(4) Lim QX^-ax-a)-- чанх where a ER 
@) zero (b) a (c) 4 à? (4)42-2а 
(s) 1m QX-sindXjs-- 
2 
(a) t (b) 7-1 (c) t- 1 (8 27-1 
: 3-2Х 
(6) Lim i91 — 
(а) - 3 (b) 1 (94 (d) -1 
PENE 
(7) Lim 917 Mone 
23) © (© (93 
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n X^-X 
(8) pm LIE 
(a) zero. (b) -1 (c) does not exist. (d) 1 


im X^-7 X412 
122: эю шин 


(a) 1 (b) -1 (c) 7 (d) - 2 


: 2 
(10) Lim, XX ——— ДЕЕ 
Х7-1 


(a) zero. (b) – i (c) - 1 (d) has no existence. 
: 2 
(1) Gy Ыш Х2-Х-0 ...... 
) ED £75 су 
(a) 5 ( + (c) -1 (4)-5 
im 3Х2-48 
(12) Lim, 22-28 еее, 
(а) 32 (b) - 32 (c) 24 (d) – 24 
Lim X?^*X-6 _ 
(13) £m ak АА 
e$ 03 © oz 
(14) Lim 3X*2X ouas 
) x^ х+4х 
1 1 
(а)2 (b) 4 (c) 5 (d) i 


Lim X'-X?-20 _ 
as) Lim. "P s 
(a) 9 09215 (915 (à) 1815 


7 2 
(16) Lim DI a TENER 


Х-4 
(a) zero (b) 2 (c) 3 (d)4 
i Х-1-1 

(17) Bim —— s 

(8) sero $42 (c) i (d) has no existence. 
(18) le WA a 

=з бё 

(a) 4 ( + (c)6 @1 


3 


e Understand 


O Apply 


Lim TE 


(19) >. 


(a) ix 
4 -х + 15 " 
1 


(a) 4 


5-2 
5x?-23X412 


Lim 
Х--4 


(21) 


1 
92 DE 


А 3 
оона a) 


(a) zero. 


(b) -3 
Lim X°-1X+6 
ЭСЭЭ ах-4 4 

3 
(b) 5 
Lim 3(x-2542x?-8 _ 
weca =a 


(25) 


(a) 5 


(a) 0 (b) 2 


(27) Lim 7+2X_ 


x—-0 


(a) 7 


(b) 1 


(29) 1f Lim р(х) 24 » then 
(а) 4 


Lim 


2m [roo 
(b) zero. 


128 
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2 


a 
© 


(с) 68 


(c)-2 


(c)3 
(c) i 
(c) 4 
(c) 9 


(+ 


-4| = 


(c) 5 


(à -262 


(d)-4 


(d) 92 


(d) does not exist. 


4 
@ + 


(d) does not exist. 


@ + 


(d) 8 


(4) 1 


(d) does not exist. 


(d) 8 
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өс МВ 
(30) БИ —Ó 
(4)-1 (b) = OE (d) does not exist. 
Lim 2X/-x-3 5 EL 
ии xvi» "B › then т = 
3 3 2 2 
| us 05 QE @5 
Lim Х+3Х-4 
OE » then a = ............... 
(a) -1 (b) 1 (c) 0 (d) 4 
i Х2-4а . 
(33) ВЕ Lim ag "ists »thenaz ee 
(а) – 1 (b) 1 (c) 2 (d) 4 
Е 2 _ 
(34) f Lim E e Ra » where m Е IR ;thenk x = ............... 
(a) 2 (b)-3 ()-2 (d)-1 
Р 2 
(35) it Lim, ый зеп mz wesw 
X 
(a) -4 (b) - 5 (c) - 8 (d) - 9 
Second 
KB Find each of the following : 
n 25.25 zo 865-8 3:4 15 
(1) Lim x5 «10» (2) Lim EM — xa «-2» 
> ЯС il ип 5Х-10 5 
(39) rin 3Xx?-2x? a-g* | (4) Ыш ув “4” 
: 4x?—64 = , : 2X-8 2 
(5) Lim E e 32» (m 138555 «25 
im Х2+4Х+3 ап ig C eX 2 
СЭ EB, “ага POOR xa т 
Do KE SKA .5 Lim 202-5 Х+2 E 
(9) Lim SEND P = 2X-1 er 
2 
9-х iQ 3X -X-4 ; 
Ш 145 2-5 ual Dr ra ч 
2 2 
(13) Lim 162-9 (14) Lim 22-5 Х-3 41 
х3 8Х-6 x—3 2Х2-3Х-9 5 
2 3 
(15) Lim 7: (16) Lim —*_-8 «fe 


Х-43  5x?-45 


IFE 35210 


(Wi f) о Y / Gol) old ЭРЭР"! 


3 e Understand 


а Find each of the following : 


OApply 


Ф Higher Order Thinking Skills 


‚ @+# у-4 Exon) = =i 

477 iex «4» (2) @ Lim x «5» 
(x-3y-1 -2 -— OX wd 

ay I =» |(4)Lim ——— —— «-1» 

(3) om 2Х7-3Х-2 5 ) Ат, 2Х?+6Х 4 

n 55-00 "E 2. 

(5)Lim X-2 «36» (6) Lim X-2 « Zero » 

: 2Х-2 Е т 364-2 
7)Lim — — — «I» | (8 Lim ————— eg 
тшш (х-1#+2Х-2 HEB P5 xf а = 

Эр ТЭРЭН! 

т: X*4X-12 1 a4 Lim 2+Х 2 1 
(9) Lim 2m." ны «1» (10) Q Lim = «-l» 

z X5-2X7-6X412 2 : 5 х2-3Х 14 
ay De ё- 2-5, 4» | (12) Lim (5+5) «14, 

: х? 3х+4 5 ; 1 3 
аз) Lim, (ол Cp ) d | 09M Lim dris MET а «1» 

э Find each of the following : 
no 3150-0 ^s ОЖ 
 — « E ——— — xls 
(1) Lim х4 33» | (2) 1m SEIS 3 
2e. x4~21 x? +20X io Dh SRA 
I —— ——— « » L  ———— « » 
(33148) X-4 108 (4) Lim, P. 1 
: х?+4х+4 xo 325X5473—3 
5 Lim -2-255--.41, 6)Lim > «-2» 
( ) O Lim, ext ax-12 p UE XP -IX eX 
ü Find each of the following : 
{х-3 {%=1—% 

i «1» im ———— Li 
(13:22, Х-9 ir АЯ xs E 
(3)£D Lim —— <a» | (4) Lim 13-2Х-13 ын 

ХОРЬ +52 м E 
- es 
(5) Lim CE. «l» | (6) CQ Lim 255. «30» 
udi *—5 xed-3 
2 => = 
(T)lim -2-228. «8» | (8) Lin 11 *X- 117X «hy 


жайчы 15 х-6-3 


m 2% 
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2 
(9) Lim | X-1 — «i» | 00) Е Lim эв ва >. 
— i Х--- 
эсгэх ЭН Ы 
anie —-*.. «2» | (222 Lim 121-2 di 
aA а Aus 0—63 чү 01 
(13) Li 12#—5®-—2 stss | 09) nam — Md. "e 


EINE W PTT x93) ХО|Х-6 


ШІ Lim Ie = 1 , where f is a polynomial function ; then find : Lim f (X) «5» 


159 эд » then find : 
№ 


(1) Lim f Q9 (2) Lim £09 «1070 элего» 


2 
If Lim 8-4 men find a «-5» 
(8 im 


ш If Lim LEID 5 


» find the value of each of a and b «35-4» 


EJ C3 Trade: 
oe 
A company found that if it spent L.E. X for advertising one of its production ; then its 
profit will be given by the function f : f (X) 20.2 X? 4 40 X+ 150 

Find the profit of the company when the expenditure for advertisement approaches 


to L.E. 100 « 6150 pounds » 


Ir ME Higher skills 


Choose the correct answer from those givens : 
(1) If f is a function satisfying that: X (f Q0 + 1) = f (X) + x? 
»then Lim Fs 
(a) 1 (b) 2 (c) 3 (d) zero 


3 eUnderstand — O Apply Ф Higher Order Thinking Skills 


d mx*k-3 
(2)1f: Lim ——————_ = 2 , then № = рация 
х—+0 X k 


(a) 8 (b)4 (03 @ + 
(ЗЭН: Lim (2/ 09-5 в 00) 10 » Lim (f 00 + в 00) =6 


» then Lim = NOx REI 


(а) 9 (5 2 (c) 10 (d) 20 


4 s ы 4 в n(X)-8 _ 
(4) Ш: п (X is a function and Lim Xd 7 


> then Lim 2 X Rh Ee 
2 Х-2 
(а) 1 (b) 7 (c) 8 (d) 15 


ЁЗ Find each of the following : 


о 
1) Lim Х2-4Х-5 - Lim x!«2x-3 +2X-3 
i о (а a 9 (23254: xiu m 


(3) Lim EN as M «2» (4) Lim 5x*«2x1-7 «ИМ» 
3 9 


х2 x? ЭР гт 4 х-1 3X?4x?-4 
(5) „Lim im^ X-2unX-3 кй» (6) Lim BENE OE LL. 
—3 tan? X-4tan X 4 3 sin? X " 


(7) Lim (1х-2) GB 2) | 
(х-4)-4 x?—64 “16” 


2 
morn fe 8 3 
— LC | III 


«-2» 


m n-m 


Theorem (4) " The law " 


1L] From the school book | @ Understand 


OApply ss Higher Order Thinking Skills — 


GEN ҮТ choice questions J 
Choose the correct answer from those given : 
ти « x" = a" Е | 
è (1) @ Lim XE. Hm 
(a) 2 (b) È (a)"-^ (©) т (а)"-" (d) x айл" | 
é (2) Lim 7 E — 
(a) 31 y* (b) 32 x 24 (c) 64 (d) 5 x 2* 
xy 
ф ( 3 ) Lim X ES еек: 
(a) zero. (b) 1 (c) 9 (d) 10 
2677-2217 
ф ( 4 ) Lim FT үс абай 
(а)2 (b) 4 (с) + (9) 8 | 
А 5 1 
ф (5) Lim Xl — Ó | 
(a) 5 (b) 4 (6-5 (4)-4 | 
бүз. M m 
ф ( 6 ) Ш Lim WE ГТА 
(а) 4 (b) 5 (с) zero (962 
2 
© "a Lim AA AI. esa 
"m хз 2X1 
2 5 2 1 
(а) = (b) = (© 9 (d) & 


9- 


© 


© 


ё----48 


© 


e Understand OApply 
5 7 
( 8 ) Lim x H ENAT 
(a) 9 (b) - 9 
4 
( 9) Lim 1x5- 32 LI 
m же] 
(a) 5 3 
(10) Lim paris Te 
(a) х7 (b) 7 x$ 
«n (2-3 h)^- 128 
(11) Lim ( n EEEE 
(a) 336 (b) — 336 
гө (33-18 51 
(12) Lim Qul УНАР 
(а) -3 (5 2 
CUM Vc — 
OS) < ce = 
(6Q* — , — (b) 128 
o 2 
(14) Lim x mm ER ROC elita ee 
Х--«1 + > 
x7 x7 
(a) 13 (b) 1 
йй ox. 
(15) Lim Зээ E 
(a) zero (0) 1 
(16) Lim gari. хэлэн 
(a) 25 (b) 64 
7 
(17) Lim == 128 — 
(a) 7 (b) 28 
Sm. (61) —81 
(18) Lim ( us шилжин 
(а) 18 (5) 81 
19) Lim пена 
( ) х1 x-xi 
eon waxed 
(20) Lim DER E 
х 1 ls dx 
(a) 1 (b) + 


@ Higher Order Thinking Skills 


(c) - 14 
(c) 4 
(c) zero. 
(c) 448 


(с) 3 


(c) 64 2? 


(c) 2 
(c) 2 
(c) 80 
(c) 64 


(c) - 108 


(c) 


a-c 
a-d 


(c)-1 


(d) 14 
@ $ 
(d) 1 

(d) — 448 


(d) 5 


(d) 63 


(d) X 

(d) -2 
(d) 100 
(d) 448 


(d) 108 


c 
(d) d 


фут 


о 


X OO) 


(c) 3 
(i 
(©) эр 


(c) 5 
Lim 700-32 | 


(c) x 20 


(c) m 


= 32 , then n = эээ 


(c)9 


(c)+4 
© + 


© + 


(21) Lim 3-Үх — 
ihi. ГУ 
1 1 
(22) 14ш oo et RR 
a Xx*-4 н 
а) 4 = 
; х5-32 
Q3) Lim Sa Та 
(a) 80 ( 80 
5 
үх +2 x-3 
(24) Lim — 
ж xd 
@$ (2 
(25) If f Q0 2 X2 g Q0 = X?—4 » then 
(a) - 20 (b) 20 
(26) if Lim AR ж »thena 
yaar m 
(a) 1 (b) п 
;Q 00)" – (2)" 
rs 
(a) 3 (b) 4 
: 8 в 
(28) if Lim PP 8 ə then а=... 
(а) 4 (b) 6 
3 
Lim _[Х=3-2 _ 
(29) - | pa c 
(a) 12 | (b) 5 
zo 20-1 
ыы 
х 
(а) i (b) zero. 
2 (X429 -—6 
(31) Lim SR T = 
(a) 6 (b) 12 


(32) Lim = — 


Х--(| 


Х-1 


(a) 30 (b) -2 


(c) 16 


(3 
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(d) 12 


(d) +6 


(d) 1 


(d) does not exist. 


(d) 64 


(d)9 


UNIT 
3 e Understand O Apply $» Higher Order Thinking Skills 


„ 24904382 
15) bn, 222222025 
( pos 27 7-8 


Find each of the following : 
x7 = (2)? 


у 
3-2 


X-i 


(11) LB Lim 
Х-«61 
4x? - 128 
(13) ED Lim. 716 


136 


«- 1458 » 


«14» 


— 85—805 
(2) @ Lim, CET «— 500 » 
(4) Lim X*-81 — € 
x——5 x54243 15 
‚2.00428 
(6) Lim 24 «96» 
im X tX E 
(8) Lim 7 «2» 
5 
(10) Lim, 32 +1 «22. 
X——R 64Х7-1 
16:05. 81:0 
Г « » 
uo i, 2x?-3x? " 
: 27-41 2 
(2) Lim, D «2» 
8 
(4) tim = =. 
x— -y2 X° +442 
sin’ x- d 
(6) Lim — 1 «ds 
х--л SinX--— 
2 
-3 
(8) Lim 8Х +1 х. 
x—-2 x3 1 
256 
Я, 
(10) Lim 2.128 A, 
X? -32 
8 
(12) Lim : мл 
х-«4 X^-16 8 
5 
264 36—1 
(14) Bi x x1 «3» 
-41 x?.] 5 
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21 1 l 4 
2 2 зу X – 128 
im 2-Х 5, —— «128» 
(15) Lim и 2 «3 (16) Lim XC 128 
=X 
xt- x*- 3. 
(17) fm х LI (18) Lim A «3? 
59 
(19) Lim Xx? - 1024. « 5120 » (20) Lim E uM ши. 
Х-52 x*. 3*2 0—1. 30242 6-5 е 
Find each of the following : 
"E em 10 ws Q3) —4 
(1) Lim rr «105 (2)121 Lim = «7» 
sx (pa а. 0552.32 
(3) @ Lim, X42 о «5» (4) Lim E « 80» 
4 8 
(531 Lim St) = aig. | (6) Lim 9+4 —1 «32» 
h—0 6h h—0 h 
=e — X43hpP - x? 
(7) Lim LAG «-2» (8) Lim (К+ =x «15 x*» 
s (Х-28/”-Х" „в na О 
(9) L3 Lim мн | ши. 9) „ыш, Ee va 
3 3 
: 1143Х-1 " (26 x-3 1 
an im Coo жаШ “Р a2) pu серт E s 
5 
2. «25-2 за, АО 
—— —— > аа: пант » 
(13) Q Lin — 7 «| 09M Lim — ZS «80 
zo (3-1 5 ИЩ ыа 
(15) Q Lim, EC «-4» (16) Lim EE m «27» 
3 
ас. WX +o _ ¥x+4¥x-2 4 
(17) Lim CET C « 16» (18) Lim NES «6? 
ns 4502-86 zo (Q-3) 32 
(19) lim EGER 5 «84» Q0) Lim "XY «16» 
. (X-3)5 + 243 
(21) Lim C3XQ-2) о «- 135» 
12 12 
Find the value of a if: Lim X —3 =30 «5» 
ха x10 410 
ж. тна. BP ti. we 2-1 
!! Find the value of k if: im “wat eo ery «+3» 


* 


(A P) oft Y/ (Gul) OW - tay сл, - yalsell 


3 e Understand 


OApply ^ e$ Higher Order Thinking Skills 
n n. 
a CO if Lim X55 = |, find the value of each of : n and l «6,192» 
i 2411 . Tim ОО-О) " 
сл Huge Шаша — ЗЕ «р» 
з Find each of the following : 
3 4 5 
11 zm[X-h xt „А, гэ (32-243.5-3 
247: га шоо мо” | 29125, | x4 *x-i) — 
4 3 25 2 
3) Lim (X—3 EU рн. adis 
27 bed VES x52 X« 1 ын 
12. 6 4 _ 4 
(5) Lim X—7-2X +1 «35» | (6) Lim [0-10 т —] „и, 
ХЭЛ x!-2x41 x—2 l(x3.8)3 8256 ? 
3 5 
x-1 |х2-1 15 15 
(7) ni. се шш х | (8) Lin 0*2)7-0-29^ ais 
х1 (X-1) 15 x—0 (4X-(-x? 3 
: x".1 
(9) ТАШ = —. «6» 
ЖОН xS x^&x-1 
ШТ 
& Find each of the following : 
1 E 10 
w pin T «i» (2) нв TIT TT «35» 
d - p +7X -1 
3 3 
: 1х-8-2 1 : 12Х-3-1 
Гаа =~ « » | (4) Lim —— «10, 
х-«0 (0+3)? – 243 4860 Х-»25 3Х-5-1 9 
га езу er] 0 (@Х+5)#+7Х+6 
(5) Lim -x «20» (6) Lim, tT T «31» 
5 4 
(1) Lim 6-9" +4Х-5 54 (8) Li \х+1-үх+1 2 
Ж--1 Х-1 ” Ы танаа Х 5207 
5 3 
ээг" х+1-(х+17 64» | (10) Li 5|х-1-(х-1-6 РА 
Х-0 [`$ "n саачу 30-5 аг Xo 
s X eX X! -3 а X (x-1)5- 
(11) Lim EM — S «27» (12) Lim us « 128 » 
х [x «6-64 
ий cA se =. 2 
(13) lim X-2 « 1624» 


Exercise 15 Limit of the function at infinity = 


Test yourself 


—Fromtheschoolbook Ф Understand O Apply es Higher Order Thinking Skills 


У 
О 50 Multiple choice questions | 


Choose the correct answer from those given : 
i 3 
(1) На (5-2) гаселе 
| (a) 3 (b) 2 (c) - 3 (d)-2 


ип uan 
7 (2) з= 


(a) = DE «1 (d) zero. 


(a) zero. (b) does not exist. (c) со (d) 2 


| 2 
ò (4) LinX t5- IRISA 


(a) zero. (b) 2 (c) 1 (d) ee 


(8) Lim 1Х-3 
x 


X—+ co 


(a) zero. (b) 1 (c) - 2 (d) о 


@  (6)Lim GX? «4X ?«5)e з 
(а) 12 (b) ee (c) 5 (d) zero 


(7) Lim 3X 3344x725 
Mem E cues tug 
(a) өө (b) zero (c) 3 (d) ES 


3 


(8) 


e Understand O Apply 


Lim mou 
Xr аад 
(a) zero. (b) 3 
Lim. 332 .. 
2 Х(2Х-1) 
(а) 5 


(9) 


A Х?+5 2 
QD CO ит оуу 


(2) $ (b) 1 


жүүс ЗЭЭ 
12 Lim = 
imm o 3X?41 


5 
(а) д 
(13) Lim, xl 8x0 XP mesas 


(9212 (b)3 


3 3 
Dini [64x -7Х-2 " 


ПА ана = 
(а) 4 (b) 3 
3 
(15) Lim ман. ro 
(a) 2 (b) 8 
2 
(16) Lim pr подана 
11-8х 
2 -9 
OE (b) 
3 
17) Lim, 48 ш... 
OD E^ рва 
(a) -3 (b) 1 
(18) Lim їх+2+1х+3 _ 
хээ axes 
OE (b) 1 


42, Higher Order Thinking Skills 


(c) өө 


(c) zero. 


(c) 4 


(c) 5 


(9-212 


(c) 3 


(c) zero 


(©) 2 


(c) zero 


(c) 42 


(d) = 


(à -- 


15 


im (3X^42 x4 1M 
(19) Lim (227 2:1) ние 


(a) 3 (b) 9 (c) 27 


(20) Lim x [(a а - ........ 


(a) na (b) na^ - ! (c) zero 


Х-7 
(a) 1 (b) zero. ов 
4. 
x 
(22) Lim EL БЕ where К is a positive constant. 
k b 
(a) F (b) 4 (c) 3 
(23) If Lim 535584 ə then a = ·---.....:..... where a ER 
(a) 2 (b) 4 (с) 6 
Я 2 
Q4)it Lim £57 =g sthena s e where a € IR 
(a) 2 (b) zero. (c) +4 
s 2 
(25) 1f Lim AX 3X 23 Si het toas 
UC 3643 X6 
(a) 3 (b) 6 (c) 9 


3 
(26) If m ER and Lim ur E AH y > then m = 
== 2mX^-2 X5 


(a) zero. (b) i (c) 3 


(27) Lim (342x-5x?) =.............. 
(a) өө (b) — = (c) zero 


(28) Lim (x3+7x?+8)= TUNE 


(a) ee (b) zero (c) — = 
Q9) Lim (охх) =. 
(a) i (b) zero. (042 
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(d) 81 


(d) does not exist. 


(d) > 


(d)3k 


(d) 8 


(d) 8 


(d) 12 


(d) 1 


(d) 7 


(9 1 


(d) does not exist. 


141 


e Understand 


(a) IN (b) Z 


" X+ [х+{х 
Lim 


sfx 


(a) eo (b) - e 


(a) + ee 
(c) real number # 0 


1 Essay questions 


Find each of the following : 


(17) Lim (5-Х- z5 


142 


è (30) Lim X? = zero if n € eee 


© (33) If:a «b «zero »then Lim P 


а 


(1) Lim 2Х-5 «2» 
Ke WE " 
(3) Lim 2X -5 2-5 эж 
TES xg 
(5) (1 Lim 3-85-85 «- 35 
Wm $T ed 
(7) Lim $X-4x* «$» 
moli 7 
(9) Lim IRA S. « zero » 
x ax3-8X4 1 
(1) Lim 5-7X'43x"* —— , 1, 
ub ut А 
za БНА 3 
qs ілю. ВИ 34€ лә, саа, 
(19) £x 3-2x «8 в 
(15) 1 Lim М aes 


OApply ^ $ Higher Order Thinking Skills 


» G) а пн 


(c) R* (d) R- 
001 DE: () 1 «1 
© (32) If:a>b sihen Lim. ©, = о 
(а) zero (b) e» (c) 1 a-p 
(c) zero (d)a-b 


500 = 
х—= рх) 
(b) zero. 


(d) has no existence. 


(2)Lim -2X-5. 
X— œ 3x2 +8 


(4) Lim 4-2X 
medi 9 


= 
(6) CI L 
аш эй БЫ 
жи TOM 
SX *25:—1 
6 X^ +13 


LM. 2 -3) 
[тке 


(10) Lim 
(12) Lim 


о Н E N) 
mx [2:6]? 


(16) Lim [Vx +5х+7+х] 


(14) Lim 
х 


—+ оо 


& (34) If f OO is a polynomial function of the third degree and g (X) is a polynomial 
function of the fifth degree » then : Lim 


« Zero » 


«-3» 


«oo» 


а Find each of the following : 
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(1)Lim @Х+9)(2Х+7) «É» | (2) Lim 3X^-4x«5 «3» 
же xn TS Л) x—9 (x42) 
(3)Lim | 6x?-5x «-6» | (4) Lim .83Х7-хь1 444 
— 13-3)(0-3) 2" (кту X ~3) 
(5) @ Lim Х?-4Х+5 «bs (6) Lim (2X+3)(4X?-5) «8, 
o^" 2251. = (жу? в) (6.13) 
(7) Lim GX«36x-Doc-2 , (8) Lim (3x) 1х) uL 
x—- ^ X(X*DGX-D х—= 4Х-3 4 
9) Lim (66X-56Gx-42? „ә, | (10 Lim (x42) 08-2x" 4.3, 
(7) лшщ ре (10) LL] Lin 1220-21) i 
Ы (35-29 " Wut: з 
(1) Lim _@х?-1*_ dh 
X— co 6 2 2 
18x94 241 
d Find each of the following : 
(1) Lie 45. 4» (2) Lim = 3+4 «2» 
e doxiezs 
: 2Х-1 2X-3 
(3)Lim ——————— «i» | (4) Lim 4tL———— "ON 
x ах? +зх-4 ХЭВ 125x45 ‚ 
3 
8x^'«5x-2 : 4—3 хз 
ити m ип 2222228 «-3» 
(3) Lim -—sx«3 3” | (6) M Lim (:5-9 в 
19 х2-3х-8 3 
(7) Lim ;— À — —— ‚5, (8) Lim (3-1 yis 
— 3х2+125х3+2 = ЧР 
3 
T8 x31 2 
(9) pim а «i» | айын 155 H «2» 
= 932x54+x gt 3 
үзх-2-ү12х+7 2-112х+7 | _ Тах2+7+3х 4 
(11) Lim Г Dia „== ————= «3, 
байрыг хз — 3 Ea 2Х-9 2 
6 
; [х®+в- |х2-4 3Х2-Хх- _ ЗХЭ-Х-1 _ 3 
(13) Lim —— ——t— «1» | (14) Lim «3» 
шиль х3+9 = +0251 +1 
Find each of the following : 
: ax x at 7 
(1) EB Lim (тэсэн «эь | (Эш 1 aer е) 2 
bin 12 038 5, ax" 9 
(DE Lim (2-22) -b| (4) Lim (223---3) «zro 


e Understand O Apply Ф Higher Order Thinking Skills 


NECI а : 2. 2 
(5) zim (уухаа) =e | (6) ра (972 - xx) «ps 
(7) Lim l([axte1 -Дхбэл) ан (8) Lim ([x^«sx -x) ds 

5 2 6 
(9) CO Lim x(ax? «1-2x) «15 | 00) Lim CAV OHI „эм, 
X—- (х+1)'(Х?-5) 

1х-1- Х-1 

(11) Lim «2» 
х-ё.44Х-1-14Х-1 
Find each of the following : 
2 4. 
(1) Lim (#5—5х+1)х «1» 
х= 8-2 
4. 
(2) Lim ( хы + aX ) where a is positive. «2» 
EE x 

(3) Lim (вх) «Ic» 

127 х2-15 х+2 

2 X 

= - 713) гн 

Find the value of each of a and n if: Lim 2837-4355. , «652» 
—^ 3-0Х-83Х 
: ахз 

Find the value of aif; Lim —777— =-1 «-8» 


Хах2+7 X 


В 
H 
E 
5 


Lim ([ax?+3bx+5-2x)=3 »find the value of each of:aandb «4,4» 


Find the value of each of a and b if : Lim f Q9 = 5 and rim, T0922 


TU 


here : - 
wheres Odo рү. а 


" 2 
if Lim (Х-*}-ах-ь)=2 


» find the value of each of a and b 


> 
ЕЕ! 
ia м 


Find the value of each of a and b if: Lim ——— — ——,——7 
х—= (а+ 1) X -*(7-b)X^ +X 


Lu 


Х?+2Х+1 


«-5э2» 


«1»-3» 


zoo «-197» 
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4 Find each of the following : 


(1) Lim X^*X7 «4» 
х. (2X43) 

(2) Lim а[(а+1) а] iiid 

(3) Lim x [(s« XJ - 243] « 405 » 


(4) Lim (Г «2- x) 221 2. 


(5) Lim (2x7 -x 3) 45? 1 4. 


! 5x Tx «16x-a4x2-1 
бб) ———__= => 
ee х+үа х3 +1 


(15:13 V Дод Y/ (Go ed д su - ЭД 


Exercise 16 Limits of trigonometric functions „озен 


11) From the school book | @ Understand OApply $» Higher Order Thinking Skills 


Т Multiple choice questions | 


® Choose the correct answer from those given : 
(1) E Lim tan X= не 
(a) zero (b)-1 ©) л - 


(2) Lim sin2 X2 ee 
x— X 


2 
(a) zero (5)-1 (c) 1 (d) t 


TM. MEM 
ЕЕ 


(а) 4 (5) 3 (c) 6 (d) has no existence. 


Б) 7. (с) i (d) has no existence. 


(a) zero 3 © 5 вий 


5 tan (2 X — 3) 
6)Li = 
( ый. 2Х-3 


(a) zero (6) -1 (c) 1 (d) does not exist. 


(7) Lim en 
(a) zero (b) 1 (c) 4 @ a 


(a) 3 (b 4 


(9) 3 Lim IEX =... 


(a) zero. (b) 1 


4-5Х _ 
(10) Dm cu tee 


(a) - 4 (5) 4 


23) (b) 4 


(12) (2 I Lim 2X*sin3X /— 


tan5 X 

(а) 5 (b) € 

.Q sin2xX+5sin3X 
depu иж шин 


(a) 7 (b) 5 


(14) Lim 2X+sin3X _ /: .. 


—0 5 Х+їап2 xX 
(a) 1 (b) 3. 


(15) Lim -383Х .. —— 
Mad -4x 


(a) 3 (5 2 


im X9n2X. enn 
Mi ни 


(a) zero. (b) 1 
;QSin2Xcos3X | 
ш — = 


(a) 9 (b) i 


(a) 4 5 (b) i 


(c) 1 
()-1 


(c) 3 


© + 


(с)3 


© d 
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(d) zero. 
(d) does not exist. 


(d) -3 


@ ту 
(d) zero. 
(d) 10 
(d)-1 
94 
(4) 4 
(d) zero. 


(d) 1 


93 


3 e Understand Ор Ф Higher Order Thinking Skills 


tan?2X _ 
(20) La Lim im Tess азая 


OE: бул DE © 2 (9 $ 
1 x + sin 2 x Zee 
О хаах — 
2 5 
(а) = (b) = (c) 1 (d) 5 
im [2% СХ | Lees 
(22) Lim | 3X ' sinx’ Р 
(a) 1 03 oF @ 3 
(23) jim SÉ Xen 162° = — 
97 97 9 
DT (b) 16 (©) 4 (d) 4 
(24) L3 Lim 3Xcsc 2Х= --------.-...-. 
-- 0 
(a) 6 (b) 3 (c) 4 (d) has no existence. 
2Xtan3X _ 
(25) M di ur x p —' 
(a) i (b) 4 (c 5 (d) 6 
1 __1-tanX _ = tan x ЛШО2---........... 
(26) Lm sinX-cosX | 
(a) 1 (b)-1 (c) zero. (d) has no existence. 
1 12 ов: 12 cos x ЕТТТ 
Удо a T 
(a) zero (b) 12 (c) 1 (d) 24 


;4 sin X—sin X cos X 
„ш Ж 


(а) zero (b) 1 (c) 2 (d) 3 
(29) Lim сохах Бэст 
21 (b) 3 ©з (d)0 


1-cosX-sin3X | 
(30) Lim 1 cos X-tan2X — 


(a) zero _ ©: (o1 «)4 
1-sec X. 
GDI Lim bowa esee 
(a) 2 5 1 (c) 0 (d)-1 
(32)1f : Lim 2+3) - 2 —— 
(a)-5 (b)-3 ()-1 (93 


148. 
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sd. 2 
(33) If: Lim sin E e =Й IRE ees 
(а) - 1 (b) 2 (c)1 (d)4 


: Lim $X = 1 , Lim tanbX 4 Ч. Гэмт 
(34) If: Lim br 3d oe 3 then: £= 


09-49 + © 5 @ +; 
зїп ах 3 .atb _ 
(35) If: Lim: nbx =g sthne = eH 
(a) - 4 (b) 8 (c) 2 (d)4 
(36) Lim (sin X+cosXP-1 ӨМӨН 
ud. 3x 
(a) 1 0 © 2 (d) zero. 
(37) Lim 12-Х 1 =й х ИИА 
x— 5 cos? X 
(a) 1 ( 3 ол (d) zero. 
(38) Lim А) aen 
асаа X-1 
(a) 2 (b) zero. (c) -2 (d) 1 
гүү Sin(X- 1) _ 
(39) Lim TEE. eese 
(a) 2. (b)1 (c) -1 (d) zero. 
tan (X— 3) 
Tux mr = 
(a) + (DES (c)3 (4-3 
1 3 cos х =... 
mart 
(a) 3 $)j (2 (@-3 
1 sin x LA 
(42) LL Lim q x - 
(a) 1 (b) T? (c) t (4)-7 
(43) Lim! яг x 2242 
(а) 1 (b) does not exist. (с) 0 (d) i 
: Зі (іп. 
ae ^ 
(а) zero. (b) 1 (с) 4 (d) 3 
1 Net Bieten » Where X is in degrees. 
(а)1 (b) (c) 180 фл 


UNIT 


3 


e Understand 


OApply 


Find each of the following : 


4, Higher Order Thinking Skills 


Lim sin2X 2 Li in 
2X «2 im 
(1) 2m tan5X ЕР (2) zim 2x 
3 
i sin3 X—sin2 X 1 Li sin X + tan X 
ampi Bi д, (ау tcs 
Lim Xcos3X ай, 14 ( 5Х шах) 
(5) “tan 2x ай кш 17: Ж 
(7) Lim Зах 4, | (8)Lim 2sinX+4 tan 2x 
X—0 2X+tan3X 5 X—0  2X-sin3X 
Lim sinX-3tan X «22» | (10) Lim 3x 
(9) x9 5Xcos X 5 a0 x^ 5tan X-2sin2X 
Lim X*XcosX giis Lim _tan3 X—sin4 X 
a) £3 хш, sin X cos X " (12) 15 х?+2х 
2 . 
Lin opes 85 Lim 1802 +2 Хсоѕ X 
(13) x—0 5Xcos2X 5 (14) у, sin3 X 
im .2 sin X. 2 Lim + (si 25 gig і 
(15) Lim = sin = «7» (16) 1m X sin 5 ич 
im (-3- i 12 Lim sinGx-9 
(17) Lim (+4) sin 4 x <2, | ag) Lim 86 Хо 
—Lim sin24Xxcos6X 4, . Lim Xcos( - 2X 1) 
ПОПЕ vv nx c 098 1347 5 x 
А in2 
ош Lim = TT 
Find each of the following : 
4 2 2 ni 
88 sin 3X 9 Lim 8103 Х 
сера = <» | Op 48:23, 
sin X 
(3)Lim .—2. «l, | (4)Lim . Xsin2X 
9—99 22 8 xX—0 sinXtan3X 
3 р 3 
Lim tan 2X 445 Lim X tan2X 
ME 4x sb sin! 2X 
А : 2 ; 
(7) іт sin 4X tan 5X «100» (8) Lim an 2 X 
X* sin X Хі + sin’ 3X 


«2» 


«3» 


«2» 


«3» 


(9) Lim X? + tan? 2 xX 
0 йына x 
clim 2Х°+%ш5 X 

(11) Цу Lim 22 tasm% 

х—0 X?—tan3 X? 


13) С] Lim 

a3 M1 tan? 3 X4 X? 
+) Lim sin5X?«sisx 

(15) gn pu, ec T 

(17) Lim tan? X + tan? 3 X+ tan? 5 X 
x—0 x? 


Xsin2 X+sin? 2x 


s» 

«3. 
5 

« 65 » 


«35» 
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i Xtan X 
(10) Lim — Aem _ 
TP Хн 3 


(12) Lim 2 Х+5 tan Х+ 3 ѕіп Х 
хээ sin2 Xcos2 X 


c Lim 03Х2 +3125 Х 
(14) (1j Lim Sw 


x? 
3.2 
^3 Lim / 2X fux 
(16) £a Lim {жесе 


; : 1:2 : 3 
(18) Lim sin X sin 22000 4X 
к= x 


Css 


Lim _ 16 Х- 5 (-3Х) А: И Lim sin X " 4 
(19) X—*0 X(cos5 Х+соѕ2 X) 2 (20) Х-«0 Їх-2-12. » 2 
im 180 (Х- 3) 1 гүү Lim Sin(X-1) 
(21) Lim шоо < | @ЭШ 98 сэ, «1» 
a Find each of the following : 
^» Lim 3 -cos X) «iB» +) Lim €95 X-1 S 
(1) £3 Lim 29-0822 о» | (2) £0 Lim 982—7- 0 
Lim l-cosX*sinX | 2 тр Lim 2-0083Х-со84 X «4» 
(3) £2 270 1 2 cos X- sin X шил ти хилээ я 
i sin X (1 — cos X) E i X-Xcos X 
(5)gn pim XCF 0, | (6) gn im X-Xexx «o» 
sin” 3 X 
: 2 : 2 
(7)Lim 1-60 3x «3» | (8) Ling 9 __ «16% 
ms 4х? 4 MeO 1-cos? 4 x 
i 3-3cos?4X i sec? X- 1 
а «6» as pay Мег эж «1» 
-y i 1-cosX 1 14 4-4cos X 2 
(11) GQ Lim =% «x» | (12) Lim 5-4cos X «2» 
к р 3 X—0 sim3x ? 
Lim 1-0082Х "T п Lim 1-с053 x mE и 
аз) 248, X tan 2X | (14) £3 X0 cos?2 X- 1 9 
о Find each of the following : 
(1) Lim сиз xsins x «3» | (2) 0 Lim x(esc2x-cot3x) «l» 
(3)Lim 5xun2xc3x «2, | (4) 0 Lim 6x?csc2 xcot x «3» 
(5) Lim cse 4 X cos (2 x) «1» | (6)gg Lim —* whe 


3 @Understand @Apply 


4, Higher Order Thinking Skills 


л 
ЕТК 
(7) Lim Xcot 2X. «3, | (8) Lim ни 2-5) à 2) mE S 
X—0  csc3X 4 хп 8X-27 4 
: x л 
2X-— cos (> — 
(9) Lim „=! 41» | ao) Lim жт d» 
x— X шп (4Х-Л) 2 х—0 со(Ж—зх) 3 
2 
Lim эх — Lim ах. 
aD) uro х-л t» | 02 4T xem is 
yy Lim. 2X-7* ew Li _cot X_ 1 
a3 Q x—E cosX 2 (14) x eg Л:-256 x 
Lim SXT ao Li 1+X 2 
(15) Шш xm 1X ” (16) „11, cos JU x E i 
i mx 2 
(17) Lim (1 - x) tan 77 «2» 
If f = » then find : 
(1) Lim у(х) «1» (2) E £09 «2, 
(з) Lim f (3) «0» 
Find each of the following limits : 
s sin (X—5) l гар sin? (X— 5) 
(1) Lim om «1» 13255: s ГА 
m sin(X-5) 
(3)Lim EX OC «0» 
Third 
Choose the correct answer from those givens : 
oe 2 а 
пи ps хний. o ћеп:а = ereere 
(a) 1 (b) zero (c) 2 (4) 3 
1 2X4 
(2) Lim x sec (74+) = ГЭТЭЛ 
л A 1 
(а) > (b) zero (с) -1 (d) 5 
Lim. 1 tan шлш 
22 cos X— sin X 
(a) 1 (b)-1 (02 (a) [2 


[152] 


(4) Lim sn(x?^-5) na 
x—e[s tan Л X) 


(a) > DE oi 


(5) Lim sin X sin 2 X+sin3 X+- + ѕіп 10X _ 
*—0 tan X+ tan 2 X+tan3 Х+ + tan 10 X 


(a) zero (b) 1 (c) 10 
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(d) 55 


Find each of the following : 


(1)Lim, 3tajX-4tanX47 
л 2 
Эл 5 +2 tan” X 


Lim sin (X52) 
(2) 22, X+1 


(3) Lim x (tan + sin 3) 


(4)tD Lim Sin (sin X) 


х-0 S5sinX 


(5) Ш Lim sin (1 -cos X) 


x—0  1-cosX 


(6) Lim tan (tan 5 X) 


х—0 4Х 


Lim 1( 2tnx. 
METSI ium 


Lim tan (cos X) 
e 7 2Х-1, 


1 1-sinX 
9jLim 1-58Х 
( pe 2Х-7 


(10) ,Lim (2-х) cot (X - 2 X) 


х—+л 


(11) Тат cos X 


х-»-3 cos3X 


(ЕР) ДИ) OW = iy гл, - вар] 


«-3» 


«7» 


« Zero » 


и, -— 


„з // ? e = 

р Existence of the limit of 
Exercise : А : rie : 
a piecewise function Test yourself 


121 From the school book | ® Understand OApply Ф Higher Order Thinking Skills 


Multiple choice questions ) 


© Choose the correct answer from those given : 


-2 » X>0 
(энгоо-1| „ жей »then : 
First : Lim, РО) a m 
(a) -2 (b) 1 (c)-1 (d) does not exist. 
Second : Lim F OQ = 
(а)-2 (b) I (c)-1 (d) does not exist. 
Third : Lim ОО = eee 
(а)-2 (b) 1 (c)-1 (d) does not exist. 
Mol 5 Хэ? 
(2) If f O9 = then Lim f (X) = 
3X41 $ Kad за 
(a) does not exist. (b) 3 (c) 8 (d) 7 
(3) Lim хи. A > Lim х. — 
(a) does not exist » zero (b) does not exist» does not exist. 
(c) does not exist »— 1 (4)1»-1 
(4) У(Х) = eek 3 ХӨӨ a Lih Рун 
6 » Х-2 x—2 
(a) - 5 (b) 5 (c) 6 (d) does not exist. 


(5)Iff (= 
(a) 4 
(6)Iff = 
(a) 2. 
(7)Iff Qo = 


(a) 1 


ero] 


(a) 1 


(9)tnifoos| ~*-! 
tan 


(a) 1 
(10) If f OO = 
(a)2 
(11) If f (xX) = 


(a) 3 


(12) If f (x)= 4 


(a) zero. 


02 (c)4 
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3-Х , x1 
4 , Х=1 then Lim 700 = "— 
X^41 , Xl 
(b) 2 (c) 1 (d) does not exist. 
аш Ж , -A«x«0 
5 »then Lim f Q9 = = 
cosX 5 Ü«X«—- "ee 
(7 (c) 1 (d) 0 
2 
X^-4 5 Жж? 
T then : Lim f 09 = IURE 
ап е , Х-2 


(d) does not exist. 


2sinX > Хєл 
T-X sthen Lim f 00 = on 
l-cosX 5 ХЛ ae 
(b) 2 (c) does not exist. (4) zero. 
sin (X — 1) ГЭЛ! 
» ћеп Lim /(Х)----- 
zx , 1«X«2 NEN 
(b) i (c) ын (d) does not exist. 
WM 6) x E 
Е > then Lim fe AR 
2 sin TX > №53 ёс: 
(b) 3 (c) m (d) does not exist. 
2X-sinX л 
— з O0«x«— 
tan2X «4X 4 ‚еп Lim f) 
1 х—0 
5Х+ 2 > X«0 
(b) т (с) 3 (d) does not exist. 
Х-1 at X>a : А 
› Lim f (X) exist › then = ---...-........ 
Х-41 at xea = 
(b) 1 (c) 2 (d) 3 


1155 


UNIT 


3 


e Understand O Apply e» Higher Order Thinking Skills 
sináXcot9X » -П<х<0 
(13) If f (0 -| 18 and Lim f (X) exists 
4 Ха? > X>0 х—0 
a then a = ever 
(a) $ ( 3 ©=2 @+4 
a+cosX » Х<0 
(14) ED If f =] үдэх М , ot Lim f 00 exists ›їһепа=. ME 
, <х<- 
ах 4 
(а) zero or 1 (0) 1or-2 (c) 20r3 (d) 1 or2 
tan2 X л 
Е » ——«X«0 
15)15 Q9 =4 06" 4 shea Tis Keen 
x E , Х»0 200 
(а) 2 (b) 3 (c) 4 (d) does not exist. 
cot X T 
s 0<Х<-— 
(16) GQ ef (x =} 2-2 zum ee 
sin (T-X) > x>% x— 
(a) 2 (b) = (c) л (d) does not exist. 
sin? 2X „ wen 
(17) 167 (00)=} x? and Lim f (X) exists » then a = == 
2a-3cosX , Х»0 piss 
04 (b) zero (c)2 @-1 
3x-|x'l » X<0 
(18) If f (= x and Lim f (X) exists 
За+4Х > X»0 21050 
А then a = eevee 
(a) zero 0-4 © + (d) 1 
d1-cos x 
(19) Lim шин изени 
(a) 1 (b)-1 (c) 2 (d) zero 
z 2 2 
(20) If f (X) = Ex | » then (f 89) + (f o) ene? 
(a) 8 (b) zero. (c) 4 (d) -4 
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(ун тан Е = orum (азва sees 
юэ б-а ЕЭ: +8) s then a = vee 
x$-64 
Хо? 
(22) (= x*-16 ’ < 
ах , Хэ»? 


where Lim f (X exists » then the value of = - +... 


(a) 1 (b) 2 (c) 3 (d) 6 


acos x + 1390X >» Х»0 
(23) If f (X) = хы : На 
and f (X) has a limit when X ——+ 0 ,Шепа-- 
(a) 1 (b) -5 (c) - 7 (d) 7 


3 2.5.562 X28 
(24) lf f (9 = ын 7 
2X+b ; x«3 


has a limit at X = 3 and equals 16 , then a + b =з 


(a) 4 (b) 10 (c) - 13 (d) 7 | 
(25) If the function f has a limit at X ——» — 3 where | 
2 
X +2X-3 a Xc-3 | 
Т(Ху- Х-3 o then a = eere 
X+a at Х»-3 
(a) 3 (b) 4 (c) 2 (d)-1 


3X-2 › X«-1 
(26) If f C021aX4b » -1«X«3 
6-Х 5» ХЗ 
has a limit at X2—1 5 X23 , ћепа+Ь = ............... 


(a) 2 (b) -3 (c) - 1 (d) zero. 
ax 
— ; Х»0 
(27) If the function f : f (X) = \х+4-2 has a limit at X = 0 
sin2X 
»thenaz.........- ax » mes 
(а) +1 b)+- © @ 1 
1з р 


3 e Understand O Apply Ф Higher Order Thinking Skills 


2+1 + .Xx«3 
If = 3 find : Lim « 10» 
83 оило ira «хэв? pi Fen 
2 
Е x ue X23 
E 20870) = 
2Х-7 , X«3 
» discuss the existence of : lim feo nals 


1 3x. › -Л<х<0 
EB иго =] sinx 
cos3X » X>0 


» discuss the existence of : Lim feo diss ot iba 
5X+tan2 X л 
B urro- 6X-sinX $o 0€X« 
cos X , X«0 
» discuss the existence of : lim foo ars 


X-2 > X«0 
a Ши; =} x? > O<X<2 >discuss the existence of : 
2X 5 Х»2 


(1) Lim 709 | (2) Lim 700 
(3) Lim f o9 « does not exist s 1 34» 
Erg Л" * N89 ЧИРЕ f: Li 
о LB Ff f(x% = 2 „ Aes » discuss the existence o. : Lim ТОО «zero» 
3 , X0 
E rro 5 ‚пай: Lim f 00 TT 
аа , -Л<х<0 
(x-3 6-1 
х> 4 
О rroj x C 4 ‚пай: Lim 700 si 
х+2 » Х<4 
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X?i3m s KØ 
5Х-К , Х»2 
» find the values of : m and k «1»-3» 


п CIT Lim f 09 =7 where (0) = 


sin 2 X 


KJ си Lim f 0922 where f 09 = x 
mir: acos2X › Х-0 


я XO 


» find the value of : a «2» 
Ф if Lim 13x21 14 , find the value of :a «40216, 
I - 
12) LL] Discuss the existence of the limit of the function : 
zx , — Ве X«0 
f:f =; m 3 When : 


3cosX 5 0«X«7- 


L oU EL wb. — 
(1)Х 3 (2)X 5 (3)X 0 


« does not exist » does not exist »3 » 


2. 
13] it o9 - х*„Ї®—6х+э » discuss the existence of : lim feo « does not exist » 


3 
хз | | 
If = — » discuss the existence of : Lim foo « does not exist » 
X|X|+2 s х<0 
If f Qo = »find: Lim f (X) x2» 
181, i » 50 KO 


(х-1)у° 
С If the function f where f (X) =} !Х-1! 
| 6x-3m e Xei 


, Kel 


has a limit at X = 1 , find the value of m «2» 


Discuss the existence of Lim [ +g) (X)] where : 


X^48 w Ха! -3X > 2231 
= = «1» 
ТӨВ" к y gai T 2Х2-3Х , Х«1 


@Understand — OAgply ə Higher Order Thinking Skills 


É ES » X»0 
4-2 
[J 1f the function f : 00 = * " has a limit when Х= 0 
aXcsc3X ” -л<х<0 45 
> find the value of : а «t 3 » 


Find the value of the right and left limit » then deduce the value of the limit (if exist) 
© 
for each of the following functions at the given point : 


(13700-1х-5 when X = 5 

(2Э1700-13-х when X 23 

(3)700-1х2-1 when X=-15X=1 

(4)700-14-х2 when X=-2 »X=2 

20) Discuss the existence of the limit of each of the following functions at the given point : 
6 

(1)700- S when X 2 0 «6» 
PL a a s 
1 - (sin X + cos X)? 2 
еск ‚ бане 
sin’ 3 X 3 


(2)700- when X 2 0 EZ 
-lx?cos6 X(1- esc? 3 X) 0«X«- 
2 , 


21 Discuss the existence of each of the following « where X in radian » : 


(1)Lim sin LL (2) Lim cu « not exist s 1 » 


4 2 

4 4 sec X-1 

[22] Discuss the existence : Lim ROS GI « not exist » 
ё -- 


23 The opposite figure 
represents the curve of the 


function f (X) 


X^:1 = X<3 
4X+2 » Х»3 


irsco- 


юм» Б әл а оо 


Find: Lim (109+=09) «18» 


о 


Exercise Seventeen | 


[24] Find the value of the right and left limit , then deduce the value of the limit for each 


? of the following functions at the given point : 
^" = 4 = 
(1) 91609 =_ when X 22 
(2) 700---1 when Х= 3 


1Х-3| 
Х-2 , X21 

(33 709-1 ү uu when X= 1 

— un ——— ——————————— — 
14322X 0, хЕРз 0-1) 


ўдар 121 
T 2x41 ‚ ХЄВЮ.З 
» find : 
(1) Lim 709 (2) Lim f Q9 
(3) Lim 709 (4) Lim f G9 
3 
[2x-3-1 
a owe гьа 
4 IffQo9z 1зх-5-1 as a limit when X = 
kx > Хо2 
» find the value of : k «5» 
2 
eee А Х«3 
Ef O= Х”-4Х-43 has a limit when X = 3 
4Х , 5:3 
> find the value of each of : a and b « 18 ›— 63» 
ППТ Higher skills 


# Choose the correct answer from those given : 
(1) If f Q0 =Х? еп Lim f (f 09) = Apure 
(а)2 (b) 4 (с) 16 (4) 32 
(2) If: f is an odd function and Lim f 09 =7 


» Which of the following statements is true ? 


(à Lim f 09-7 (b Lim f 09--7 
(с) Lim f (92-3 (d) Lim f 0920 
—--3 X— -3 


ПАНИ Y/ Go OW - iy obity - yalsdl | 161 | 


3 e Understand O Apply €» Higher Order Thinking Skills 


(3) If: f is an even function and Lim f(X) = 5 › which of the following statements 


is true ? 
(a) Lim f 09 75 (b) Lim, f 092-7 
(c) Lim, 100-0 (d) Lim, fo9-2-2 


( 4) If f is a one - to - one polynomial function and Lim f (X) =3 
»then Lim f (Х) = A 


(5) If Lim 700-3» Lim f 0975 then Lim f (Х41) = PUE 
(a) 3 (b) 4 (c) 5 (d) 6 


( 6 ) The opposite figure represents the curve of 
the function f» then 


3 
o E o — 
х2 [00-4 | 
(a) zero (b) 16 
(c) 32 (d) 48 


( 7 ) The opposite two figures represent 


the curves of the two functions 


. 109). 
fogsthen Lim FT же уйыту 
(a) 1 (b) -1 
(c) zero. (d) does not exist. 


( 8 ) The opposite figure represents the curve of the function h (X) 


з x21 


x 
goo ж sf О) =һ OO +8 (Х) 


Х-3 , X 
„еп Lim f (O = e 


(a) does not exist. (b) 2 


(c)-1 (d) zero. 


Exercise Seventeen Ї 


( 9 ) The opposite figure represents the curve of 


the function f › then Lim |F OD |а 
(a)- 1 (b) zero. 
(c) 1 (d) does not exist. 


(10) The opposite figure represents the curve of 
the function f » then Lim 23253 — 


ie aa 

4 -4 

(а) $ (b) 
-16 16 
(c) “Эр (d) 9 


Exercise 18 Continuity “Test yourself 


CA от е school book = @ Understand OApply & Higher Order Thinking Skills 


| First ман choice questions : | 


Choose the correct answer from the given ones : 


( 1 ) The function f (X) is continuous at X = a if гэнэн 
(a) f (a) exist. (b) f (a) = f (a) = f (a) 


(c) f (X) has no limit at X ——* а (d) a and c together. 
(2)1f Lim, Р(Х = l; Lim f (X) = m and the function is continuous at X = a 
—+а -- а 


„then (2+ m? -2(m- — 


(a) zero. (b) 1 (c)-1 (d) 2 


(b) 


Exercise Eighteen | 


( 4 ) Which of the following figures is continouous at Х = 2 


(a) (b) 


( 5) In the opposite figure : 
All the following statements are true except ................ 
(a) Lim f (X) = zero. 
(b) the function is not continuous at X = 1 
(с) f (1)22 


(d) we can not redefine the function to be contiouous. 


Xi | ixi 
(6) LL If the function f : f (024 Х-1 is continuous at X = 1 
28 э AXI 
»thenaz-- 
(a) zero. (b) 1 (c) 2 (d)4 
(rnt oos 2 ? аан is continuous at X = 1 , then a = s 
3Х-а › X41 
(a) 1 (b) 2 (c)-1 (d)-2 
ax- s. xd 
(влло) is continuous at X = 2 » then a = .............. 
2a , NA 
1 2 3 
(а) 2 (b) 3 (c) 5 (d) 6 
2 
DN ewe wes is continuous at X = 1 ;thenk = +--+... 
kX-3 at X«1 
(a) zero (b) I (c) 2 (d)3 
-Х2 = 
полгода x Е ха ВЕ. o then a = е-өөс 
X , Х»-2 
(а) – 2 (b -4 (c) 2 (d) 4 


e Understand O Apply $ Higher Order Thinking Skills 


"уут аХ2+5 › atX<2 
(11) If the function f is continuous at X = 2 where f (X) = 
9-bX > atX»2 


o then 2 a + b = vee 
(a) 7 (b) 14 (c) 2 (d) -2 
ХЫ 43: » X«l 
(12) If f: f = is continuous at X= 1 »f (1)=7 
aX+b , X21 
»then $= пра 
7 4 3 
(a) = (b) = (c) 4 (d) 7 
(X 4 2) — 64 хэй 
(13) If f : f = 2x ч is continuous at X = 0 
k , Х-0 
> then k = mE 
(a) 96 (b) 192 (c) 384 (d) 92 
{х+3-2 хэл 
(14) If f : f O= Х-1 > XÆ L is continuous at X= 1 then a = -+ 
a ; Х=1 
(a)3 (b) 4 OF (4) 12 
dx -a-1 
ESOS „ хө. E 
(15) If f : f 09 = X-3 is continuous on R » then = vores 
Х- E Х-9 
(а) $ ©) 4 ©3 (d) 14 
BEL n » X«0 
(16) If the function f : f (0 = х is continuous at X 2 0 
а? + cos3 X » X20 
sthen ae 
(a)2 09-16 (c) +2 (à) +5 
umi 26-23 > Х»2 
(17) Н/С0- Х-2 UBRO cenae 
sin( UX) » x«2 


(a) the function is continuous at X = 2 
(b) the function has no limit at X —— 4 
(c) the function has a limit at X ——» 2 


(d) f 2) « f (2) 
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sin 2 X + tan X л л 

OO ХЄ10»-1-415 

(18) ntie ванн лоо) 1+sin4 X : | "sl (qh 
л 
К , хат 


is continuous at X = » then K = eeren 


(a) + 3 (c) 3 (d)2 
А -N X 
4 ЗА 
(19) If the freon f; pao n х ах eri 
k? »Х-0 

is continuous at X = 0 , then k = eee 

(а) 5. (b 3 OES (9+2 
(20) The even continuous function at the point (а » b) is also continuous at 

the point Ань 

(a) (-а›Ъ) (b) (C a »— b) (c) (a »— b) (d) otherwise. 

2 

(21) If f Q9 = VE where X #5 › then the value of f (5) that makes the function 

continuous is сс] 

(a) 10 (b) 0 (c) 25 (d) undefined. 

& 8 
(22) Ef: fs ый at X x a » f (а) = 200 is continuous at X =a › then = e 
X -a 
8 1 
(a) 5 (b) 5 (c) 125 (d) 5 
Х2-5Х-6 


(23) If f (Хх) = UXRH - when X # +3 › then the value of f (3) so that the function 


is continuous at this position is ----------.--.-- 


(a) i (b) 0 (c) i (d) undefined. 


(24) The function f : f 0024 X^? + 3 = z is continuous for each X E vee 


(a)R (b) R- {0} (с) R- (3 ,-3} () R- {3 ,-3 50} 
(25) If the function f : f (X) = = 1 is continuous оп В, then a € .-..-........... 
+а 
(а) В (b) R* (c) R~ (d) R-U {0} 
(26) The function f : f (X) = x 1 is continuous for each X € -e 
X42 
(а) Ж (b) R- [-2] (©) [-2 sf (d) ]- 2 5 oof 


167) 
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(27) The function f : f (X) = is continuous On -++ 


TE DEN 
|X-1|-3 
(a)R-{3} ФуЁ-1-343) (@R-{-2>4} (а) Ж 


3 
(28) The function f : f (х = Ї 4 — X? is continuous on --- 


(а) [-2,2] &mR-]L2.2[ (эе (d) R 
(29) The function f : f 09 = [2 x 5 + | Хх? + 4 is continuous for each X Ee 

(a) R (b) R* (© [Ff (@[-453] 
(30) The function f : f (X) =X — is continuous on +--+ 

(a) [1 >= (b) [-1 sf (© ]-  » 1 (d) ]-  » 1] 

(31) The function f : f (X) = 4 хх is continuous for each Є. 

(а) IR (b) ]- » ›4] (c) ]- e ›0] (d) [0 ,=[ 
(32) The function f : (0 = ~** is continuous for each X € з 

Х-2 

(а) [4>%[ o) [0 >f (о [0 » [ - {4} (d) ]- »2[ 
(33) All the following functions are continuous on IR except «өнөө 

(a) О) = sinX (9 700-Х2-2 

(©) f Q9 = tan X (1700-3353 
(34) The function f : f (X) = tan 2 X is continuous for each X Єз тзт 

@R-{x: x= T «zn. nez) ()R- [x:x- + nez) 


(QR- (x:x- T zn »n EZ} (@в-{х:х= T «270 sn EZ} 


sina X X20 
(35)1ff:fOO-41 2x " is continuous on R » then = «+e 
5 , Х-0 
(a) 5 (b) 10 (с) 2 (d) zero. 
X41 ; 1«X«3 
(36 If f : f C0 = s is continuous оп R 
x?+bX+c » ХЄҜ-]1,3[ 
then b-c = VI T S 
(a) -3 (b) 1 (c) 4 (d) - 7 
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& (37)The opposite figure represents the curve of the function f » which of the following 
statements is true ? 


(а) f is continuous on the interval [1 ›3] 


(b) f is continuous on the interval ]1 ›3[ 

(c) Lim f CO exists where a € [1 , 3] 
—>& 

(а) Lim f (X) exists where аЄ1153| 


& (38) The opposite figure represents the curve 
of the function f » g (09 =| f (X)| 


»then : 


(I) g (X) is continuous on R 
(II) Lim fo92z1 

(ш) L im g(X=l 

(a) both (1) » (II) are true. (b)both(I)»(Il)aretre. — " 


(c) АП (1) » (II) » (III) are true. (d) (П) is true. 


КТВ Essay questions 


Exercises on continuity of a function at a point 


Discuss the continuity of each of the functions defined by the following rules at 


т the indicated points : 

(117007 -х2-Х-3 аХ--1 

(2)Р00-1х-1 atX-9 

(3)m00- 24 ах=1,х=2 

(4) С3700-5-1х-3| atX-3 

(53700-1х-41-1х-2| аХ-4,Х--2 
4x743 «xed А 

cro] 2 ux-l 
5-2x (x2 


(11: г) A oast Y / (Gn old — io clot, - wal 


3 


e Understand O Apply 5 Higher Order Thinking Skills 
2.26 s «1 
mros] atX=-15X=1 
 -2Х od 
Х-4 »X«-2 
(8) El f OO 741 ;,—-0€Xe-I == 
253068. „2-1 
X243 + 621 
(9)Ш1709-4 , аХ-1 
X *2X-3 ,хс| 
20--1 
XX >» X20 
ayro] axe 
2 »Х-0 
шло хез” ЖӘН at X=3 
2 »X23 
xx 2 тээ 
(12) 0109 = |x-2| : at X=2 
3 > Хэ2 
7 
X CUm MEQ 
(13) f 0931 x^- 16 at X=2 
335243 X22 
1-cos X ,X»0 
(14) @ f = х at X=0 
2 sin Х »X<0 
81 0—2)  ,xe]-e.2[-[-2] 
(15) Q f (= oJ at X=2 
ao » XE[ 2 .0[ 
XiX]|w4 340 
(16) f 09 71 | x; at X = 0 
— +3 » X>0 
X 
X?+2X-3 x43 
anro- |Х+3| аХ--3,Х-1 
2 > Х==3 
1Х+3| »XS2 
ag roo-l аХ--3,Х-2 
1-3Х »Хэ»2 
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5 X?4sin?2x 


X «X«0 
ЭО аша 22029 
(19) 7 (у= Xtan3x s at X=0 
сан »Х20 
sin X (X20 
am feo» [x аХ-л 
1 э-Х: 7 


Find the values of k ›а ; b and c » so that each of the functions defined by the 


^ 
following rules is continuous at the indicated points : 
X^42X-9 хаа 
(1) 700 = X+3 аЁХ=—3 "T 
Х-а »Х--3 
даван > Xz2 
(23700441 ,Х-8 at X=2 «£24» 
E 5-262. 
lal 
|Х-3-2 
оошу] х?-1 a mel atxX=1 «т» 
k X= 
0 
sin’ 2X -N X 
oe хе —|-10 
гөө rss EF m Ms 
а+ 1 »Х-0 
3Х-2 ».xs-2 
(5)37О00-44Х45 »-243Х-5 аХ--2.Х-5 «3»-2» 


02—19: 5x55 


а-рХ » X22 


(6)700-13 5 Ж=ў at xX=2 «1,5 
b-ax^ Xag 
cd RD 
(7) 2700 = X at X=0 22% 
k >» X=0 


UNIT 


3 


e Understand 
Juke че 
(вэсагсо-1 
X »Х»с 
1-cos X 
оого] kx nee 
sin X > X20 


O Apply 4, Higher Order Thinking Skills 


at X=c «lor-2» 


at X=0 «В- {0} > 


Redefine (if possible) each of the functions defined by the following rules at 


the indicated point » such that each function becomes continuous at this point : 


= ‚ 5-Х: 6 
рат 
(2)f09- zi = 
-3Х-2 
49K: sXx1 
(злою 
5%-1 » X«1 
Xa] 22 
4) 0 = 
(4) 9700 ен P 
DONC. 
3X-1-cos X > X>0 
(5) #310 = 5х 
3 cos X »Х«0 
(6500 - 21 
inier 
2212 у ш. 
це 
(10) f Q9 = 52% 
|x| 


at x=3 


at X=1 


atX=1 


at X= 2 


at X=0 


at X=3 


а X=8 


at X=0 


at X=5 


at X=0 


(1) 11 =7 


(3)509- 25-3 


(5)f0=— _ 
X*-13 X* + 36 


(7)у00= 22-1 
Х”-Х 


(9) 97 602 X?sin2x 
(19 f 02 G8 X - 4 -sin2X 


(3) f 09 25-1. 
|1Х1-1 
_ X^rsin3X 
Bi == 
1f 992 32 
Kaci 
GLEE EH. 
0342] 
(21) f 09- —l 
25-52 
зы 
(23) EB f (0 = ха 
_ sin3 X+cos5X 
(25) Од = 1—608 X 
м 9. 
27 — sin X+cos X 
eniro. 
29 = anx 
(29) £3 f 09 - 2, 


Exercises on continuity of a function on an interval 


Exercise Eighteen 


4 Discuss the continuity of each of the functions defined by the following rules : 


(2)E0f002x?-2x?41 


(4)£0f00- Жэ — 
x^-5X-46 


(6)f0Q-— X — 
X^-X-^1 


(8)700-1х-21415-х| 


(10) LE f (Х) = sin X 3 cos (X+ 1) 


гү) = 
(12) 2700 = TE 
(14) £3 f 09 =—1 
Х-2 
(16) гро-1Х-4 


Х-6 


(18) f (Xx) = 3 X+2_ 
хүх+2 


Q0) f 09-|х-2-13-х 
(22) f 0)-15-1х| 


X43 
cos X 


2-Х 
1+sin Х 


(28) M f 09 = шп? x - 1 


(24) Р(х) = 


(26) f (х) = 


Discuss the continuity of each of the functions defined by the following rules on its 


domain : 


sæi 


X*41 6341 
2Х s, >l 


@Understand — OApply «ә Higher Order Thinking Skills 


х? »Х«3 
aros 
5Х-4 »Х23 
X'-33X*42 o KES 
(3) f 00212 33<Xx<4 
6-52 ‚х>4 
А л 
- 1 аха 
(4аг00-1 +sinX ›0<х 2 
1-cos2 X jx 
sin X „=Й ы apt 
r=] E - 
соз Х ‚Э®<х<2л 
"ES 
Е паннин 3x _П<х<0 
(6) Ф700 = 5x 
2cos2X ‚0о<х<7 
&+3%-81 , x40 
(7) 00 = х 
108 5 X=0 
5—9 [| »Х50 
(8) Г = 
Ixl +4 »Х»0 
X 
Хэм 25 o mex«o 
KJ if the function f : f CO = sin 
^ X+k ‚0<х<л 
is continuous on the interval [- 7t » 7] » then find the value of : К «6» 
4Х ‚ Xs-1 
EB (1) If the function f : f 09 = aX+b > -1<X <3 iscontinuous оп R 
-2Х »Х23 
» then find the value of each of a and b -3 2. 
A3x-a-1 3 X9 
E ifthe function f: f 00 = х-з 
T X-b ‚ Х=9 
is continuous on R » then what is the real value of each of a and b ? «856» 


Exercise Eighteen 


Third 


Higher skills 


Discuss the continuity of the functions defined by the following rules on their domains : 
|Х-11-2Х » Х<2 


D : 
4Х-Х > XS2 


2 
eres » Ixis2 


x? ug з 2 


L2 | L Find the value of a which makes the function f : f (X) = NE... (0. 
$ А Х?+ах+9 
continuous оп IR « ]- 6 6» 


ge Find the value of a which makes the function f : f (2) = —2X*1 _ 


Х2-6Х-а 
continuous on IR « 9 sof » 
п -X s X«0 1 » X«0 
If f (= ‚ g(X)= 
E 1 à X20 ЭС , X20 


Prove that : f » g are not continuous at X = 0 but their product (f. g) is continuous at X = 0 


-1 when X #4 4Х-10 when X z 4 
Brow- £097 
.. 


1 when Х = 4 -6 when X = 4 


discuss the continuity of each of the following functions at X = 4 


(1) 709 (2)8090 (3) 00-00) 
(4317 091 (5)809-6700 (6) g FO) 


Trigonometry 


Unit Exercises 


The sine rule 


Exercise 


The cosine rule. 


Exercise 


Solution of the triangle. 


Exercise 


• At the end of the unit : 
Life applications on unit four. 


Exercise 19 The sine rule 


e Understand O Apply $» Higher Order Thinking Skills 


Test yourself 


11 From the school book 


| first | Multiple choice questions | 


Choose the correct answer from the given ones : 


° ( 1 ) In any triangle XYZ , ХҮ:Ү7=............... 
(a) sin X : sin Y (b) sin Y : sin Z (c) sin Z : sin X (d) sin Z : sin Y 
2) (2) In A ABC »if m (Z A) = 30° :C-1513cm. , m (7 С) = 60° > then a = --............. cm. 
(a) 30 (b) 45 (c) 15 (d) 60 
о (3) РЕЕ жа triangle in which m (Z D) = 80? and m (ДЕ) = 60? , iff 12 ст.» 
then dass cm 
uU шәт Оо шшш 


о (4) ШААВС ›На=4 ст. эБ = 7 cm. ›т (4 С) = 120? , then the area of 


the triangle = ............... cm? 


(а) 713 (5) 1443 (07 (d) 4 


9 (5) Q XYZ is an equilateral triangle › the length of its side is 1013 cm. » then the 


length of the diameter of its circumcircle is .--....-....... cm. 


(a) 5 (b) 10 (c) 15 (d) 20 


? (6)InA XYZ ; xx = 6 » then the length of the diameter of its circumcircle 


YR AL rese length units. 


(a) 6 (b) 12 (c) 3 (d) 9 


UY: N ogg Y/ GU) old — az, lol, ава] [ 177 
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(7 ) In the opposite figure : 


The length of AB = «=: eit. А 
" 97 zt. 
(c) 8 (d) 9 € 12cm. B 


( 8 ) In the opposite figure : 


сай 
AD // BC AB = 4 cm. »m (Z DAC) = 40° » m (Z B) = 60° 
» then the length of AC = e= Gn. 
c "b 


(a) 5 (b) 3 
(с) 2 (d) 4 

(9 ) In the opposite figure : 
M is the centre of the circle N 
ВМ = 6 cm. › then AB =з ст. 
(а) 6 sin 50° (b) 12 sin 50° КУ: A 
(c) 6 cos 50° (d) 12 cos 50° 


(10) A circle with diameter of length 20 cm. » passes through the vertices of A ABC 
which is an acute-angled triangle in which BC = 10 cm. »then m (ДА) =. 


o 


(a) 30 (b) 60 (c) 45 (d) 150 

(11) In triangle ABC » m (Z A) = 45? » the length of the radius of its circumcircle = 6 cm. 
then а = «n8 ст. 
(a) 13 (5612. (с) 12 «2 


(12) If the length of a side in any triangle — 12 cm. and the measure of the opposite 
angle to this side = 55° , then the circumference of the circle that passes through 


the vertices of this triangle = =Ê cm. 
(a) 36 (b) 42 (c) 46 (d) 52 
(13) If the perimeter of triangle ABC equals 15 cm. » m (2 А) = 53° , m(Z В) = 47? 
» then the length of АВ ст. 
(а) 6 (b) 7 (c) 5 (4) 8 
(14) In triangle ABC ›а=27 ст. › m(Z B) = 82° » ш(2 С) = 56° 
» then its surface area = === cm?. 
(a) 540 (b) 447 (c) 350 (d) 400 


178, 


Exercise Nineteen | 


(15) In triangle ABC m(ZA):m(Z B):m(Z C) =2:3:4,АВ = 12 cm. sthen the 
length of AC asics cm. 
(a) 10 (b) 11 (c) 16 (d) 18 


(16) In triangle ABC › which of the following statements is true ? 


(а) sin А + со; В =а+Ь (b) a sin B =b sin A 
a=bsi —à .sinB 
(c)a- bsinc (9 SAU b 
(17) In A XYZ ;2rsin X = .............. "where r is the radius length of its circumcircle" 
(а) z (b) y (c) X (d) area of A XYZ 
(18) £11 If ris the length of the radius of the circumcircle of the triangle XYZ › 
— уш 
then 2sinY | 
(a)r (b) 2r (911 (d)4r 
(19) In acute-angled triangle ABC ,2а- E o then M (Z A) s «un 
(a) 30° (b) 45° (с) 60° (d) 75° 
(20) In A ABC ,ѕіпА = 2 sin C ; BC = 6 cm. › еп AB =......... Les CM. 
(a) 2 (b) 3 (c) 4 (d) 6 
(21) If the radius length of circumcircle of A ABC equals 3 cm. 
and sin A + sin В + sin C = 2, then the perimeter of triangle ABC = ............... ст. 
(a) 6 (b) 9 (c) 12 (d) 24 


(22) ABC is an equilateral triangle » its side length is 6 cm. and the area of its 
circumcircle equals К JU cm? › then К = ............... 
(a) 243 (b 843. (c) 12 (d) 24 
(23) In any triangle АВС, SETS 


sinA-sinB |. 
c a b 
(a) 1 EE ES . NES 
(24) In AABC , à. = ТА 
a+b —— 
(a) sin B (b) sin C (c) sin A + sin B (d) sin A + sin C 


(25) Ш In A XYZ » if 3 sin X =4 sin Y 22 sinZ shen Х:у:2= 
(а) 2:3:4 (6) 6:4:3 (с) 3:4:6 (d)4:3:6 
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sinA 2808 _ С s then a: bic secre 


(26) CO ABC is a triangle in which 


3 5 4 
(a)6:5:8 (b) 8:5:6 ()7:2:4 (4)3:5:4 
(27) шААВС: If тА = В = se » then the greatest angle in measure is -+ 
(a) ДА (b 2B (0)4-С (d) right 
(28) In triangle ABC ‚т(/ A):m(ZB):m(ZC)=3:5:4 
, Шепс : a’ = ITA 
(a6 :2 (b) 2:3 (c)4:3 (3:2 
Ey o MER 
(29) In A ABC » b * aa 
(a) =a (b) S.C (c) 4r (d) 1 


(30) In A ABC » if the radius of its circumcircle = 4 cm. 


th — Я БШ 
э е A4snBesnC ———— — 
(a)4 (2 (c) 8 (d) 16 


(31) If A ABC is a right-angled at Z B and b = 10 cm. 


c 


a 
> then —— + 


ZnA ane ЕРОТИКИ ст. 

(а) 10 (6) 20 (с) 40 (9) 100 
(32) If the radius of ће circumcircle of A АВС equals r » then the perimeter of the 

triangle Ёзелик, (sin А+ їп В + sin C) 

(a)r (6) 2r (с) 412 (d)8r 
(33)In AABC »a-b 2 4cm. »sinA= 3 sin B then a = vere cm. 

(a) 4 (b) 6 (c) 8 (d) 12 
(34) If the perimeter of A ABC is 24 cm. and sin A + sin B = 3 sin C » then C = ээ 

(a) 4 (b) 6 (c) 8 (d) 9 
(35) ABC is a triangle » sin B + sin С = 4 sin A and b + ¢ = 2 a + 10cm. 

a then a= ere cm. 

(a) 2 (b) 3 (c) 4 (d) 5 
(36) In AABC AB = 8cm. » BC=12cm. » m (Z A) - m (Z C) = 90° 

э then tan Сэ. 

2 3 3 4 
(а) 5 (b) 5 (с) 4 (d) 3 
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(37) If r is the radius length of the circumcircle of A ABC anda-r 


> then m (Z A) eas SPR E LETTE 
(a) 30° only. (b) 30° or 120° (c) 150° only. (d) 30° or 150° 
(38) If the area of the triangle ABC is A and r is the radius length of the circumcircle of 
the triangle ABC , then: АЖ — 
abc 
(a) 1 (b) 2 (c) 4 (d) 8 
(39) ОЭ InA ABC , “te mpeg r (where r is the radius of its circumcircle) 
(a) 1 (b) 2 (c)4 (d) 8 
(40) ABC isa triangle » b = 12 cm. » the radius length of its circumcircle is r 5 then the 
area of the triangle = ............... cm? 
(а) 23€ (b) 23€ (c) 4 (а) бас 
(41) If the triangle ABC is an isosceles right-angled triangle and r is the radius length of 
the circumcircle of the triangle ABC ; then the area of A ABC = ............ (in terms of r) 
(а) г? (27 (c) ? @4r 


(42) In the opposite figure : 
If the perimeter of A ABC = 20 cm. ; 


then the diameter length of its circumcircle =... cm. 

(a) 2 (b) 4 

(c) 6 (d) 8 
(43) In A ABC 5 cos (B + Gys E : BC = 8 cm. › then the radius length of 

the circumcircle of A ABC = ............... cm. 

(a)4 (b) 5 (c) 8 (d) 10 
(44) If the area of a triangle is 2 Sin B sin C »then К z «ss. »kz0 

ksinA 

(a) 1 (b) 2 (c) 3 (d) 4 
(45) If r is the radius length of the circumcircle of triangle ABC and a = i r 

sthen m (Z A)s «a where A is an acute angle. 

(a) sin ! (1) (b) sin" ! (2) (c) sin" ! D (d) sin! d 
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o (46) If Ais the area of triangle XYZ › $ is half the perimeter of the triangle XYZ 


-— — НН 
них ЕТМ узш2 | 
3 28 38 à) 48. 
(x (b) ^ (c) ^X (d) ^4 
© (47) In the opposite figure tan 0 = -7 
(а) 3 
4 
(b) 3 гал 
(©) + Ээ. 
4 
4 y^ 5cm. Y 
(d) 5 


second Essay questions 


E XYZ is a triangle in which: m (4 X)=80° » m (4 Y)= 60° and z = 10 cm. 


» find each of X and y to the nearest cm. « 15 ст. » 13 ст. » 


L2] С ABC is a triangle in whichc = 19 ст. » т (4 A) = 112? and m (4 B) = 33° 
Find to the nearest hundredth each of b and the length of the radius of the circumcircle 


of the triangle. « 18.04 cm. › 16.56 ст.» 


[ 3) Q LMN is a triangle in which : m=68.4cm. » m(Z M) = 100° and m (4 N) = 40° 
>find: (1) l 
( 2 ) The length of the radius of the circumcircle of the triangle LNM 


( 3 ) The area of the triangle LMN «44.64 cm. » 34.73 cm. » 981.34 cm: » 


п LMN is a triangle in which : m (4 L ) = 18°52 , m(Z № = 44° 17 and NL = 35 cm. 
© 

Find : 

( 1 ) The length of each of MN and LM 


( 2 ) The area of the circumcircle of А LMN «127 cm. »274 ст. » 1208.67 cm? » 


ЕЗ ABC is a triangle in which: b= 10 ст. » m (Z A) = 40? and m (4 C) = 80° 
Find the length of the greatest side of A ABC on WR 


С} ABC is a triangle in which : c = 4.5 cm. > m(Z А) = 100? and m (Z B) = 15° 
© 


Find the length of the smallest side of А АВС «13cm.» 


тё) 
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u ABC is a triangle in which : m (Z A) = 60° anda - 7 43 cm. Find the area 
© 


and the circumference of the circumcircle of A ABC ( = 2) « 154 ст? › 44 ст. » 


[ 8 | (Л ABC is a triangle in which m (Z A) = 60° ; m (Z B) = 45? 
о 
Prove (вай: а:6:с=\6:2:[3+ 1 


[9 | АВС is a triangle in which:a- 13cm. 5 m (Z A) = 53° 8 ,с= 15 cm. Find the radius 
е ^ 
length of the circumcircle of A ABC s then find m(Z C) «81ст.,»67523 дог 112° 36 5] » 


10 | ABC is a triangle in which m (2 А) = 35° , а= 8 ст. апа Ь = б ст. 
© ч 
Find : m (Z B) «25° 28 45 » 


& LL] Find the perimeter of the triangle ABC in which c 287 cm. 5 m (4.А)-579 13 
? and т (ZB) = 64° 18 «265cm.» 


ЇЙ] ABC is a triangle in which m (Z B) - 45* ,m (Z. C) = 60° and the diameter length of 
the circumcircle of A ABC = 40 cm. Calculate the area and the perimeter of A ABC 
to the nearest whole number. « 473 cm? 5 102 cm.» 


ABC is an isosceles triangle in which : m (ГА) = 120? and the length of the radius of 
the circumcircle of A ABC is 12 cm. 
Find c and calculate the area of A ABC « 12 ст. »624 cm? » 


E) ABC is an isosceles triangle in which : a= b and m (Z A) = 15? and the perimeter 
o 
of A ABC is 25 cm. Find the area of the circumcircle of A ABC «474 cm? » 


a CJ If the perimeter of A ABC = 40cm. 5 т (Z A) = 44? and m (Z B) = 66° , 
© 


Find the lengths of the sides of the triangle ABC « 10.9 ст. » 14.3 ст. › 14.8 ст. » 


a ABC is a triangle in which c = 12 cm. and m (4. B)=3 m (Z A) = 60° 
Find a and the area of A ABC to the nearest cm? «4 cm. 322 cm? » 


ш LO If the area of the triangle ABC is 450 cm? 5m (2 В) = 82? and m (Z C) = 56° , 
find the value of a «27 ст. » 


ABC is an acute-angled triangle in which АС = 12 cm. sin А = 0.6 and its area is 43.2 cm? 
Find the length of each of AB and BC » Also find m (4 B) «12 em. »7.6 ст. » 71? 34 » 


KI) Find the perimeter of the acute-angled triangle ABC if a - 7 cm. b - 8 ст. 
Ф 
and m (Z A) = 60° « 20 cm. » 


UNIT 


4 e Understand O Apply 4, Higher Order Thinking Skills 


20) ABC is a right-angled triangle at B »let D ЕВС and Dé BC BC such that CD -4 cm. » 


31) If ABC is a triangle where : 


m (Z ADC) = 45° 15 and m (4 CAD) = 18° 
Find the length of AB to the nearest cm. «8cm.» 


21) XYZ is a triangle in which YZ = 15 cm. » m (ДУ) = 30? and m (Z Z) = 70° 


Calculate the length of the perpendicular dropped from X to YZ « 7.16 cm. » 


in ABC is an n ect triangle at C in which: a=8cm. > C= 20 cm. 


and tan А = —— Find m (Z C) « 123° 33 » 
212 


Цин ras b=Scm. > tan С = 4 and m (Z B) = 30° 


find a „с and the area of the triangle to the nearest integer. « 10 ст. »8 cm. 20 cm? » 


e XYZ is a triangle in which sin X + sin Y + sin Z = 2.37 and its perimeter is 56.88 cm. 


Find the length of the radius of the circumcircle of A XYZ «12 ст.» 


ЕЗ сал ABC is a triangle in which m (4 A) = 60° , m(Z B) 2 45? »ifa+b= (62) ст. , 


then find each of : a and b «6 cm. ›2 em.» 


[26] ABC is a triangle in which sin A: sin В : sin С =2:4:5 and c-b = 3 cm. 


Find each of a and b «6cm. » 12 ст. » 


E] C2 ABC is a triangle in which m (Z A) : m (2 В): m (4 С) -3:4:3 ›На= 5 cm. › 
[$] 


then find the perimeter of the triangle ABC « 159 ст.» 


[28] ABC is a triangle in which m (4 A): m (4 B): m (4 C) =1:3:5 


Find the length of the smallest side of A ABC if its perimeter equals 16 cm. «2.5 ст. » 


28) (13 ABC is a triangle in which m (2 A)= 4 т (4 В) = 1 m(Z С) ће length of ће 


radius of its circumcircle = 10 cm. Find the area of A ABC «110 em? » 


30 ABC is a triangle in which 6 sin A = 4 sin B = 3 sin C and its perimeter is 45 cm. 


Find each of a and с « 10 ст, »20 cm. » 


а+6-с_а+с-Ь b*c-a 
3 $~ 7 
» then prove that sin A : sin B : sinC=4:5:6 


(184. 
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ЕЙ In the opposite figure : 5 
г gue 
AB and AC are two tangent segments al 
to the circle at B and C c - | B 


»if m (4 А) = 60° т (Z DBC) = 85° 


and the area of the triangle АВС = 913 cm? 4 


» then find the perimeter of the triangle DBC to the nearest centimetre. ^ «Шан» 


LL] In the opposite figure : 

A circle ‚АВ = 5 ст. эт (4 AMB) = 80° 
and m (Z CAB) = 85° 

Find : ( 1 ) The perimeter of A ABC 


( 2 ) The area of the circle M « 19.12 em. ›47.5 cm? » 


J ABCD isa parallelogram in which т (Z A)=50° , т (Z DBC) = 70? and BD = 8 cm. 


Find the perimeter of the parallelogram. « 38 cm. » 


ABCD is a parallelogram in which AB = 18 cm. m (4 CAB) = 36? and m (4 DBA) = 44° 
Find the length of the diagonal AC and the area of the parallelogram. « 25.39 cm. » 269 ст?» 


[36] ABCD is a parallelogram. M is the point of intersection of its two diagonals. 
© 
Let AC = 20 cm. m (Z AMD) = 130° and m (Z CAB) = 85? 
Find the length of BD and the area of the parallelogram ABCD «28.2 cm. »216 cm? » 


[37 | ABCD is a trapezium in which AD // BC , AD- 20cm. » м(4 р) = 120° , 

7 m (Z В) = 62° and m (Z АСВ) = 23° 25 

Find : 

( 1 ) The length of each of AC and BC to the nearest cm. 

( 2 ) The area of the trapezium ABCD to the nearest cm? «29 ст. 533 ст. +305 cm? » 


ED £3 Авср isa quadrilateral in which CD = 100 cm. › m(Z ВСА) =36° , 
ө 
т (4 ВРА) = 55° , m(Z ВСР) = 85? and m (4 CDA) = 87° 


Find the lengths of BD and AC to the nearest centimetre. « 112 ст. » 144 ст. » 


[39 ABCD is а quadrilateral in which m (2 АВС) = 90° , m(Z BAD) = 80° 
© 
›АВ = АР = 10 ст. » BD = BC Calculate the area of the quadrilateral ABCD « 102 cm?» 


(£5 6) ой Y/ (ou OW — эч ceto; - НД 
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(T) C3 In any triangle ABC › prove that : 


5] 
3a-4b EN 
(1)g4nA-4sinB sinc 
2 . . 
h the tri = 8 sin B sin C 
( 2 ) The area of the triangle S ШАЛ 


( 3 ) The area of the triangle =ape 


“where r is the radius length of the circumcircle of the triangle ABC” 


ЕВ Choose the correct answer from the given ones : 
2 


( 1 ) If the radius length of the circumcircle of the triangle ABC equals 3 cm. 


-— MN eem 
»then:s'AsinBsinC > 
(a) 3 (b) 6 (c) 27 (d) 216 
( 2 ) I ABC is a triangle › then: a csc A+ b csc B + c esc С = e 
(a) 2r (b) 4r (c) 6r (d) 8r 
(3)Ifassin B»bzsinCsc- sin A › then the circumference of the circumcircle 
of A ABC equals EET 
(a) 1 (b) + сул (фу2 7, 
(4) In AABC › asinA+bsinB+cesinC ........... 
a+b ec 
1 1 
Oi (b) 5- (c) 2r Фр 
( 5 ) The area of A ABC is 24 cm? and the radius length of its circumcircle is 5 cm. » then 
sin Asin В sin (A + B) = 7 
З. 5 9 12 


(6 ) In the opposite figure : 


cot 0 2 eee 
93 (DE: 
(c) 2 (d) 1 
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( 7 ) In the opposite figure : 


It CD = 2DB › then Š sin n= — 


@ 16 16 
(c) 15 (a)? 15 


(8 ) In the opposite figure : 


If AD = 412 cm. s then BC =... cm 
(a) 242 (b)4 
(9412 (d) 8 


(9 ) In the opposite figure : 
If tan (2 DEC) = 3, 
then the radius length of 


the circumcircle of A ABC = ............... cm. 
(a) 3 (b) 3.5 (c) 3.75 


(10) In the opposite figure : 


D is the midpoint of BC and | НЫ 2 
ws % 
т (Z BAD) = 60° , then : 
D 


tan (Z DAC) = .............. с B 
1 
(a) 2 OT ()1 (42 
12 A 
(11) In the opposite figure : A 
The area of the shaded part = «m cm? 40 
(a) 4.37 (b) 26.2 
(c) 43.7 (d) 52.6 e [NO 4 


If ABCD is a cyclic quadrilateral › prove that : BC x sin (4 ABD) = AD x sin (Z CDB) 


a In the triangle ABC , prove that : 


Mundi qub wi ^ 


І г d 
(2 uut asinB ' bsinC A 


where S is half of the triangle's perimeter and A is the triangle's area. 


Tab 


Prove that the area of the circumcircle of АВС equals ТА ЕЕ 
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| First Pe choice questions | 


Choose the correct answer from those given : 
2..9 8 


(1) 22 In A XYZ › the expression Xy equals eee 
(a) cos X (b) cos Y (c) cos Z 
(2) EQ INA XYZ oy? «Z2 - X -2yz еее 
(a) cos X (b) sin Z (c) cos Z 
(3) In A ABC »cos (А + B) = =e 
(a) cos C (b) - cos C (c) sin C 


( 4) If ABCD is a cyclic quadrilateral › then cos А + cos C = еее 
(a) 1 (b) zero. (c) i 
(5) MAXYZ ›2 Ху cos (K+ Y) = еее 
(а) Х2+у2-22 oy«z-x (ox?-24y 
(6)InALMN»f=5cm. » m=7cm. > m(ZN)-60 


„епи cm. (to the nearest tenth) 
ea ms (c) 4.3 

(7) ШАХҮ7.Х-5сш. » yz3cm. » ш(22-47 
y then z = eeen 
(a) 7 (b) 8 ()9 


(d) sin Z 


(d) sin X 


(d) — sin C 


(d)-1 


(d) g-x?-y 


(d) 3.5 


(d)4 


——6$— о 
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(8) InAABC 5 if m (Z A) +m (ZB) = 120° » a=2cm. » b=3cm.; 


ШЕП C's с cm. 
(a)4 (b)3 17 «5 
(9)InAABC ,а=9ст. » Ь= 15 сш. , m (Z С) = 106° 
» then its perimeter = -+ cm. 
(a) 44 (b) 24 (c) 34 (d) 28 
(10) ШААВС › b-2cm. » с=2.5 сш. , cos A= 2 
» then A ABC is -.............. 
(a) a right angled triangle. (b) an isosceles triangle. 
(c) an equilateral triangle. (d) a scalene. 
(11) Е In A XYZ 5 if X x › then cos X = ............ 
2y? z as EE 
(a) 5 (b) 2y (ау (9) 2x 
(12) GQ In A ABC ,соѕ (A + В) = ............. 
a’ +62 c? а2+с2 p? Ь2+с2 а? са? 2 
ETT шинэ” аъ шин” 


(13) The measure of the greatest angle in triangle the lengths of its sides are 3 cm. » 
5 cm. › 7 cm. equals -----.....-.... 


(a) 110 (b) 150 (c) 100 (d) 120 
(4) IGAABCb-4cm. » a«csllém. » #-с= Lem уеп 
(a) the triangle is an obtuse angled triangle. 
(b) the triangle is a right angled triangle. 
(c) m (Z B) 22m (Z A) 
(d) m (Z A) 22 m (4 B) 
(15) In A ABC ›с (a cos В +b cos А) =............... 


(a) 2c? (b) c? (c) a? (d) b? 
(16) In А ABC if RA = 2 05 С s ей ee 

(а) b-2c (b)a=c (c)a=b (d)a=b=c 
(17) In A ABC » a? + b? c? +13 ab =0 s then m (2 ©) = e ° 

(а) 30 () 150 (с) 60 (d) 120 
(18) In ДАВС ;ifm(Z C) = 60° , aà?2«b?-c?-kab,thenks onn 

(a) + (2 (©)! (9) - 1 
(19) In triangle ABC »c?- (a+b)? — ab s thier i (Z- C) ed е 

(а) 30 (b) 45 (с) 60 (d) 120 


189. 
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о (20) In A ABC »4 sin A =3 sin В = 6 sin C »thenm(Z C) = vs 
(to the nearest degree) 


(a) 89? (b) 29° (c) 57° (4) 82° 

$ (21) MAABC » 4 sinA= 4 sinB = І sin С » then cos C = + 
(a) 3 (b) 3 (c) 4 (d) 4 

o (22) If ABC is a triangle in which : 5 sin A sin B = 6 sin B sin C 2 9 sin C sin A › 
then m (Z C) e сеен. o 
(a) 28 (b) 32 (c) 36 (d) 42 

© (23) If ABC is a triangle in which : 6a 2 4b 2 3c »then the measure of the smallest 
angle in the triangle = 
(а) 57° 28 (b) 41° 12 (c) 28° 57 (d) 36° 52 


© (24) АВС is a triangle in which m (4 А) = 60° › b:c=5: 8 and the area of the 
circumcircle of the triangle ABC is 147 7t cm? » then the perimeter of 


ААВС =н cm. 
(a) 21 (b) 34 (c) 54 (d) 60 
© (25) In the acute-angled triangle ABC ›а=8 ст. » b=5cm. » m(Z C) = 60° 
» then m (24 А) € 
(a) 83° 43 12 (b) 81° 47 12 (c) 38° И (d) 60° 23 10 
© (26) ABCD is a parallelogram in which АВ = 8 ст. » ВС= 11 ст. » BD=9cm.> 
then the length of AC = eee cm. 
(a) 9 (b) 10 (c) 11 (d) 17 


о (27) ABCD is quadrilateral in which AB 22 ст. » ВС = 25 ст. » ОС= 18cm. 
»m(Z АБВ) = 65° › ш(2 РВА) = 50° ; then m (4 CBD) = «++. 


(а) 80° 75 (b) 42° 49 19 (c) 44° 28 6 (d) 85° 30 
© (28) ABC is a triangle in whicha -|2cm. » b= 3cm. » cz2cm. 
th cosAcoB | ^  .. 
алин cos (A+B) : 
m -15 =i? 8 
0) 15 шан (715 @ 17 
ó (29) In the opposite figure : 
Ср = еее ст. 
(a) 6 (b) 7 
(c) 8 (d) 9 
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(30) In the opposite figure : 


ABCD is a parallelogram 
»then AC = ............... cm. 
(92113 (92137 
(92117 (4) 148 


(31) In the opposite figure : 
ABCD is a parallelogram 
m (2 ABD) = 80°  BD- 7 cm. 
АВ = 5 cm. » then the perimeter 
of parallelogram = ............... to the nearest cm. 


(a) 25 (b) 26 (c) 29 


(32) In the opposite figure : 
СЫН сенуге: 
(а) i 
b) 2 
(c) i 
3 


(33) In the opposite figure : 
ABCD is a quadrilateral in which АВ = 8 cm. 
ВС = бст. »m(Z В) = 90° 
» DC = 5 ст. and т (4 ACD) = 60° 
» then the area of the circumcircle of 
the triangle ADC = cm? 
(a) 9 7t (b) 16 7t (c) 25 Л (d) 49 7t 


(34) In the opposite figure : 
ABCD is a rectangle in which 
DCz6cm.;BC-8cm. 
and E € DB where BE = 5 cm. 
› then AE = .............. ст. 


@ 93 09197 (c) 10 (d) 103 
[191] 
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© (35) In the opposite figure : A 
The value of X = vee cm. К> E LO 
(a) 7 (b) 8 
(c) 9 (d) 10 " (em. В 


secon 


XYZ is a triangle in which: m (4 7) =95° » Х= 13 ст. » y = 16cm. Find z «215 cm.» 


ER ABC is a triangle in which: a=3cm. > с= 5 cm. and m ( B) = 36° 21 


Find b to the nearest cm. «3 cm.» 


СП Find the measures of the angles of the triangle ABC in which a = 7.6 cm. 
b = 5.8 ст. and = 34 cm. «108° 34 »46* 20 ,25* 6» 


(13 ABC is a triangle in which a= 13 ст. » b= 14 см. and c = 15 cm. Find m (4 B) » 
then find the area of the triangle ABC to the nearest cm? «59° 29 ,84 cm? » 


Find the measure of the smallest angle in А XYZ » where X = 18 ст. »y = 27 cm. 
and z = 24 cm. Find also the area of the circumcircle of A XYZ « 40° 48 » 596 ст? » 


О ABC is a triangle in which m (4 C) = 96° 23 5 a=7cm.andb=9cm. 
7 Find : 
(1)c ( 2.) The area of the triangle ABC to the nearest cn? 
( 3 ) The length of the radius of the circumcircle of the triangle ABC to the nearest cm. 


5 
« 12 ст. »31 ст. »б cm. » 


CO The perimeter of the triangle ABC is 52cm. » а= 13 cm. and b = 17 cm. 
Find the measure of the greatest angle in the triangle » then find the area of the triangle to 
the nearest centimetre square. «93° 25 » 110 cm?» 


Find the measure of the greatest angle in А XYZ where X = 24.5 ст. » y= 18 cm. 


and z = 10 cm. Find the circumference of the circumcircle of A ХҮЙ, ( -2) 


« 119? 19 588 cm. » 


о If the ratio among the lengths of the sides of the triangle XYZ is Х:у:2-4:5:6 
| » prove that the measure of the smallest angle of the triangle approximately equals 41° 25 


192 
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111 XYZ is a triangle in which sin X : sin Y :sinZ-7:8:12 
© 
Find the measure of its greatest angle. « 106° 4 » 


B 


ABC is a triangle in which :a=4cm. » Ь= 5 cm. and cos С => 


Find c and the area of A ABC « 78 em. +543 cm?» 


ГЇ ABC is a triangle in which : a = 16 cm. >» c- 18cm. » tanB- 3 
© 


Find the area of the triangle ; then find its perimeter. « 864 cm? › 45 ст.» 


{0 ABC is a triangle in which : 2 sin A = 3 sin B = 4 sin C 
е 


Find the measure of the smallest angle. «26° 23 » 


KL] ©) ABC is a triangle in which 5 sinA= Г sinB = + sin C Find m (Z C) and if the 
Г] 


perimeter of the triangle = 24 cm. find its area. «909 324 ст: » 


ABC is a triangle in which D is the midpoint of BC Let m ( B) = 75° , 


m (Z A) = 60° and a = 8 cm. Find the lengths of AC and AD «8.92 ст. $6.7 cm.» 


АВС is a triangle in which: a=8cm. » b-7cm.andc- 9 cm. Let D € BC such 
that BD = 4 cm. Calculate the length of AD ; Calculate also ће length of the radius of 


B 


the circumcircle of A ABC «7 cm. 94.7 ст. » 


KI] ABCD is a parallelogram in which: АС = 16cm. » DB =20 cm. and m (Z AMB) - 509 
о 


› Where M is the point of intersection of its diagonals. 


Find AB and AD to the nearest cm. «8 cm. » 16 cm.» 


Q] ABCD isa parallelogram in which AB = 9 ст. » ВС = 13cm. and АС = 20 cm. 
Find the length of BD « 10 ст. » 


[ГЇ If the perimeter of the parallelogram ABCD is 20 cm. » the ratio between the two 
adjacent side lengths is 2 : 3 and BD = 8 cm. › then find the length of AC « 6.3 ет.» 


ABCD is a parallelogram in which : m (Z А) = 60° , its perimeter is 44 cm. » the 
length of its small diagonal is 14 cm. and AB « AD Find : m (Z ADB) › and then 


calculate the area of 7 ABCD to the nearest cm? « 21? 47 83 cm?» 


(to: P) erf Y / (Gold) OW - tay eost; - ај] 


e Understand O Apply Ф Higher Order Thinking Skills 


gm ABCD is a trapezium in which: AD// BC » AD=42cm. › AB-30cm.; 
ВС = 48 cm. and m (Z A) = 100? Find the length of each of : BD » CD 


« 55.7 cm. › 29.3 ст.» 


ü C] ABCD isa quadrilateral in which AB — 9cm. » ВС=5 ст. » CD=8cm.> 
? DA 29 cm. and AC = 11 ст. 
Prove that : The figure ABCD is a cyclic quadrilateral. 


EE) ABCD is a cyclic quadrilateral in which AB = АР =9 ст. » BC-5cm. » CD-8cm. 
7 Find:AC «Пот» 


[24] ABCD is a quadrilateral in which : АВ = бсш. » ВС = 14ст. » CD=10cm. 
© 
and АС = BD = 16 ст. Prove that : ABCD is a cyclic quadrilateral. 


о 


Ei) СЗ ABCD is a quadrilateral in which АВ = 27 ст. > ВС = 12cm. » CD=8cm. 
о 
‚РА = 12 cm. and АС = 18 cm. 
Prove that : "АС bisects Z. BAD › then find the area of the figure ABCD « 124 em: » 


______—————-—— 
[26] LL] ABCD isa quadrilateral in which: m (4 РАВ) =m (4 ОВС) = 90° ; BD = 10 ст.» 
9 AD=8 cm. and m (Z DCB) = 30° 


Find AC to the nearest cm. «22 cm. » 


gl ABC is a triangle in which : a = 3 b and m (4 C) = 60° Find m (4 B) and m (4 A) 
© 5 4 
« 19° 6 + 100° 54 » 


D ABC is а triangle in which: a=5cm. › m (4 В) = 120° and its area is 1013 cm? 
9 


Find each of c and b and also m (Z A) «8 em. » 11.36 cm. »22° 24 » 


(1) ABC is a triangle whose area is64cm? m (LA) 230? » b:c=3:4 
o 
Find the perimeter of A ABC «418 ст. » 


[30] ABC is a triangle in which: a=6cm. » b=10cm.> the area of the triangle is 20 cm? 
Ө c 
If Z ACB is obtuse » find each of : m ( C) » the length of AB «138911 515 cm.» 


ЕП If sinA- 2 sinB- 4 sin C » с-а=4см. 
9 3 2 


» find each of : b and m (Z A) «бст. »28? 57 » 


Exercise Twenty | 


ЕЙ Ifsin A: sinB: sinC =3:5:7 
e 


> prove that : cos A: cos В:совС-13:11:-7 


EJ ОЈ ABC is a triangle of perimeter 70 cm. » a=26cm.andm (4 A) = 60° 
9 


Find its area. «10513 cm?» 


E ABC is a triangle whose perimeter is 34cm. » а=12 cm. and b- c = 6 cm. 


Find the measure of its smallest angle › then calculate its area. «34546119 547.9 cm! » 


Ел triangle › its side lengths are 14 , 10 and X in centimetres » if the measure of the 
© 
greatest angle of the triangle is 120? Find X given that (X « 10) «6» 


[36] In AABC:m(Z С) = 120° ;a-b-2 эс =b +2 Find each of a »b ›с «35557» 


In AABC if: (a+b+c)(a+b-—c)=3 ab » then prove that : m (Z C) = 60° 


prove that : КЄ JO ›4[ , then find : m ( C) whenk=1 « 120? » 


In the parallelogram ABCD › prove that : (AC)? + (BD)? = 2 (AB)? +2 (BC)? 


Q 
E LÌ ABC is a triangle in which (a +b + c) (a+b—c)=kab 
| 


о LJ ABC is a triangle in which D is the midpoint of BC 
Ф 
Prove that : (АВ)? + (АС)? =2 (AD)? +2 (BD)? and if AB = 5 cm. ›АС=8 ст. 
and ВС = 12 cm. Find : AD M95 om.» 


2 
Prove that : cot B + cot C = Ет Where A represents the area of A ABC 


ABC is a triangle in which : b? = (c - a +c a Find : m (ZB) « 60° » 
9 


tj XYZ is a triangle in which x? = y? *z!-yzcotX 
е 
Find : m (4 X) « 90° , 30° or 150? » 


In A ABC : cos В = Lm » prove that : A ABC is an isosceles triangle. 


с3 LO ABCDE is a regular pentagon of side length 18.26 cm. 
9 =u 
| Find the length of its diagonal AC « 29.5 cm. » 


@Understand @Apply & Higher Order Thinking Skills 


(T) С] Discover the error : 
. 
In the triangle ABC »ifa-7cm. » b- 10 см. > c 2 5 cm. and т (Z A) = 40.54? 


> find : m (4 B) 
T _а2+с?-Ь7 EE GN 
илэн 2%, "nB sinA 
| _ (т? «G*- ao? | 7 
МӨӨГ SV TS "58 В sin 40.54° 
=— 0.3714 3 sin B = 10 sin 40.54" 
7 
и m (Z B) = 111.8? 
= 0.9285 
г. m (Z В) = 68.29 
г — | 


Which of the two answers is correct ? Why ? 


HIT ME Higher skills 
ЕВ Choose the correct answer from those givens : 
* (1)1fA@>1)5BG>4)»C( » 3) are the vertices of a triangle» 
then cos (Z ACB) = нөөс 
(93 = ()$ (=> 
( 2 ) In the opposite figure : 
To find the length of DE its needed to know e=- 
(a) the length of AB 
(b) the area of A ABC 
(c) the perimeter of A ABC 


(d) any of the previous. 


(3 ) In the opposite figure : Р 
ABE sean em. 
(a) 6 (b) 7 
(c) 8 (d) 9 
(4) In the opposite figure : 
GORA nies 
0-6 0-1 


] 
©- @ + 
2 


( 5) In the opposite figure : 


ni (Z BAB)s oe 
(а) 34° 39 (b) 39° 34 
(c) 18° 34 (d) 34° 18 


( 6 ) In the opposite figure : 


If m (4 C) =0.4™ , then the perimeter of the 


shaded region = ............... cm. 
(a) 15.3 (b) 13.4 
(c) 6.9 (d) 21.3 


( 7 ) If the area of АВС = 12 cm? ; then (b? +c? - а2) tan A= 


(a) 12 (b) 24 (c) 48 


(8)InAABC > ifm (Z А) = 60° › еп: (12 «P1. 


(a) zero (b) I (c) 2 
33-53 
(9 )In AABC sif 59 *€ 22, then m(Z A) = 
а+Ь+с 
(а) 30° (b) 60° (с) 45° 


(10) In the opposite figure : 


ABCD , XCEF are two squares 
if: BC = 3 CE > then 


sin (4 ВХЕ) РАЕН 
A bj—2- 
sem а) =2. 
(11) In the opposite figure : 


ABC is a right-angled triangle at А, 
АВ = 60 cm. › АС = 80 cm. › AD is drawn 
to divides A ABC into two triangles with equal 


perimeters › then AD = ............... cm. 


(a)24 15 


(5 (24 (935 2 


Exercise Twenty | 


(4) 96 
уолан 
Б) = 
(9) 3 
(9) 150° 
р А 
F X 
B € B 


o 


"ug 


мээн 


UNIT 
4 e Understand O Apply 4. Higher Order Thinking Skills 


E in AABC: 16288 = А 


Prove that : A ABC is a right-angled or an isosceles triangle. 


Е ABC is a right-angled triangle at 2 B. If E is a point inside the triangle such that : 
5 EA = 10cm. › EB26cm. › m(Z AEB) = m (4 BEC) = т (Z CEA) 


« 33 cm.» 


Find the length of EC 


ЕЗ ABC is a right angled triangle at 2 B If M and N belong to АС such that: АМ = MN = NC 
5 BM 23cm. › BN = 4 cm. Find the perimeter of A ABC to the nearest cm. « 16 cm.» 


In any triangle ABC : prove that : 
y 


T D d. 
cosA , cosB , cos C _ a +b +c 


(1) b © 2abc 


(2322 +b? + c? 2 2 (be cos А + ac cos В + ab cos C) 


tan А Bru ms 
2 


(3) ас be-i 


Solution of the triangle 


! From the school book €* Higher Order Thinking Skills 


(ШИ Multiple choice questions | 
Choose the correct answer from those given : 

Solving the triangle means э. 

(a) to find the lengths of its sides. 

(b) to find the measures of its angles. 

(c) to find the relation between the lengths of its sides and the measures of its angles. 
| (d) to find the lengths of its sides and the measures of its angles. 
The perimeter of A ABC » in which b = 11 cm. » m (Z А) = 67° »m (Z C) = 46? 
equals -- (to the nearest cm.) 
(a) 22 (b) 38 (c) 31 (d) 27 
LL} By solving the triangle ABC in whicha 25cm. » b=7cm. » m (4. C)z: 65? 
cm. (to the nearest tenth) 


› Фепс=.. 
| (a) 4.4 (b) 2.1 (c) 6.7 (d) 8.2 


Ву solving A ABC in whicha=2cm. » ь-412 cm. , с-215 cm. › then 


First : cos A =з... 


410 410 5 
Second : m (Z C) = ............... 
(а) 32° 18 (b) 27° 43 (c) 1359 (d) 459 


The number of possible solutions of A ABC in which m (4 C) = 115° 
9C= 12cm. sa = 9 cm. is «e 
(a) 1 (b) 2 (c) 3 (d) zero. 


1199 
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( 6 ) The number of possible solutions of A ABC in which а = 8 cm. »b = 10 cm. 
эш (LA) = 42? ів 


(a) 1 (b) 2 (c) infinite number. (0) zero. 

( 7 ) The number of possible solutions of A ABC in which m (Z A) = 60? »b=3 cm. 
эа= 5 em. iS enee 
(a) 1 (b) 2 (c) 0 (d) infinte number. 


( 8 ) The number of possible solutions of A XYZ in which X = 5 cm. ›у = 6 cm. 
эт (Z X) = 70? equals зз 
(a) zero. (b) 2 (c) 1 (4) 3 
(9) In A XYZ »X 230cm. ›у=20 см. »m(Z Х) = 100° 
» then these conditions verify === 
(a) unique solution. (b) two solutions. 
(c) three solutions. (d) no solution. 
(10) In A ABC ›а= 20cm. »b = 25 ст. эт (ДА) = 40° 
»then these conditions verify з: Я 
(а) unique solution. (b) two solutions. 
(c) three solutions. (d) no solution. 


(11) If A XYZ »m (Z X) = 100° , X 23cm. ›у=4 см. » 
then these conditions verify === 


(a) unique solution. (b) two solutions. 
(c) three solutions. (d) no solution. 
(12) f AABC ›а= 15 cm. » m (Z B) = 30° › has a unique solution 
»then b could be =- cm. 
(a) 8 (b) 7 (c) 7.5 (d) 8.5 
(13) НАХУЙ, ›Х= 10 cm. »m (Z Y) = 50° has two solutions › then y could be з cm. 
(a) 6 (b) 11 (c) 7.66 (d) 8 
(14) If the following conditions valid no triangle XYZ where X = 17 cm. » m (Z Y) = 92^; 
then y could Бе сэнс cm. 
(a) 20 (b) 25 (c) 18 (d) 16 
(15) If the following conditions valid no triangle LMN where { = 35 ст. 
‚т (Z M) = 75? , then m could Бе cm. 
(a) 45 (b) 75 (c) 33 (d) 40 


(16) By solving A ABC in which a = 15 ст. »cos B= 1, tan С = T 
3 
» then the perimeter of A АВС = r "where r is the radius of the circumcircle" 


(a) (2 +12) (b) (3. +2) о (3+73) (d)2 


Exercise Twenty-one | 


measures of two angles 
Solve the triangle LMN in which т = 17 ст. › m(ZL) = 33° 16 and m ( № = 44° 19 


9 Exercises on solving a triangle knowing a side length and the 


| Second 


«9.5 ст. » 12.2 ст. » 102° 25 » 


Solve the triangle ABC in which : AB =9 cm. and т (Z A) 22 m (Z B) = 80° , then 
calculate its area to the nearest cm? « 10.2 cm. › 6.7 cm. » 60° s the area = 30 cm? » 


b 
e 
a Solve the triangle XYZ in which: ХУ =40 ст. › m(Z Х) = 75? 12 
? and m (Z Y) = 48? 13 , then find the height of the triangle drawn from Z to ХҮ 
«46.4 ст. › 35.8 ст. » 56° 33 » ће height = 34.6 ст. » 
Exercises on solving a triangle knowing the lengths of two sides 
and the measure of the included angle 


(11 Solve the triangle ABC in which m (Z A) = 153° 12 and b 2 c = бст. 


? « 11.67 ст. » 13°24 5 13°24 » 


à Solve A LMN in which: (2 12.5 ст. » п=7.25 cm. and m (ДМ) = 1.2" 
T « 11.96 cm. + 76° 53 › 34° 22 » 


ü Solve A LMN in which : LM = 48.5 ст. › ММ = 46 cm. and cos M =- 0.6 
? « 84.53 cm. » 25° 48 , 126° 52 527° 20 » 


H Exercises on solving a triangle knowing the lengths of the three sides 


Ц Solve the triangle ABC in each of the following figures : 


( 1 ) c (2 ) A 35 cm. © 
x $ х 
л E `% NC p e 
A 27 cm. B B 


Solve the triangle ABC in which: а = 13cm. › b= 14 cm. and c = 15 ст. 
« 53° 8 › 59° 29 ,67* 23 » 


5 
ü CJ Solve the triangle ABC in which = 5 cm. and b 22 с = 8 cm. 
© 3 : л 
« 30° 45 5 125° 6 ,2429 » 


Exercises on solving a triangle knowing two side lengths and the measure 
of the opposite angle to one of them 


Solve the triangle ABC in which a = 10cm. » Ь=9ст. апі m (Z B) = 57° 


9 
ш 122 Solve the triangle ABC in which m (4 А)=50° , а=4 сш. and b = 3 ст. 
o 


(ИР) eft Y / Go old - эч est, - walsdl (201 
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(12 | ILE] Solve the triangle ABC in which m (4 C) = 116° » c= 12 ст. апаа = 10 cm. 
© 


13] Show if the following conditions satisfy the existence of one triangle or more or 
don’t satisfy the existence of any triangle at all, then find the possible solutions, 
approximated the side lengths to the nearest tenth and the angles measures to the 
nearest degree : 

(1) a215cm. » b= 10 cm. and m (Z A) = 120° 

(2) Ша=4сш. > с= 16ст. апіт (4 С) = 115° 

(3)a=12cm. » b=15cm.and m (4 А) = 100° 

(4) а= 20 ст. » b= 28 ст. and m (4 A) = 42? 

(5) Ша=5 ст. » Ь=7 ст. and m (ДА) = 60° 

(6) Ша= 12 ст. » с=7 ст. апі m (Z A) = 27° 

(7)а= 413 ст. › Ь=бст.апіт (4 В) = 60° 

(8 )а= бст. » b= 8 ст. and m (ДА) = 47° 


@ 0 Open problem : ABC is a triangle in which m (4 B) = 58° and а = 42 cm. 
? Find b which makes the triangle ABC has по solution. 
Explain that. 


K Miscellaneous exercises 


EE Solve the isosceles triangle ABC in which : m (4 A) = 110° and a = 8 cm. 
Ф 
« 4.9 cm. *4.9 ст. › 35° › 35° » 


| Иа 29. d 
16, Solve the triangle ABC in which : а = 21 ст. » сов В = 5 and tan C= 75 


« 173 ст. 383 ст. > 104° 15 353° 8 522° 37 » 


Ki] Solve the triangle ABC in which: a=Scm. › m (4 В) = 120° and 
© 


its area is 103 cm? « 11.36 cm. 98 ст. 22° 24 537° 36 » 


a Solve the triangle ABC in which m (Z A): m (4 В): m(Z C) 24:5:6and its 


? perimeter equals 50 cm. « 14.5 ст. > 16.9 ст. » 18.6 cm. 348° 360° 372° » 


Solve the triangle ABC in which sin A: sin B : sin C 23:4: 6 and its perimeter equals 
52 cm. « 12 ст. › 16 cm. »24 cm. » 26° 23 » 36" 20 » 117° 17 » 


LLI Solve the acute-angled triangle ABC in which a = 21 cm. » = 25 cm. and the 
Ї diameter length of its circumcircle = 28 cm. «26 cm. » 48° 35 › 63° 14 568° 11 » 


Exercise Twenty-one 


[21] Solve the triangle ABC in which :c 25cm. » m(Z A) = 82? and the radius length of 


m 
= 


its circumcircle = 8 cm. «158 cm. » 15.7 ст. » 79° 47 24 5 18° 12 36 » 
"LLL: E 
Solve the triangle ABC in which: a-7cm. » m(Z В) = 40? and circumference 


of its circumcircle = 44 cm. ( = 2| «9 cm. » 13 cm. » 30° » 110° » 


Solve the triangle XYZ in which: т (Z Х) 2 82° , т (4 7) = 56° 
and its area = 900 cm? «56 cm. +38 ст, 547 ст. ›42° » 


Solve the triangle ABC in which: m(Z A) = 35° › m(Z В) = 75? anda 3c 2 25 cm. 
« 42 ст. › 7.1 ст. »69 ст. » 70° » 


Solve the triangle ABC in which: а= 13 ст. › m(Z В) = 42? and the length of the 
radius of the circumcircle of the triangle ABC is 8 cm. 


« 10.71 ст. «15.9 cm. › 54° 20 , 83° 40 or 10.71 ст. » 3.42 ст. » 125° 40 » 12° 20 » 


(Ш In each of the following ; can the triangle ABC be formed ? 
If so » solve the triangle : 


(1)az32cm. » bz 7.63 cm. and c = 64 ст. 
(2) а= 12 ст. » bz21 ст. and т (Z С) = 95° 
(3)а-1сш. > bz5cm.andcz4cm. 
(4)m(ZA)=42° , az7cm.andbz- 10 cm. 


LT 


<. Choose the correct answer from the given ones : 


( 1 ) If ABC is a triangle in which a 23 cm. »b = 8 ст. эзт А = = » then the number 


of triangles could be drawn satisfying these conditions is =- 


(a) zero (b) 1 
(с) 2 (d) the information is not enough. 

(2) ШААВС ; AC = 8em. » m (ДА) = 40? › and 8 sin 40° < ВС < AC , then -+ 
(a) no triangle can be drawn. (b) a triangle can be drawn. 


(c) two triangles can be drawn. 
(d) an infinite number of triangles can be drawn. 
( 3) In A ABC ›АС = 8cm. » m (4 A) = 40? and BC <8 sin 40° 5 then --............. 
(a) no triangle can be drawn. (b) a triangle can be drawn. 
(c) two triangles can be drawn. 


(d) an infinite number of triangles can be drawn. 


pu Life Applications on Unit Four 


LL] From the school book 27 

KB C Geography : E 
The opposite figure represents the positions 15) 
of three towns А › В and C 


Find to the nearest kilometre : с В 


( 1 ) The distance between A and C ( 2 ) The distance between В and С « 69 кт. + 193 km.» 


Я 0 In the opposite figure : 
The two places A and B are located on the same edge of a stream 
and the distance between them 18 17 m. › the place C lies on 
the opposite edge such that m (Z ВАС) = 72° and 
m (Z ABC) = 53? Find : 


( 1 ) The distance between the two places A and C to the nearest metre. 
( 2 ) The distance between the two edges to the nearest hundredth if the two edges are 


parallel. « 17 m. » 15.76 m. » 


EJ (3 Art gallaries : 
A picture was hanged on a wall of a gallery with a string tied by two rings on the above 
horizontal edge of the picture and it passes through а nail on the wall » if the length of 
the string on each side of the nail is 30 cm. and the measure of the angle between the two 
parts of the string is 50? › then find the distance between the two rings on the edge of the 
picture to the nearest centimeter. «25 cm.» 


GB C3 Agriculture : 
A farmer wanted to fence a triangular piece of land lengths of two sides of it 98 m. » 
64 m. and the measure of the included angle between them is 52? 
What is the length of that fence ? « 239 m. » 


E C Two ships A and B moved at the same moment from a port » if A moved in the 
direction 20? south of east for 24 km. while B moved in the direction 55? north of east 
for 10 km. in the same time. 


Calculate the distance between them at the end of this time. « 23.5 km. » 


204 


a LL] Distances : 


Kareem wanted to cover the distance from city A to city C 
passing by city B using his motor bike with uniform 
speed 36 km/h. ; then returns from city C to city A 

with uniform speed 42 km/h. Find : 


( 1 ) The distance between city C and city A 
( 2 ) The total time in minutes for the whole journey. 


Life Applications | 


Oc 


oe 


no 


« 21 km. › 70 minutes » 


E C Architectural design : 
An architect designed a building at the 
form of regular octagon ; the length of its 
side is 6 meter. 
Find the lengths of the diagonals НВ,НС,НО 


о шо б 


H A 
11.1 m. › 14.5 т. › 15.7 m.» 
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Accumulative Quizzes 


№ First : Accumulative quizzes on algebra 
№ Second : Accumulative quizzes on calculs 


> Third : Accumulative quizzes on trigonometry 


EE Accumulative quizzes on algebra 


Total mark 


o p on lesson 1 — unit 1 


Answer the following questions : 


First DA 4 marks 1 mark for each item 


Choose the correct answer from those given : 
( 1) Which of the following figures represents a function in X ? 


(a) 


( 2) The opposite figure represents 
a function in X whose domain 


(а) IR (b) R - ]- 2 »2[ 
(c) R - [-2 52] (d) R- {0} 


(3) The opposite figure represents 
a function in X whose range 


(a) IR - [0 »2] (b) R- {0} 
(c) R - [0 » 2[ (à) R - ]0 »2] 
(4) If f (X) = 4-Х? 5 then the domain of the function f = 
(a) [- 2 ›2] (b) ]- 2 »2[ 
(с) [-2 ›2[ (à) ]- 2 »2] 


Second question] 6 marks 2 marks for each item 


Investigate the monotony of the functions represented by the following figures : 


Accumulative quizzes | 


Total mark 
[| Quz |2 эое. 
10 
Answer the following questions : 
6 marks 1 mark for each item нь 
Choose the correct answer from those given : 
(1) Iffoo-r › О0-1Х » then the domain of (f. g) =. 
(a) R- {0} (b) IR (c) R* (d) [0 » cof 
(2) 7(Х)-Х-1 » gCO2 X? othen (f og) (2) = ............... 
(a) 3 (b) 4 (c) 5 (d) 9 
( 3) The domain of the function f : f (X) =ў 5-Xequals зе 
(a) R- {5} (b) IR* (c) ]- e» » 5] (a) [5 ›=[ 
(4) If f o9 =үх , 8(Х)-х2 » then the domain of (f o g) = eee- 
(a) [0 » 00[ (b) R (c) IR* (d) IR^ 
(5) If f Q9 24 x-1 , 8(0-11-х » then the domain of (f + g) is eese- 
(а) эе (b) ]-= › 1] (©) [-1›=[  @ {1} 


(6 ) If the relation between X » f (X) эв (X) is as 
shown in the given table for some values of 
X » then the value of X that satisfies that 
g (f (x)) CONNU PUE 
(a) 8 (b) 3 
(c) 2 (d) 4 


[Second question) 4 marks 2 marks for each item 
FfO=} › g00=X+3 find: 


(1) fog) C9 
(2) Sof) 09 


-1 


4 


-2 


and state the domain in each case. 


Algebra 


Total mark 
Quiz |3 till esson 3 — unit 1 
Answer the following questions : 
| First question `] 6 marks 1 mark for each item = 
Choose the correct answer from those given : 
(1) If f is an even function in the interval [a , b] › then b = 07 
(а) а (b)-a (c)2a (4) а? 
(2) The domain of the function f : f (0) 74 — 
x-8 
(aR (b) R- {2} (c) R- {8} (d) [8 >= [ 
( 3 ) The odd function from the given ones is f : f (X) = еее 
(a) X sin X (b) cos X (c) 5 (d) X cos X 


( 4 ) The range of the function represented in 


the opposite figure 18. 
(a)R-{-1} 

(91-14 

(| -1»ё| 

(d) В 


(5) If f isa one - to - one function and the point (2 › 3) belongs to the function f 
» Which of the following points could belong to the function f ? 


(а) (5 »3) (b) (2 »— 1) (с) (3 »2) (d) АШ the previous. 
(6)Iff (=X? » gCO- X? +1 » which of the following is an odd function ? 

(1) (f xg) (D (f og) (ID (go f) 

(a) (Г) only. (b) (II) and (Ш) (c) (1) and (Ш) (d) (1) and (Ш) 


[Second question Өнөө | 
If f, QQ 2 X5 » f, 00 5 sin X › find (f, + f;) OO hence 


find the type of (f, + /,) whether it is even » odd or otherwise. 


Accumulative quizzes ЕЕ: 24 


| Quz |4) till lesson 4 — unit 1 


Answer the following questions : 


г о =) 
|x] , Х<0 


Graph the function f : f (X) 4 from the graph » deduce the range 
X 2 , Х»0 | 
of the function and determine its type whether it is even » odd or otherwise and investigate | 


Total mark 


its monotony. 


Second question ) 2 marks 


Find the domain of the function f : f (X) - 


2Х-1 
Х-2 


and prove that f is one - to - one. 


ЮУ Ж ЕЩ 


C 


ffQQ92x?-1 »,(0-Х-1 » graph the function -£ 


» determine the domain and the range of the function then investigate its monotony. 


СШ се) 


Graph the function f : f (X) = | 


Х-1 » 2<Х=4 


-1 » -25Х:2 
from the graph » deduce the range and investigate the monotony. 


(Mod [n сон ey ләм, wall [_9 | 


Algebra 


Total mark 


| Quiz |5) till lesson 5 — unit 1 


Answer the following questions : 


First question ) 6 marks 1 mark for each item 


Choose the correct answer from those given : 


( 1) The curve of the function f : f (X) =X ? 1 4 is the same curve of the function 
g:gO0-2X 2 by translation of a magnitude 4 units in the direction of эс 


(a) OX (b) OX (с) Oy (d) Oy 


( 2) The function which is опе - to - one from the functions defined by the following rules 


(а) fi Q02 X «2 (9 f, 092 x? 
(c) 7, 00 21xI (d) f, 09 =5 
( 3 ) If f is a function where 109 = »then the point of symmetry of the function 
f Qo Dis es 
(a) (1 »0) (b) (0 » 1) (c) (C 1 +0) (d) C 151) 
(4) Ff O0» [x*4 > gOO- X?-4 then (fog) (X) = 
(a) |X| (b) x? (c) X? «4 (d)2 


(5) The domain of a real function f (X) 18 [-2,3] › then the domain of the function 
8(Х)-1(Х-2)18------- 
(а) [-2›3] 0) [-4›1] (с) [0 ›5] (d) R 

(6) If f (X) is an odd function ; then | f (X) | is +--+ 
(a) odd. (b) even. 


(c) both odd and even. (d) neither odd nor even. 


Second question | 4 marks 


Graph the function f : f (Х) =|4-Х ? | from the graph » deduce the range of the function 


and determine its type whether it is even » odd or otherwise and investigate its monotony. 


[10 | 


Accumulative quizzes | 


Total mark 
| Quiz |6) till lesson 6 — unit 1 
Answer the following questions : 
| First question `) 6 marks 1 mark for each item = 
Choose the correct answer from those given : 
(1) The domain of the function f : f (X) = 3 J PUES 
X-4 
(a) [4 ›=[ (b) J4 > oof ()]-954] — (9]-e;-4[ 
2 » Жо 
(2) The function f where f (X) - is symmetric about the point .............. 
—2 » X«0 
(а) (2 50) (b) (2 50) (c) (0 50) (d) (2 »—2) 


( 3) The area bounded by the two curves of the functions f:feo9gslx«s|-2 


98 2 g (Ж) = zero is «es area units. 
(a) 2 (b) 3 (c) 4 (d) 5 


( 4) The function which is one - to - one from the functions defined by the following rules 


()fO9-x* (9/00-1Х| (0/00-4 — (9f00-3 

(5) The solution set of the inequality | X 2 | x - 4 in R is eee 
(9]-2:6[ ^ (b) [-2 56] (c) R (d) Ø 

( 6 ) The curve of the function f : f (X) 2 — X? is moved 4 units to the right and 2 units 
downward and the resulted curve is g (X) » then g (2) = eeren 


(а) – 218 (b) – 20 (c) 6 (d) 214 


Second question ] 4 marks 2 marks for each item 


Find in R the solution set of each of the following : 


(1)¥x?-6x+94+2x=9 


Algebra = 


Total mark 
o=o т till lesson 1 — unit 2 
Answer the following questions : 
| First question `) 6 marks 1 mark for each item НӨ 
Choose the correct answer from those given : 
(1) If f is an odd function in the interval [a »b] »thenb = -+--+ 
(а)а (5)-а (c)2a (d) a? 
( 2) The symmetric point of the function f : f (X) = (X— 2) $ f dg нелын 
(а) (2,1) (b) (-2 » 1) (c) (2 »— 1) (d) (-2 »— 1) 
(3) The solution set of the equation : (х? = 8 in Ris сезе е: 
(a) {2} (b) {4} (c) {16} (d) {64} 


2 
( 4 ) The solution set of the equation : X? = 25 in R is -+ 


(a) {5} (b) {5 »-5} (c) {125} (d) {125 , - 125} 
(5)1t7**! = 32X*? , then X = еее 

(3)-1 (b) 1 (c)4 (d) zero 
(6)1£ f, (X)=3* > f, (©) =9 * s then the value of X that satisfies that 

f, QX- 1) + f, GC 1) = 756 is errr 

(а) 2 (b) 4 (c) 6 (d) 7 


Second question | 4 marks 2 marks for each item 


Find in R the solution set of each of the following equations : 


(1) x5-10x34920 


(2)|X42|23X-10 


Accumulative quizzes | 


| Quiz |8) till lesson 2 — unit 2 


Answer the following questions : 


First question | 6 marks 1 mark for each item 


Choose the correct answer from those given : 


Total mark 


( 1 ) The graphical representation of the function f where f (X) 22 * is -e 


(a) (b) (c) (d) 


1S DL 
(а) (1 »0) (b) (0 » 1) (c) C 1 50) (d) C 1 » 1) 
(3) The sum of the roots of the equation : X* = 16 equals „е 


(а)2 (b) -2 (c) zero (d) +2 
(4) If f Q0 saX* , a» sthenf (X)>1 at orii 

(a) XER (b) X €m* (c) XER (4) X€Zz 
(5) The function f : f (X) = (2 a)* is decreasing when a € -+ 

(a) 01 = (о Jo »2[ 71321 
(6)Iff (X) 23X*1 > g(X)2 X?-3 ,then (f o g) 2) = ee 

(a) 6 (b)4 (c) 3 (d) -4 


Second question ) 4 marks 


The number of bees in a cell increases at a rate 25% each week › given that the number 
of bees was 60 bees » write an exponential function represents the number of bees after t 


weeks then estimate the number of bees after 6 weeks. 


Algebra 


Total mark 


| Quiz 9 till lesson 3 — unit 2 


Answer the following questions : 


First question 6 marks 1 mark for each item 


Choose the correct answer from those given : 


(1) The opposite figure represents the function : 


f:X—-Y 
sthen f~! (4) =: 22: 
(а) 1 (b) 2 
(c)5 (d)7 
(2)113/09 22 X- 1 s then f7} (0) = e 
(а) 1 (b) -1 (c) 2 (d) 5 


(3) The curve of f : f (X) 2| X +3 | is the same curve of g : g (X) =| X | by translation of 


magnitude 3 units in the direction of .............- 


(a) OX (b) OX (c) Oy (d)Oy 


(4) The domain of the function f : f (X) = ize 18 сунан 
(a) {3 »-3] (b) [-3 »3] (c)R-[-353] (@R-{-3>3} 
( 5 ) If the curve of the function f intersects the curve of the function f ^ 1 at (a , 4) 
ЗЕЙ а Seem 
(а) 2 (6) +2 (с) 4 (4) +4 


(6)Iff CO2 X? » #(Х) = X-3 › then the solution set of the equation 
g (f 00) == ' OO in R is + 


(а) {2 »-3} (b) {3} (с) {3 »-2} (à) {2 »3} 
[Second question ] 4 marks 2 marks for each item 
2Х-3 


If f is a functi h that = 
f is a function suc at f (X) ri 


» find : ( 1 ) The domain and the range of the function. 


(2)f^ ! (X) and determine its domain and range. 


Total mark 


| Quiz 10) till lesson 4 — unit 2 та 


Answer the following questions : 


| First question o Tu TU 


Choose the correct answer from those given : 


(1)1108,4-2 sthen X2 v 
(a) 4 (b) x2 (c) 2 (d) - 2 
(2) The domain of the function f : f (Х) = log, _ y Xis S: 
(a) х>0 (b X«1 ()0«Х-11 (dOxxXszl 
(3)If f Q0 2 6 X then f^! (х) = -----.-........ 
(a) 6 x (283 СЕЗ (d)x-6 
( 4) The solution set of the equation : | X3 |+ 1 =0іпіѕ............... 
(а) В (b) {- 1} (с) 9 (d) (4) 
(5) If f 00 = log, (2 Х--4) and f^! (5) = 14 , then a = + 
(a) 1 (b) 2 (c) 3 (d) 4 
( 6 ) The product of the two roots of the equation : 
x?-3|x|- 10 2 0 equals зс 


(a) - 25 (b) – 15 (c) 10 (d) 25 


Second queston s Fa or ch 


Solve in R each of the following equations : 


(1) log , log, log ,(X +1) 20 


(2)(3) 7.54 


Accumulative quizzes | 


Algebra 


Total mark 
Quiz |11 till lesson 5 — unit 2 

Answer the following questions : 
6 marks 1 mark for each item 

Choose the correct answer from those given : 

= 31082 . : 
(1) The expression jog log 3 is equivalent to з 
(a) log, 2 (b) log, 2 (c) 108 1,8 (d) log 1 8 


(2) If the curve of y = log, (1 — a X) passes through (1 ‚-1) › then а = cM 
(a) 2 (5) 3 (c) 4 (d) 8 
(3)ff OO 23X*1 > (х) 2 X?-5sthen(gof) C3) = 
(а) - 5 (b) 5 (c) 59 (d) – 95 
(4) Ку-Үх for each X> 0 , then the inverse function of y = -== 
@ тх? (5 x? (с) x?-1 (à) x-i 
( 5) НГ, » M are the roots of the equation : 3Хх2-16Х-12-0 
» then the value of log, L + log, M = 071 


(a) 2 (b) 4 (c) 12 (d) 16 


(6) 1 + : MUS Mme 


1 + loga + logge 1+ log a + log b 1 + log b + log с 


(a) log, be (b) log, ac (c) log ab (d) 1 


Second question ] 4 marks 


If log (X + у) = i (log X + log y) + log 2 


» prove that : X=y 


| Second | Accumulative quizzes on calculus 


Total mark 
[бе |1] on lesson 1 — unit 3 


Answer the following questions : 


First question «тан 1 mark for each item 4 


From the opposite figure ; find : 


(1) f (zero*) ( 2) f (zero?) : 
x 
(3) f (2) (4) Lim foo tis ‘i 


Е y 
Second question ] 6 marks 2 marks for each item 


Choose the correct answer from those given : 


( 1 ) The opposite figure represents the graph of the function f > then 


Lim — n 

£m TOS 

(a) 2 (b) 3 

(c) 1 (d) not exist. 


( 2) In the opposite figure : 


At8— 4 > then уж eMe cm у a 
(a) zero (b) 5 

8, 
(c) 10 (d) 1042 10cm, 


( 3) Which of the following functions has по limit at X= 1 ? 


(a) (b) (c) (d) 
quo fos [| jv | САА) OW doy oht а] 


Calculus 


Total mark 
| Quiz 2 till lesson 2 — unit 3 
Answer the following questions : 
| First question `) 2 marks 4 mark for each item 2 
Choose the correct answer from those given : 
Lim 1+X MITT 
O) P AX-I t : 
(a)-1 (b) = (с) -4 (d) 1 
Д x?-9 4 4 
(2) Lim MT 
х—3 X- 
(а) - 6 (b) zero (c)3 (d) 6 y, 
(3) The opposite figure represents f (X) 
»then : Lim f Q9 s PR NN 
(4) 0 (b) -2 (c) 2 (d) not exist. | 
(4) Which of the following functions has a limit at X = 3 ? i 


(b) 


Second question | 8 marks 2 marks for each item 


Find : 


(1) Lim [x 44-2 (2) Lim р a 
иа ы х—1 02-1 
3 
Lim X—1X-4 Lin (1. 
eum Х-4 ue бол шор 


Accumulative quizzes | 


| Quz |3 till lesson 3 — unit 3 


Answer the following questions : 


| First question `) 6 marks 1 mark for each item 


Choose the correct answer from those given : 


Total mark 


(a)7 (b) 8 (c) 6 (d) zero 


Ors бт "7" COZ@™" | (hg 


(3) Lim &+W -x° 
Х-«0 h 


(а) X? (b) 5 x* (c) zero 
( 4) In the opposite figure : 

Lim f o mc 

(a) 1 

(b)-1 

(c) 2 

(d) not exist. 
(5) If n is a function and Lim 209-8... 


—2 X-2 

»Шеп Lim эх a% _ минаа ат 

Х—2 -2 
(a) 1 (b)4 (c) 8 (d) 15 
; 05—64 
(6) Lim ГЭ me 
(a) 6 (2) (b) 128 (c) 64 (2) (d) 63 
Second question ря зийан) 


Find : 
(1) Lim x?—198 
7—2 wu 210 


im (X43)-1 
eX 


Calculus 


Гоша |4 | till lesson 4 — unit 3 


Answer the following questions : 


Нгэ! дуезНоп | 2 marks 4 mark for each item 


Choose the correct answer from those given : 


Total mark 


Lim X ?*3x^*1. 
x—9 х2. 1+3 
(a)2 (b)1 (c) 3 93 


(1) 


@ 3 044 ()3 (d) 27 
2 
(3)1f Lim x exists › then a =.= 
(a)-1 (b) 1 ()2 (a4 


(4) Lim (443x-x*)= TTE TD 


(а) 4 (b) 2 (c) оо (d) — e 
[Second question J] 8 marks 2 marks for each item _) 


Find : 


(1) Lim ~ 3«4x? 
(2) Lim x( axi 1-2x) 


(3) Lim X'*5. 
4 


BEAR 5—8 
(4) Lim Ge -1 
х—4 4 


Answer the following questions : 


till lesson 5 — unit 3 


Accumulative quizzes | 


Total mark 


10 


1 mark for each item 


INN S 


Choose the correct answer from those given : 


(1) Lim TNO AE rarnana 


(a) 2 (b) 4 (c) 


(2) Lim ж +5 = 
ee ne 


(a) 3 (b) 1 OE 


(3) Lim 2X+sin3X _ 
eO tan5 X 


(a) 5 (b) £ (c) 1 


(4) Lim 93-e59X. 
х—0 х 


(а) 25 (b) 5 (с) его 


(5) На<Ь < zero » then Lim rx — 
(a) © (b) – © (c) zero 


(6) Lim _sinX+sin2X+sin3X+sin4xX _ 
х—+0 tanX-tan2X-- tan 3 X-- tan4X 


(a) zero (b) 1 (c) 4 


вый 


(d) zero 
93 
(d) zero 
(d) 2 


(d)a—b 


2 marks for each item 


[Second question} question 4 marks 


Find : 


(1) Lim x? +sin3 x? 
x—o0  Xtan2X 


(2) Lim 1x*4-2 
E ау 


Calculus 


Total mark 


сэн till lesson 6 — unit 3 || 
10 


Answer the following questions : 


First question | 6 marks 1 mark for each item 


Choose the correct answer from those given : 


(1) If f Q0 = X? s then Lim ЛО) на 
(а) 2 (b) 4 (c) 16 (d) 32 


(2) Lim зей 


3—50 74x? 


1 
(94 (>) 45 ()3 4-2 
асов X 4. 1ID.sin X , Х»0 
(3) f (071 ү2 е 
“x3_8 , X«0 
and f has a limit at X 2 0 »thena = ~ 
(3)-7 (b) 8 (c) - 1 (d) 1 
Lim aX*6 - EE 
(эн oom IXA 4 ›Шеп а where a ER 
(a) 2 (b) 4 (c) 6 (d) 8 


(5) If f is an even function and TUM fQooss 
» which of the following statements is true ? 


(а) Lim ў (0)=5 ( Lim 109 =-5 
(с) Lim f 09 = zero (д) Lim f 092-2 


( 6 ) The opposite figure represents 
the curve of the function f 
» then Lim ОЕ нөөс 


(а)– 1 (b) zero 
(c) 1 (d) not exist. 
Second аео IEEE 
х2-7Х-12 | хз 
i : Lim : zs X-3 uisus 
Investigate the existence of ^ я f CO » given that f (X) = 
2Х-7 » X«3 


[22 | 


Accumulative quizzes | 


с Он 7 | till lesson 7 — unit 3 


Answer the following questions : 


First question ) 6 marks 1 mark for each item 


Choose the correct answer from those given : 


(1) The function f : f (024 X^? + "à Е is continuous for every ХЕ -e 


Total mark 


(a) В (5 IR- {0} (c)R-{3 5-3} (d)R-(3,-3,0] 
x8_ 28 
$ 5 , Хжа : 
(2) If fF: (=: X-a is continuous at X = a » then a = ·-............. 
[5 , Х-а 
(a) 5 ъ $ (с) 125 @+ 


хээ is continuous for every ХЕ ............... 
x-2 


T 


(а) [4 ›=[ (b) [0 » of (©) [0 »[- {4} (а) ]- e ›2[ 


( 3) The function f : f (х) = 


6 


(4) If the function f: f 0924 X 
aj4cos3X >» Х>0 


» Х<0 


is continuous at X = Q , then a =............... 
(a) 2 (b) +16 (c) +2 (4) 515 
(5) If f is a one-to-one polynomial function and Lim f 0923 
Ы Li enl SEA IA sd ЭЛ 
then: Lim f=! (o 
(a) -2 (b) -3 (c) 2 (d) 3 


6) Lim Xsin2x+sin3x? _ 
( ) xu EEUU MO EVE с^ eem 
tan” 3X - X 


(a) 3 (b) 2 (c) zero (d) + 


Еу el 
d х2-3 » “æl 


Discuss the continuity of the function f » where f (X) - X!42X-3 , Kel 
Х-1 


аХ-1 


[23] 


Accumulative quizzes on trigonometry 


Total mark 
ОО on lesson 1 — unit 4 
Answer the following questions : 
| First question `) 6 marks 14 mark for each item = 
Choose the correct answer from those given : 
(1)InAABC >ifa=6cm. » m (4 B)=2 m (4 A) = 80° › then C= v cm. 
6 sin 40° sin 60° sin 40° 6 sin 60° 
(а) sin 60° (b) 6 sin 40? (c) 6 sin 60* (d) sin 40° 


( 2) ABC is an equilateral triangle » its side length equals 813 cm. » then the length of the 


diameter of its circumcircle equals з cm. 
(а) 8 (5) 1613. (c) 16 (d) 43 
(3)In A XYZ »if Ix = 8 cm. › then the area of its circumcircle equals .............. cm? 
(a) 16 Jt (b) 8 7. (c) 4 7t (d) 64 Л 
(4)In A ABC ‚(Ая = 222 
(01 Орч т (9) Tm 


Second questo х 


ABC is a triangle in which: c2 19cm. » m(ZA)=112° › m(Z B) = 33° 


Find to the nearest 2 decimal places each of b and the radius length of its circumcircle. 


E 


Accumulative quizzes | 


till lesson 2 — unit 4 


Answer the following questions : 


First question ) 6 marks 1 mark for each item 


Choose the correct answer from those given : 


Total mark 


(1)In A XYZ ; if мэ EY най » then the greatest angle measure in the triangle 


4 5 
equals И 
(а) 60° (b) 75° (с) 90° (9) 120° 
а 
шингээн 259 эь т Я 
sin sin 2 sin sin 
(a) sinB (b sin C (©) sin A + sin В (d) sin A + sin C 
(3 ) The diameter length of the circumcircle of A ABC in which a = 8 sin A cm. 
equals ОНИ ст 
(a) 4 (b) 8 sin A (c) 8 (d) 5 
2-0? 
(4)InAXYZ › X=y , — s 1 › then m(Z Z) =............... 
(а) 30° (b) 60° (с) 120° (d) 150? 


( 5) The area of A ABC is 24 cm? and the radius length of its circumcircle is 5 cm. 
»then sin A sin B sin (A + B) = ............... 


(a) > 1255 © 5 «o 2 
(6) In AABC › if m ( А) = 60° s then (142 P) (1 +-©-— 4) =... 
(a) zero (b) 1 (c) 2 (d)3 
T 
In the opposite figure : 
ABCD is a quadrilateral in which AB = 8 cm. ба 
BC = бст. эт (4 B) = 90° 


DC = 5 cm. and m (Z ACD) = 60° 


8cm. 


» then find the area of the circumcircle of the triangle ADC 


СЕР) \ еу | ot (Oba! САА) ын ой ука] (25] 


Trigonometry 


| Quz B till lesson 3 — unit 4 


Answer the following questions : 


First question 6 marks 1 mark for each item 


Choose the correct answer from those given : 


Total mark 


(1) The number of solutions of A ABC in which m (ДА) = 60° » az7cm. › cz9cm. 


(а) one. (b) two. (c) zero. (d) three. 
( 2) If r is the radius length of the circumcircle of A ABC › then 2 = шыш. 
(a) г (6) 2r (c) 1: (d) r? 
(3) ШААВС > if a=c › then cos С = .............. 
2b б b c 
a b) — 3 — E. 
(a) 2 ( ob (0-1 (7 


( 4 ) The greatest angle measure in the triangle whose side lengths are 6 cm. » 10 cm. 
and 14 cm. equals ---- 
(a) 120° (b) 150° (c) 135? (d) 60° 

(5) If the area of the triangle ABC = 12 cm? › then (b? + с? — a”) tan А =... 
(a) 12 (b) 24 (c) 48 (d) 96 

( 6) In the opposite figure : 
ABCD ; XCEF аге two squares. 
If BC 23CE › then sin (Z BXE) = ......-........ 


1 2 
(а) — (b) — 
45 15 
-1 -2 
(с) — (d) — E C B 
15 45 


Second questo IER 


In AABC »m(ZA)=40° , az24cm. » b=30cm. 


How many triangles satisfy that ? 


Find : c if possible in each case. 


School book examinations 


> First : School book examinations in algebra 


Ь Second : School book examinations in calculus 


and trigonometry 


137 Fleet | School book examinations in algebra 


Answer the following questions : 


ЕВ Choose the correct answer : 


(1)15Х-2 , then 25% = еее 
(а) 10 (b)6 (c) 5 (d)4 


( 2) The graph which represents y as a function in X is ............... 
y 


(a) (b) 
(3)Ifthecurve y = log, (1 — a X) passes through (1 )— 1) s then a = verre 
(a) 2 (b)3 (c)4 (d)8 
(4) From the following functions » the one - to - one function is ............... 
(a) Л: f, (00) -Х42 Gif :7, (x) =x? 
(07,:7,09-1Х| (Af, : f, 00) = 5 
[2 | [а] Determine the domain of each of the following functions : 
EE: _ X-1 1 
(1)f(X)- те а Xl 
ХЭ, SSO 
[b] If f is a function where f (X) = » graph the curve of the function f 
-2Х , X«0 


and from the graph find the range of f 


EB (a) rf f, :R— eR where f, 00 23X-1 » 7,:[-2 3] — В where f, 00 23-2X 
then graph the function (f, + f,) showing its domain » then check its monotony. 


[b] Find the inverse function of the function y = X + 1 and graph each of them on 
the same figure. 


ta; School book examinations | 


п [a] Find in R the solution set of each of the following equations : 
(1) log, X21 —log, (X—3) (2)(X+2|=|x-3| 
[b] Use the curve of the function f where f (X) = X? to graph each of the following 
functions : 


(0 f,: f, 09 -37-3 (2) fy: fi ©) =Х?+3 


E [a] Find in R the solution set of the inequality : |3 X 2|» 7 


4 2 
[b] Find in R the solution set of the equation : ХЗ — 10 X3+9=0 


| мое 12| 


Answer the following questions : 


E Choose the correct answer : 
(1) 3552-25-23, Bag X cene 
(a) 3 (b) -2 (c) zero (d) 2 
(2) Ну =x for all X > 0 ; then the inverse function of y is ............... 
(а) у= dx? (b) y ex? (Qyex^-1 — (фуех-3 
(3) If f is an odd function on [- X ; X] » then f (= X) + f (X) =. 
(а) 2Х (b) not defined (c) -2X 
( 4 ) The curve in the opposite figure 
is symmetric about the straight 


line whose equation is ~=- 


(а) X20 (b) y=0 
(с) y2-2 (d) X22 
Ne. А 1 Lo 
аг f (X) = a^ » prove that the expression ТОО + ТСХУУ has a constant value 


whatever the value of X 


[b] Find the domain of the function f where f (X) = log, (X 


Algebra 


a [a] Use the curve of the function f where f (X) = | X| to graph each of the following 
functions : 
(1) f, 00 =1Х1+1 (2)f,00 22-1x| 
[b] Draw the graph of each of the following functions › then determine the domain 


and monotonicity of each : 


(feos x?- 4x4 (2) (0х) =1х2-4х+5|,ХЄ [0,4] 


a [a] Determine whether each of the following functions is even » odd or otherwise : 


x^ when Х> 0 


(1) 7, Q0 = Хсоѕ X ano] 
|X| when X«0 


(3) fj 00 = X*Ix|- 1 
[b] Find in В the solution set of each of the following : 
(1)Ix|- X20 (2)12Х-31-16-4Х1»0 


a [a] If f (Y= X?-1 » g(X)=X+1 »then graph the function i (X) showing its 
domain » range and monotony. 


log 8 x log 16 


[b] Without using calculator › find the value of : log 25 + m 


School book examinations in calculus and trigonometry 


| Model E 


Answer the following questions : 


E Choose the correct answer : 
Sos eo. 502.9 

3 1 5 

(a) = (b) 1 (c) 2 (4) 3 

( 2) In the triangle ABC » if 4sin A = 3 sin B = 6 sin C »thenm(Z C) = e 


(a) 899 (b) 29° : (с) 579 (d) 82° 
x*-1 
—— X21 
(3) If the function f where f (X) 24 X-1 р is continuous at X = 1 
2a X=1 
» then ü m ees ? 
(а) zero (b) -2 (c) 2 (d) 1 
$:g3 1 
( 4) In the triangle ХУЙ, › the expression Mx БЕ 
(а) соѕ Х (b) cos Y (c) cos Z (d) sinZ 
T Lim  X'—33 Lim sin2X+5sin3 x 
ығ: (1) 15 22 ua X 


[b] Solve the acute-angled triangle ABC in which a 221 ст. › b=25cm.and 
the length of the diameter of the circumcircle of the triangle ABC equals 28 cm. 


EB [a] From the opposite graph › find : 
Li 
(1) Lim у(х) 
Li 
(2) Lim у(х) 
(3) f (1) x 
[b] ABCD is a parallelogram in which m (4 А) = 50° 


эт (Z ОВС) = 70? » BD = 8 cm. Find the perimeter of 
the parallelogram. 


[Г [a] ABC is a triangle in whicha-5cm. ; b=7cm. » m (Z A) = 40° Find : m (Z B) 
[b] Find the value of a which makes the function f continuous at X = 2 
X*-1 » Хад 


where 00-1 
Х-2а , X«2 


Calculus and Trigonometry 


= а 
tan2 X 
i sin X s XAN 
E [а] Discuss the existence of go f CO where f (X) = Seg 
i T X43 , X«0 
ind; Lim 212909 
[b] Find : ^m. Заг": 
|| Mode! |2] 
Answer the following questions : 
ЕЛ Choose the correct answer : 
@ Е oo 
(1) iex = де 
(а) 3 0 4 (o4 9-6 
(2) In the triangle ABC » cos A = e 
» а2+ с? a^4c-w 62+ с? — а? o -a=b 
0 2а = вар m.s, ТЕ 
(3) ABC is a triangle in which 52А - 250ЙВ МӨС thena: b: c= Өрх 
(4)6:5:8 (0) 8:5:6 (c) 7:2:4 (d) 3:5:6 
(4) Lim La оды 
X—»o 2 X41 
3 1 
(a) 1 (b) 5 (c) 2 (d) 3 
X*42x-3 
mmi А a РЕ. 
Я [a] If the function f where f (X) = X3 : *=3 
Х+а » Х=- 


is continuous at X = —3 » find the value of a 


[b] ABC is a triangle in which d sinA- i sin B = + sin C » find: m (Z C) 


and if the perimeter of the triangle = 24 cm. › find its surface area. 


2 T 
га. Lim 2 tsn3X 
Bu кїлї: eo 5Xcos2X 


[b] Solve the triangle ABC in whicha- 9 ст. » b- 15 ст. » m(Z C) = 106° 


School book examinations | 
iac Lim (053071 
O ia) Fina: ыы 
[b] ABCD is a quadrilateral in which AB = 27 ст. › ВС=12 ст. » CD=8cm. 
»DA=12cm. » АС = 18 ст. Prove that AC bisects Z BAD 
» then find the area of the shape ABCD 


(5 (a) Fina: 


x—0 Х2-Х 


[b] If the perimeter of a regular pentagon is 30 cm. ; find its surface area. 


(о: Фу V od] | (йэш! у OW гэ Lol, alli 


Examination models Scan the 


to solve 
Multiple choice examinations interactive 
tests 


bs 
| \ 
ETE oat 


Answer the following questions : 


(1 the range of the given function in the opposite 
Р 


figure is mA 
(а) {1} (b) {1,-1} 
(c) (- 1} (4) Ё 


Ene point (x , 4) is the point of intersection between the function f and its inverse 
function f ЭЭ tfe = esee 


(а) 2 (b) 4 (c) +2 (d) +4 
lim 2X*3.. 

X8 962 acp 3 2 
(a) 2 (b) zero (c) 4 (4) 5 


GB in AABC 5 if 4 sin A =3 sin В =6 sin C 5 then m (Z С). 
(a) 89° (b) 29° (c) 57° (d) 82° 


EBn AABC ,ш(/0)-96 23 , a-7cm. › b-9cm. 
Find : c › the area of A ABC to the nearest cm? 


@ уо) =з, &(3)=5 , then (go f) (1) =. 
(а) 3 (b) 5 (c) 15 @ 3 


GB The solution set of ће equation : 22* 12x 2* 4 25 -QinR 18 e 
(a) {2 53} (b) {2} (c) {3} (d) {4 8} 


[ 8 | Use the curve of the function f where f (X) - + to represent the function 
8:8 (X) = f (Х- 2) + 2 and from the graph determine the range and discuss its monotony. 


Ø Lim +2”-32_ 


X-—»6 x 


(a) 25 (b) 64 (c) 80 (d) 100 


Final examinations 


ть opposite figure represents the curve of 
the function f »then Lim | f (0) |= 


(а) 1 (b)-1 
(c)2 (d) does not exist. 


(a) 1 (b) 2 


(c) zero (d) infinite solutions. 


The sum of the roots of the equation : 25* 12x 5*+27=0inR equals -e 
(a) log, 12 (b) 12 (c) log, 27 (d) 27 


х= 5 +216 i then log (X+ E) = 
(a) 1 (b) 5-246 (c) 10 (54216 


[14] ABC is ап equilateral triangle › its side length = 513 cm. » then the diameter length of its 
circumcircle equals сезт cm. 


(a) 543 (5) 104/3 (c) 10 (d)5 


[15] lf f (X) 22 +] 3 — X »find the domain and the range of f then find f ^ ! (X) and determine 


the domain of f ^ ! and its range. 


Gir f :R — В » where f (X) = (a + 1) X+ b 2 and f (X) maps each real number to 
itself then (a s b) 2-77 
(a) (0 53) (b) (0 »—3) (c) (0 »2) (d) (-1 52) 


А 2 _. 
(а) undefined. (b) Lim X 16 (с) zero (d) 16 


х-«4 Х- 


Final Models | 


[Т] The solution set of the equation : log, X x log, 3 = 5 in R is e 
(а) {32} (b) {5} (©) {3} (a) {2} 


(in AABC ‚м (ДА): т(4 В): ш (2 С)=3:5: 4 then с? : a? = 


(a) 16:2 (b) 2:3 (c) 4:3 
In the opposite figure : 

The solution set of the inequality f (X) < g (Х) 

IU «RIS enne 

(а) (-4 »0] b) [-4 ›0] 

(c) R- [-4 50] (d) ]- 4 »o[ 

X^-X*4 at X«2 

gal If f is a function where f (X) 24 k at Ke? 


5x-4 at Х»2 
[1] Discuss the existence of Lim feo 


[2] Find › if possible » the value of k which makes f continuous at X = 2 


EE) The type of the function f : f 09 = “Хх dunes 
(a) even. (b) odd. 
(c) neither odd nor even. (d) both odd and even. 
PR) Lim TIXI ss 
G Lim 
(a) A (b) 1 (c) i (d) does not exist. 
3 
lix 228 „Шеп X= WEST EE RP SU 
(a) 2 (b) 4 (c) 8 (d) 9 
Lim.X-7X*6 22. 
ay 32-84 à : 
E 3 
(а) Ys (b) * (c) 3 (d) 7 
MJ if Lim 2X+a - RH. 
BJ ir Lim xl 5 then a 
(a) 2 (b) 5 (c) 8 (d) 10 


Final examinations 


Ei In any triangle XYZ SX? +y -2Xycos Z = еее 
(a) x? (Бу? (oz (d)z 


Я) The solution set іп IR of the inequality :^[4 x?—12 х+9 <9 equals eee eee 
(a) ]- 3 +6] (b) [-3 ›6] ()R-[-3.6] (d)R-]-3>6[ 


ET) The solution set of the equation : |3 -2 X|- 5 X 23 in Ris + 
(а) {0 »3} (b) {0 ,- 2] (c) {0} (96 


EJ: £(x- 02275, f (5+3) = + sten X= еее 
(а)-4 (b)-2 (c)4 (d)6 


Е] In the opposite figure : 
The curve of the function f (X) 
»then Lim f (x) + f (0) + f (I) = M 
(a) 2 (b)3 
(c)4 (d) 6 


EP The perimeter of A ABC = 33 cm. and sin A + sinC- 2 ‚ sin B= i 
s then b = нө 
(a)6 (b)9 (c) 12 (d) 15 


13 
| Model [2 мэз 


Answer the following questions : 


Elli /: N—~N where f 0 22x : 


Х 4 

z , Xis even 
п: М ——eN where n (X) = 

xu »  Xisodd 


s then (f on) 3) - (fon) (8) = ee 
(a)4 (b)8 ()-4 (4)-5 


Final Models р 


(a)1 (5-1 (o) 3 (d) e 


EB in A ABC , D is the midpoint of BC prove that : (АВ)? + (AC)? = 2 (АР)? + 2 (BD)? and 
АВ =5 ст. › AC=8cm. » ВС = 12cm. »find : AD 


E „ que 
Янг: ух) =] Х-1 is continuous at X 2 1 › then а = ----...--...... 
2a › X=1 
(a) zero (b) -2 (с) 2 (d) 1 
Е лллвс, =. Хээ 6 cm. » then the radius length of its circumcircle = + cm. 
(a) 2 (b) 3 (c) 5 (d) 6 


KJ it f is an odd function and x f (xX) +X? f C 20 22 »then f (2) = eere 
(a) 3 4 () -1- (d)-3 


GBirx=5+ 216 » find in the simplest form the value of log (= + х) without using 
calculator. 


tiyr 
ЁЗїолхүү ED = 
(a) cos X (b) cos Y (c) cos Z (d) sinZ 
ни 22-Х 
Х-1 xx 
(а) zero (9) 1 (с)2 (4)-2 


Mir f(x) =3~* » then the solution set in R for f (2 X) — 28 f (X) + f (3) = zero is --------------- 
(a) {1 527} (b) {27} (c) {0 3} (d) {3} 


[11 if log ac]o , Ц s then a Є..--.....-..... 
(a) Jo »1[ (b) 1,2 (©) ]1 + 10[ (à ] | 


KB] The curve of the even function is symmetric about the straight line -~+ 
(a)y=X (b) yy (c) XX (фу--Х 


Final examinations 


s then Í : m : n = e 


113 in A LMN if - 2snM — sin N 
7 
3 4 


(а) 6:8:3 (b) 3:6:8 (6)8 23 26 (d)6:3:8 


Г mn AABC ›с=7сш. » m(ZA)=70° » m(ZB)=40° 
s then b = overseer cm. (to nearest one decimal) 


(a) 6.3 (b) 8.4 (c) 3.6 (d) 4.8 


15] The о posite figure represents the curve of the function f 
р 


TAA TIL - Ды А Шыр Ду а НЫ 
‚Шеп Ec. ТОО 54 
(a) - 7 (b) -4 
(c) - 1 (d) 3 


[16 | Use the curve m the function f : f (X) = + to graph the curve of the function 
g:gO02—— aT 3 from the graph state A domain and range of g and the monotony 


and its type iil it is even » odd or otherwise. Is the function g one - to - one or not ? 


[17 The range of the function f : f (X) = 3-2 equals --------------: 

(a) IR (b) R- {2} (c) R-{-2} (d) [- 1} 
Шгу-а Sá then eese 

(а) Х+у=0 (b) Х-2у (c) Х-у=0 @ х= Ту 
0 log, 5 х log, 3 х log, 16 2mm 

(a) 30 (b) 15 (c) log 10000 (d) Іор, 240 


[20] The curve of the function g : g (X) 2 X ? +4 is the same as the curve of f : f (X) = X? by 


translation 4 units in the direction of з 


(a) OX (b) OX (c) Oy (d) Oy 


ХЭЭЛ VS "4З 


ЯП Discuss the existence of the limit of the function f : f (Х) = at X=3 
3X+1 5 X23 


Final Models Ё 


The function f where f (X) = a* is decreasing on its domain if -............. 
(а)а= 1 (b)a>1 (c)0«a«1 ()а--1 


E Lin ох+шх= Я 
2 


(a) Ж (2-1 ()1-7, (d) 1-1 
à x? 
24 11 f. € 
(a) zero (b) 2 (c)--1 (d) 1 


[25| The solution set in R of the equation : | X — 7 |=2 X — 2 equals -.............. 
(a) (3 ›-5} (b) {3} (©) {-5} (d) @ 


3 
[26] If y zx for every X > 0 » then its inverse function is y = 


@ d x? (b) x? ()х3-1 (d) x-3 
Я if the perimeter of АВС = 33 ст. » sinA+sinC= 3 > SinB- Ї 

› then AC = eere cm. 

(a) 6 (b) 9 (c) 12 (d) 15 

Lim sin2X-*5tan3X | ^ m — 
ED Lim six: 

(a) 2 (b) 15 (c) 21 (d) 17 
The solution set of the inequality 1 х2-4Х-4»0Шш ї8------ 

(a) R- {2} (b) R-{-2} (c) IR (d) 0 

р : 2 

(30172165) is a function and Lim 20:87 »then Lim 2% 500. — 

(a) 1 (b) 7 (c) 8 (d) 15 


Ей The number of possible solutions of А ABC where m (2 А) = 110? a2 7 cm. 
»b=4cm. sthen а 
(a) 1 (b) zero (c) infinite solutions. (d) 2 


The solution set of the equation : log (X + 2) + log (X -2) 21— log 2 in Ris ----.-......... 
(a) {log, 125} (b) {log, 16} (c) {log, 9} (d) {108 00 100} 


CV: 0) V fog Фу | (ol) OW аны олсны уд 


ge 


С Final examinations 
———— 


[Model | 3 oi 


Answer the following questions : 
п If f (X= 7 X+1 


» find the value of X that satisfies : f (2 X — 1) +  (Х- 2) = 50 


EB iflog3 =X » log5=y »then log 15 = зс 


(a) Xy (o) (c) x+y (d) x-y 
im 5+X~ 
a Lun + eee 
143X „5 5 
(а) з (b) 4 (c) 3 (d) 5 
19*-2 ‚ 27 -4 ten E нее 
Х-у 
(a) d 0-4 © 4 (a=4 
EB it f 00 = 10g, (2X44) > f^ (5) = 14, then a = mn 
(a) 1 (b) 2 (c) 3 (d) 4 
ТЬ a 
п x—16 X-16 
(а) zero (b) i (c) 1 (d) does not exist. 
Lim X(cosX+cos3X+cos5SX) — — 
п х—0 зїп Х Se 
(a) 1 (b) 3 (c) 9 (d) 15 
log 8 x log 16 
| 25 в. 9 a A RN EN 
x MOST log 64 
(a) 2 (b) log 2 (c) 3 (d) 1 
E in the parallelogram ABCD » m (2 А) = 50° › m(Z РВС) =70° » BD=8cm. 
Find the perimeter of the parallelogram to the nearest cm. 
ri sS ess 
0 x—2 X41 
(a) zero (b) 1 (c) 2 (d) eo 


Final Models | 


(11 Lim 1-5х_ nsn 
Х—+0 cos X-1 


(a) 2 (b) 1 (c) zero (d)-1 


(B Lim _х?-8х+15 _ 
57-55 210906025 


(a) does not exist. (b) zero (c) 2 (d) 3 


KE) The included area between the curves of the two functions f : f (39 2| X 3|-2 


925 g (X) = Zero is eeens square units. 


(a) 2 (b) 3 (c) 4 (d) 5 


E 1f log, у = x › then the exponential form is -------- 
(a) y » x? (b) Х-у? (c) X23Y (à y=3~ 


{B If f is an odd function on [- x › X] › then (= © + f (X) =. 
(2X (b) undefined. (o) -2X (d) zero 


KJ in A ABC , if 2 sinA =3 sin В = 4 іп С, ћепа:Ь:с= oe 
(a) 2:3:4 (b) 4:3:2 (c) 3:4:6 (d) 6:4:3 


Lim. x?-32 . 
шу", x?+3X—10 - 
(a) 80 (b) 7 (c) ^T (d) 16 


11 The radius length of the circumcircle of the triangle ABC in which m (Z. A) = 30° 
›а= 10 cm. equals ............... 


(a) 10 cm. (b) 20 cm. (c) 5 cm. (d) 40 cm. 
x* . X»2 
KE) The function f:foos is decreasing on the interval +- 
-Х2 у Хз2 
(a) Jo ›2[ (5) Їнөөэ0| (c) R- [0 ›2[ (d) Юэе 


EL) The domain of the function f : f (Х) -log, _ y Xis eee 
(a) Х»0 (b) X«1 (c) 0<Х<1 (d)0sXsx1 


Final examinations 


нло =1x-2 >» 8(Х)-15-Х › then the domain of (f o g) = === 
(a) 1-5 +0] (b) ]- e »1] 154 (9) [0 ,=[ 
[Х| › Xs0 


[22] Graph the function f : f CO = | » from the graph state the range 
X* ж X»0 


of the function and discuss its montony. 


Я The solution set of the equation : | X + 2 |+ X=—2 in Ris ө. 
(а) 2 (b) R (с) ]- e »-2[ (d) ]- » ,- 2] 


EJ The measure of the greatest angle in the triangle whose side lengths are 3 cm. » 5 cm. 
»7 cm. equals сэнс 


(a) 150? (b) 120* (c) 609 (d) 309 


[25] An acute angled triangle ABC in which a = 5 ст. > b=7cm. » m(Z A) = 40° 


»then the area of A АВС = сөөг, cm? 
(a) 16 (b) 17 (c) 18 (d) 7 
E m the opposite figure : А 
If CD = CB = бст. »then tan Ө = өөө 
D 
3 4 8 
(a) 4 (b) 3 3 
1 
(0 > (d) 2 
B 6cm 


nes 


азр 


Final Models | 


(X + 3) – 243 
Яну: = x А 
k з Х-0 
is continuous at X = zero » find the value of k. 
E) Lim y9x*«445X | — 
шарж 4Х-3 E 
(a) өө (b) 5 (c) 3 (d) 2 
[30] The solution set of the inequality : 
[129661313 X[S 123857 
(a) ]- 1 »7[ ( 8-1-3:9|  (c)R-[-1>7] (à) ]- 3 »9[ 


Ell if 2 log y + 4 log X -31og Xy 22 (1 — log 2) and X =k y » then k = e 


(a) 4 (b) 5 (c) 16 (d) 25 
[32 In the opposite figure : D em. A 
AD // BC » m (Z АСВ) = 30° , BC = 20 cm. Pu \ 
»m (Z ADC) = 100° , AD = 12 cm. e == ч 
„(еп the area of A АВС = ---.--......... cm? 
(a) 60 (b) 77 (c) 104 (d) 120 
z 
| моде! |4 ӨНӨӨГ X 
Answer the following questions : 
EB Linsxce2x-- ани 
5 2 
(а) 5 (b) 10 ( = (d) zero 
2 2 2 
БАЯН See ES Ss cmn 
2bc 
(a) cos A (b) cos B (c) cos C (d) sin A 


Е} The solution set in R of the inequality : | X—1]|=3 equals --------------: 
(а) [-2 54] (b) +2 .4[ (c) R- ]- 2 . 4[ (d) R- [-2 4] 


(a) zero (b) -4 ()-1 (d) does not exist. 


Е The radius length of the circumcircle of A XYZ in which X = 20 sin X cm. 


(а) 5 (b) 10 (c) 20 (d) 40 


:2*-3'-6 » which of the following is true ? 
()у-Х-Ху (b X-y2Xy (©) Ху= (9) Х+у= Ху 


ч 


E The solution set of the equation : log 5 X =- 1 in Ris «+--+ 
@ {16} 09 {55} © {1} (a) (50) 


ЇГ Find the measure of the smallest angle in A ABC in which a = 8 ст. » = 7 ст. and 


its perimeter is 21 cm. 


BD if each of f » g is an inverse function of the other where f (Х) =2 Х+а » g(X)=bX+3 


» what is the value of each of a » b ? 


Lin 2=38)'- 128 -piii 
h—0 — 4h 


(a) – 336 (b) 336 (c) 192 (d) – 192 


&l If the curve of the function f : f (X) = log „а-а X) passes through the point (4 , =) 


› then a = есөн 
(a)3 (b) 2 (4 РЕ 
[12 ЕЕ 
+ X20 " 

(a) 709 т (b) f o9 X«0 
-f(X) » x«0 -Р00 » Хэ0 
Е алан E » 1000 

©) (4) 

-fo9 , 1(Х) «0 -f (xX) 5 1000 


Final Models | 


aX-3 at X«-1 
KE] If the function f : f 09 = has a limit at X=- 1 , find the value of a 
3X-2 at X»-1 


(a) 5 (b) 1 (c) i (d) zero 


[15 | АП the following relations represent function y in terms of X except «A 


(a) y=3 X41 (b) y=x?-4 (© Х-у!-2 (d) y s sin X 
-X* 5 x<0 
[Т] Graph the function f : f (3) = » from the graph find the range and its 
Х » Xz0 


type whether it is odd » even or otherwise and discuss its monotony. 


The opposite figure represents the curve of the function f y, 
» then Lim .f09 _ ERN RR 
х—01(%)+2 2 
(a) zero (b) 1 х x 
) J d)2 Я 1 2 
(e) = ( 
2 3 
{0 їл the opposite figure : 
If BC = 10 cm. » then the perimeter of A BDC = -.............. cm. 
(8) 60 (5) 62 
Ө (d) 67 


(a) 16 (b) 4 (c) 8 (d) 2 


H)513*-?-2X-?,then X= -v 


(a) 3 (b) -2 (c) zero (d) 2 
E The domain of the function f : f (09 = = 3 is eA 
(а) {3 »-3} (b) [-3 »3] (с) R- [-3 »3] (d) R- (-3 » 3} 


Final examinations 


Я The vertex of the curve of the function f : f (X) = Q.- Xy «3 is «e 
(a) (2 +3) (b) (2 »—3) (с) C2 »3) (d) (=2,-3) 


Я In A ABC »m (4 A): m(Z B): m(Z C) 23:4:31fa-5 cm. › then the circumference 


of the circle passing through the vertices of A ABC = ---------.--.-- cm. 

(a) 17 (b) 18 (c) 19 (d) 15 
2 

Lh о 

х--03 X+2 9 

@ 9 ©$ (© 5 @ 1 


FF) The curve represented in the opposite figure is 


symmetric about the straight line whose equation is =e 


(a) X20 (b) y=0 
(c) y 2-2 (d) X22 


BHJitzA supplements Z C » then cos А + cos С = нөөс, 
(a) 1 (b) zero (c) i (d)-1 


in9 X cot X xc] -X,7*[. 19 
Я] if the function f : f 00 = pom i ] [ toj 


к? >» X-0 
is continuous at X = 0 » then k = -- 
(a)3 (b) +3 (c)9 (d) +4 
[28] log (cos Ө) + log (sec Ө) = -------------. where ӨЄ [0 , al 
(a) 1 (b) zero (c) 2 (d) -1 


Ш ҥуоо=|х-2|+4 » then the solution set of the equation f (X + 2) = 6 is ee- 


(а) {0,4} (b (2.-2] (с) {2,4} (d) {-2 »-4} 
Lim 2Xcos8X+2sm5% |... 

& rim tan2 X 
(a) 13 (b) 10 (c) 9 (d) 6 


- Final Models | 


EDD it the function f : f (3) is one - to - one function » f (2 k + 3) = f (k — 1) 9 then k = «+ 
(4)-1 (b) -2 (c) -3 (d)-4 


[32] ABC is a triangle in which : BC = 14 cm. » m (4 B) = 60° , the area of the triangle equals 
4213 cm? s then AB = veee cm. 
uM (b) 12 (c) 7 (d) 6 


шлан -o E 


Answer the following questions : 


(a) 13 (b) 1 (c) 2 (d) X 


2 ЕЕ 27X*1 » then 3Х+1= Я 
(a) zero (b) 3 (c) 2 (d)1 


EB if x «1: 013- xI-1x-412 4-4 
(a)-1 (b) 1 (c)2X-7 (d)7-2X 


GB The solution set in R of the equation : |2 X - 4| 2 | X + 1 | equals - 


(a) 1055) (b) {1,5} (с) (255) (a) {5} 
E The domain of the function f : f (X) = \ ES jacere 
(а) В ( {3} (0 [2 ›=[ (d) [2 ›=[– {3} | 


x?-9 
: "ая » ХЗ. : 
a If the function f: f (X) 24 Х-3 is continuous at X 2 3 


2 E 
»hélia eee a > Xz3 


(a) 2 03 (c)-3 (3 


GB nA DEF , if m(Z р) =30° , е=15\3 ст. » m(ZE)=60° 
› then d = ee cm. 


(a) 30 (b) 45 (c) 15 (d) 60 
СУВУ V ела Эх | Gina) OW teow oleo; ар 


Final examinations 


Е Showing steps › find the solution set of the equation : 
32X-1.4x3X4 9-0 » where X is a real number. 


E Lino.5x?«3»- DM 
(a) does not exist. (b) 5 (c) өө (d) 11 


&): /00-4x-5 , g (х) 23* › then (f og) (2) = радара 
(a) 3 (b) 9 (c) 27 (d) 31 


Kl if f (a) =2* » then log, f (a) = ve 


(a) 2 (b) f (a) (c)a (d) a. 
[ЇЙ From the opposite figure : 

f B*) +f (3) = 

(a) 2 (b) 0 

(c) 4 (d) 6 


KB Lim (S87 - cos 5 x) = metas 


х—+0 


(а) zero (Б) 1 (с) 2 (d) 3 


[14 | From the following functions › the even function is f : f (X) = еее 


(a) sin X (b) sin 30? (c) X cos X (d) X? + tan X 
(E in A XYZ 2 Xz x зз =Х2+12-у? 
(а) соѕ Х (b) cos Z (c) cos Y (d) sin Y 


@ ABCD is a quadrilateral in which » АВ = 22 ст. » m(Z ADB) = 65° 
əm (Z РВА) = 50° » ВС=25 ст. » DC = 18 см. Find : m (Z CBD) 


x 2 
ir Lim КХо+кх+т =3 9 then k +m =... 


Х-»-1 & 


(a) -4 (b) - 5 (c) - 8 (d) -9 


2 
ть range of the function f : f (X) = A l; 


(a) Ё (b) R- {0} (с)®-{1} (d) R-{2} 


Final Models | 


19 >+е E »then cos А = -.............. 


13 
DES (5 2 © 45 @ т 


E The number of possible solutions for the triangle ABC where : m (Z A) = 47° 5 a-4 cm. 
»>b=6cm. equals ---н 


(a) 1 (b) 0 (c) 2 (d) infinite solutions. 


21171777 opposite figure : 
Find (f o g) and represent it graphically 


» State the domain and if it is even › odd x 


or otherwise and discuss its symmetry 


еее ШИ ИШ ТИ ИН ee 


and whether it is one - to - one or not. 


(a) (b) (c) (d) 


8 Lim ОЕ 
(а) 2 (b) -3 (c) 7 (d) zero 


EZ} solution set of the equation : log х (X + 6) =2 in Кїз. 
(а) {3 ,-2] (b) {3} (c) (3 51} (d) (6 1} 


[25] The inverse function of the function 1:700-8хХх7-16 Ре oes 


3 3 
(a) T: ORE (с) 8 [x-1 (d) X 


Final examinations 


(J in ALMN » m(ZL)=30° » MN= 7 cm. » then the diameter length of the circle passing 
through its vertices equals === 
(a) 7 cm. (b) 3.5 cm. (c) 14 cm. (d) ELS cm. 


42 


ЕЕ НН ини 


The solution set of the equation : 2 х? = 16 in Ris «+--+ 
(a) {2} (b) {-2} (с) {2 »-2} (à) {4 »-4] 


Я Discuss the continuity of the function at X — 0 : 
X sin X 


a adi » Жей 

3Х-1 » Xz0 

ED The function f : f 00 2 5- X?-4 x is increasing when X € зз 
(a) 2 ›=[ (b) -2-»ес| (c) ]- » »2[ (9 ]- e »- 2[ 
Lim с052Х _.............. 

шон 
(а) d 0-3 oi Ф-1 


Ell in AABC :3sinA-4sin В = 2 sin С 
‚ then cosine the smallest angle in A ABC = 7 


EX DEA © 2 946 


ЕЙ The solution set of the inequality :|х2-6х-49 +25915 eee 
() Ё-1-4»10| (b)R-]-8>10[ (01-4»10| (d) [- 8 » 10] 


| мове! |6 ee 


Answer the following questions : 
Gir Lim x?+7X+b = 15 > then b= n 
x—4 x'-6x48 2 
(a) – 44 (b) 7 (c) - 8 (d) 8 


£3 If log, X * log, 3 = log, 27 — 1 » which of the following represents X in terms of b ? 
1 9 1 
Х-95 b Х= = Х=— Х--- 


Final Models | x 


EB if iog, (X+ 2) - log, (X — 1) = log, 4 » then X= ee 
(a) - 2 (b) 2 (c) 1 (d)- 1 


a Determine which of the functions defined by the following rules is even » odd or 
neither even nor odd : 2 


, Xz0 

Л 00-Хсо8Х | (21/,00- 

|x] , X«0 
Lind s 2... 
Х--0 x 
(a) zero (b) 1 (с) does not exist.  (d)-1 

25 
Я тех? = 64 убеп 1 ms 

(а) 512 (b) 16 (с) 4 (d) 2 


The area of the circle passing through the vertices of the equilateral triangle ABC whose 
side length is 9 cm. equals -+--+ ст“ 
(a) 9 X (b) 943 xx (c) 27 X (d) 81 Л 


ÉBi:r:roo-3x-1 > һ(ху=х? then (ho f) o 27 
(a)-7 (b) 11 (c) – 49 (d) 49 


O Lim -X 
һ—0 h ж 


(a) x? (b) 7 x$ (c) zero (d) 1 


Ш in A ABC 5a? 12-22------- 
А (b) ab cos C (c) cos C (d) 2a b cos C 


een 


E The curve g (0) =|X+3 | is the same as the curve f (X) =|Х| by translation 3 units in 
the direction of =- 
(a) OX (b) OX (c) Oy (d) Oy 


@ The solution set of the inequality : 
[32 | Л 01 эээ 
en a) (b) 1521 (с)®-]1›2[ (d) ®-[1›2] 


Final examinations 


1 
3221 
Find : f~! (X) and state the domain of f~' and its range. 


{8 ic f : Rt — В where f (X) = 


тһе opposite figure represents 


the two curves f (X) »g OO 
»then (gof) (1) БН ГГ 
(а) – 8 (b) -2 
(c) 4 (d) 5 
KE) The point of symmetry of the function f : f (X) = аха. 18 emn 
(a) (1 » 1) (b) 2.1) (c) (1,2) (d) (0,2) 
Lim Sn2X^*tm2X L n 
ын x00 3x? 
a) 8 DE: (c) 2 (d)3 


E if log Q X + у) = 4 (log X + log y) + log 3 where Х # y andy = kX s then К = veer 
(a)2 (b) 4 ОР: (d) -4 


o o 


[18] Lim (2 X- cos Х)= 
X— = 
2 


(a) zero (b) 2 (c) X (d) 2 
Se ТВС Е ЕЕ ee 


[19 | The even continuous function at the point (a » b) is also continuous at the point «өө 


(a) (a » b) (b) (- a » b) (c) (a »— b) (d) (C a »—b) 
0 > Xs0 
ET) The range of the function f : f (X) -| TEES 
1 » X>0 
(а) {1} (b) {0} (c) R (à) (051) 


EX] The radius length of the circumcircle of the triangle XYZ in which : 


Х-3сш. » У=5 сш. » zz7cm.equals «o ст. 


(a) 143 (9) 2 {з (c) 44 (4843 


ЕЗ 


Final Models [8 


[22] In the opposite figure : 
If the perimeter of A ABC = 42 cm. and the circle M is 
the inscribed circle in it › then m (Z A) = ee. 
(a) 53° 7 (b) 67* 23 
(c) 36° 53 (d) 229 37 


(23 irs *-3 = 49-% then X 2 
(a) 3 (b) 3 DE: (4) zero 


М 


Solve the triangle ABC approximate the results to the nearest 1 decimal place where 
g P 
m(ZA)=40° , m(ZB)=30° , b- 10 сш. 


ть numerical value of the expression + it equals з 
(а) 2 (b) 8 (c) 80 (d) 72 
E in A DEF ‚т (2 0) = 80° , m(ZE)-60 ,if f= 12 ст. s then d = o.n. cm. 
12 sin 80? 12 sin 80? 12 sin 40° 12 cos 809 
2 sin 80° p) 12 sin 80° 12 sin 40" ду 221908807 
(a) sin 40° (b) sin 60° (© ѕіп 80° (a) cos 40° 
Lim GX«D'ax-Dn — —— 
шан Q x4 3) 
(a) 16 (b) 32 (c) 64 (d) 8 
X*42xX-3 
Git the function f : f (X) -| X43 ‚22-2 is continuous at X =—3 , then find а 
Х+а s Х--3 


HJ The point of intersection of the curve : Yos = xu with the y-axis is “ен өөө 
(а) (0 ›2) (b) (1 » 4) (c) (0,6) (d) (0 ,—2) 


x—345x41-4 
(a) 5 (b) 6 (c) 8 (d) 48 


gl The solution set of the equation : 3 X* ! + 33- X = 30 in R is o 
(а) {1,9} (b) (log, 27 5 log 1} 
(c) (10g, 25 » log 1} (d) (log, 25 » log, 5} 


Ex o Final examinations 


у E 


Е In AABC »m (Z B) 23m (/ С) = 84° AC = 16 ст. 
» then the perimeter of A ABC = нөөс cm. (to nearest one decimal) 
(a) 81.5 (b) 62.2 (c) 41.3 (d) 38.5 


| Model о 


Answer the following questions : 
EB: f 09 =(102* > в 00) = log (Vx) » then (g o f) 09 = rr 


(a) 1025 (b) log x (с) 10?Хюх — (5x 
ERR sinA 
@maasc,—=— 
(a) sinB (b) sin C (c) sin A+ sin B (d) sin A sin C 
EB in AABC > ifsinA=2sinC > BC=6cm. › then АВ = ст. 
(a) 2 (b) 3 (c) 4 (d) 6 


[4] Find їп R the solution set of the equation : 
4 2 
Х3-10Х3-9-0 


E3 Which of the following figures does represent a continuous function at X = 2 ? 


(b) 
a The domain of the function f : f (X) -1 х-2 -4 щения 
(а) [-2 » 4l (b) [-2 ›5[ (с) [-2 ›5] (d) [3 ›=[ 


GB in AABC 5b? +0? =a? =2 D6 X eee 
(a) sin (90° — B) (b) sin (90° — A) (c) cos B (d) cos (90° — B) 


Final Models. | 


т. number of possible solutions of the triangle XYZ in which : 
m (4 X)=30° , Х=бст. » y=9 cm. equals =- 


(a) 1 (b)2 (c) 0 (d) infinite solutions. 

T ———ÀÀ—— HEP: ge асса 
BiLin4^-***5....... 

Kd 1-8 06 

aie 4 

(a) 16 (5) 16 (c) 1 (4) 4 

OD ie the radius length of the circle passing through the vertices of A ABC equals 6 cm. 
Шеп: 2а НРА ст 
2 “sinA | 
(a) 12 (b) 6 (c) 18 (d) 24 


(11 the solution set of the equation : (log, у)? -7 log, y + 12=0 in Ris eree 
(a) {25 ,125} (b) {25 5625 {+ 625 (d) {125 , 625] 
25 


Brio- Тх—5] n »then [f 59]? Ж [Feo] 2 
(a) 5 (b) zero (c)4 (d) 2 


B log, > +5 log, 5 + log, 27 – log, 15 = log, 243 = vee 
(а) 4 (b) log, 9 (c) log 25 (d) log — 


2 2 
Lim X = __ ЕТЕМ 
ir Lim сх =-1 sthenk 


(а)2 (b) -2 (c) 4 (d) +2 


15 РО) =X3+41 » which of the following statements is not true ? 
(a) f is one - to - one (b) f is an odd function. 
(c) f is increasing in its domain. 


(d) The curve of the function f intersects the X-axis at X=- 1 


© лхү2,х=5ст. » у=7ст. » m(ZZ)=65° 
Calculate : z › then find the perimeter of A XYZ 


ғор Х=3 » then log,- 2 = ese 
2 x 
(2 OE: (c) 8 (49 


(Л: Фул tos Фү | (lal OW dy сл walxell 
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E 1f f 7 ! is the inverse function of the function f » then +7- 
(a) the domain of f 7! = the domain of f (b) the domain of /7 ! = the range of f 


(c) the range of f ~! = the range of f (d) the range of f ~! = the domain of 7! 
Lim y -32 [ N CON 

y—2 y-2 

(a) 31 y* (b) 32 х 24 (c) 64 (d) 5 x 2 


Я] Discuss the existence of limit of f where : 


шах at zi «X«0 
100- at X tends to zero 
SX+6 at X>0 
Х-3 


[21] The rule of the function represented in the opposite 
figure is f (X) = еее 
(a) (x -2? +1 
(b) -(x-2) +1 
(с) -(x- D? +2 
(d) C X* 1? +2 


[22 | The solution set of the equation : |2 X- 1 |= 5 in R is еее 


(а) {3} (b) {-2} (c) 2 (d) {3 »-2} 
ae Х-4 , Xz4 
If f (X)= is symmetric about the straight line X = 4 
d g(X) » X<4 , шан 
» then the function g is == 
(a) an increasing function. (b) a decreasing function. 
(c) an even function. (d) a constant function. 


(24 | = х2-3 «в (= y -2 , find (f o g) OO in the simplest form and state its 
domain ; then find (f o g) (3) 


@ 4 02 (o2 (d) 4 


Final Models | 


Araco ‚9] › then log, аЕ а 


(а) ]-® ›2] (b) 12 » 81] (c) [2 ›=[ (d) ]- = 50] 
Li 1 Р 

27 Ln (+ ijs Hines MUR 
(a) 2 (b) 1 (c) zero (d) ә 


HJ The solution set in R of the equation ү x?-6x4942X29 equals «e 
(а) {4,6} (b) {6} (c) {4} (d) 9 


ET) The solution set in R of the inequality | Х- 3 | €2 is seres 


(a) 11 55| (b) [1 55] (c)R-]J1 55[ (d)R-[1 »5] 
3-4 (хи? 
ED if the function f: £ C0 24. Х-2 ? is continuous at X = 2 » then К = гн 
K y X2 
(a) zero (b) 8 (c) 2 (d) 4 


El ito * -25 X 1 where b> 1 s then X= -v 
(a) 2 (b) log 2 (c) log, b (d) log, 2 


[32 | If the area of A ABC is 24 cm? ; the radius length of it circumcircle is 5 cm. 
s then sin A sin B sin (A + B) = ·.-.-.......... 


(а) > ъ & © 5 @ 22 


BER | 
мост | eee 


Answer the following questions : 


E? log, X + log, X= ves 


(a) 1-1юв, b (b) 1 + log, b (c) l-log, a (d) 1 *log,a 
3X^raX-2 s X»3 . 
Яг; (х - and Lim f (x)= 16 ,then a +b = ГОМО 
2Х-5 » Х«3 ‘= 
(a) 4 (b) 10 (c) - 13 (d) 7 
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[3 | The diameter length of the circle inscribed in an equilateral triangle whose side length is 
43 сш. equals КУТ лыы сш. 
(a) 243 (943 (c)4 (d) 8 


ЇЇ The value of : log, 54 – log, Ё + log, i = нне 
(а) log 3 (b) 3 (c) 27 (d)4 


Bi: y = f (X) is a real function » then its image by translation 2 units right is g (X) = еее 
(a) f (X - 2) (5) f (X+2) (©) 109 +2 (4 у} 00-2 


a The number of possible solutions of A ABC where m (ZA) = 60° » b=3 cm. 


sa = 5 ст. iS еее 
(а) 1 (b) 2 
(c) no solution. (d) an infinite number of triangles. 


me 


EB Lin х+х. rem 


Х —+ zero 


(а) zero (b) 1 (c) 2 (d) 3 


Ø if f (х) = 5% , find the solution set in R of the equation : f (X) + f (X — 1) = 150 


GB in A ABC 5 cos (A +B) = e 


а? +2? p) +c- b? b? + с2а? с2а? –Ь2 

" 2ab - 2ac ыг 2bc ® 2ab 
 ҥ1<х<2,евп{х?-2х+1+{х?-4х+4= ее 

(4) 2Х-3 (D2X-1 (c) 1 (d) 3 
E Lim х?-7х+12, asss 

x—3 Х-3 

(а) 1 (b)-1 (с) -2 (d) 7 
ҮЙ The domain of the function f : f (X) = Г.-а: E шннен. 

x+4 
(а) |5»«| (5) [-4 ›5] (0R-[-455[ @R-]4,5] 


Final Models | x 


(13 m the opposite figure : If AC = 20 cm. 


€ 
» then the perimeter of A АСМ = ............... cm. “ 
(a) 41.5 (b) 43.5 A h 
(c) 45 (d) 47.5 
1 
113757, log, Бун 
(а) 6 (b) 4 (c) 2 (d) 1 


[15] The domain of the function f : f (X) ={ 9-Х18---өөөө- 


(а) IR (b) R- {9} (c) ]-  , 9] (d) [9 > ==[ 
Вне SA umna 

Х-ж54хай-3 

(а) 30 (5) 6 (c) 5 (d) 25 


ШиллВС.,с-19ст, » m(ZA)=112° , m (Z B) = 33° , find the area of A ABC 


to the nearest cm? and the radius length of its circumcircle to the nearest cm. 


[Т] The domain of the function f : f (X) = log, Хів emen 
(a) Х»0 (b) X«1 ()0«Х-«1 (0«Х51 


E The opposite figure represents the curve of the function f 
» which of the following statements is true ? 
(a) f is continuous on the interval [1 , 3] 
(b) f is continuous on the interval ]1 » 3[ 
(c) Lin f (X) exists where a € [1 » 3] 
(d) Lim f OQ exists wherea € ]1 ,3[ 


Lim сны. TUN 
X'-3x42" | 


(a) 3 (b) 9 (c) 27 (d) 81 


Х--со 


E it f : R—> RR where f Q9 24 x-2 ,h: [-2 »3] — R where h (xX) 24-3 x 
graph the function (f + В) › determine its domain and range and discuss its monotony. 


Final examinations 


Я Which of the following does not equal (Ax ) ? 


5r—44 4 4 1\4 

@ (Vx) (b) ES (с) хз @ (х5) 
EE] If the function f is even in [c » d] s then c + d = ve 

(4)2с (b) 2d (c) c- d (d) zero 
g Find the value of a that makes the function f continuous at a where 

2-37 ж Xx 

Todes x , X»a 
гу) = (K-5) 005 » 800=Х-5 then LS) e 

(a) 10 (b) 1 (c) i C5) (d) undefined. 

Lim sin (2x) RD TE 

Х-0 Wx Е : 

(a) 8 (b) -2 (c) 3 (d) 2 

2-a- 

1(1) : ? _ 1 » where а > zero » then a= S 

(a) 1 (b) -3 (c) 2 (d) 3 
EJ A ABC in which m (С) = 116° » с= 12cm. » а= 10 ст. 

s then b = veer cm. (to nearest one decimal) 

(a) 2.6 (b) 3.6 (c) 4.6 (d) 5.6 

i 1 = cos х * tan 5 x Zee mm 

Ша Ї-со8Х-1ааХ | 

(4)-5 (b) 5 (c) zero (d) undefined. 


EI In A ABC » cos В 27 » then A ABC is «= 
(a) an equilateral triangle. (b) an isosceles triangle. 


(c) a scalene triangle. (d) otherwise. 


o [2 12]-13] 0» 13 T. 


©]5 !11-13) « [5,7 
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EB The one-to-one function from the following functions defined by the rules +--+... 
(a) f, Q9 2 X45 (97,00-Х2  (0/,00-1Х-2| (@у,О0=-3 


| у | 
| моче a 


Answer the following questions : 


KB The solution set of the equation : logs, 3 125 =3 in R is ------- 


(a) {5} (b) {3} (©) @ (d) {2} 
Ba LMN in which m (Z L) = 30° m 2 9 cm. has two solutions when l = .............. cm. 
(a) 6 (b) 10 (c) 11 (d) 2 


EB The opposite figure represents the curve of the function f 
Lim —— 
› шеп сш 17001 
(а)-1 
(b) zero 


(c) 1 


(d) does not exist. 


[4 | If f (X) 23 +] X- 1 » find its inverse function. 


Енг: в R where f (X+ 1)- f Q0 2 X- 1 »sthen f (10) - f (9) =-............... 


(a) 1 (b) 9 (c) 8 (d) 18 
EI хуниас 

X—0 sin3 X 

(a) 3 (b) $ (c) 6 (d) does not exist. 


[7 The image of the curve y = | X | 5 by translation 3 units in the direction of OX and 
5 units in the direction of Oy [LLL 


(a)y=|X-3|+5 (b y=|X-3| (c)y=|X-3|-10 (фу-|Х-3| 


El С япа! examinations 


Аа 9 | XS? 


[8 if the function f : f (X)=4 4 , Х = 2 is continuous at X = 2 
5а4-0Х , x2 


‚ find the value of each of a » b 


го Lim |х»5-15 РЭГ” 
som te fs 


(a) 1 (b) -1 (с) өө (d) — œ 


ку =x » then its inverse function is y = 07777 
(a) 4 х5 (b) X? (c) X? -1 (d) 5 x5 


E in A ABC »c(acos В + b cos A) 2 e 
@ a? (b) b? (oc 2€ 


[12 | ABCD is a parallelogram in which : AB — 9cm. » ВС= 13cm. › AC=20cm. 
»then the length of BD = еее ст. 
(а) 5 (b) 10 (с) 205 (4) 4 


нло =х-1 > g (X) 2^ [x › then the domain of (g o f) is «=== 


(а) Ё (5) ]-  » Ц (c) [1 vf (4) R- (1j 
г ХЭүх-128 
(D Lim A mem 
(a) 112 (b) 96 (c) 84 (d) 72 


Hit foo= с » then the range of the function f is +7771 =Ñ 
(а) {1} (b) R (с) [-1 » 1[ (à {-1 1} 


[16 | Graph the function f : f (X) ={ х?-4 X + 4 and determine its range and discuss its 


monotony. 
41 The solution set of the following equation in R: log, X- Se = 2 equals .............- 
(а) {-1 53} (9 {84} (с) {8,2} | @{1›2} 
9 x9 
D Lim шан шин — 
(a) x? (9х 8 (c) zero (d) does not exist. 


Final Models. [ 


 ҥа>ь>с> 1 »then log, log, log, Ф e uocis 
(a) zero (b)1 (c) 2 (d)abc 


ED if ABC ва triangle in whicha=4cm. 5 b= 413 cm. » с= 8 ст. › then sine of its 
smallest angle equals ............... 


а) + ПЕН (c) 1 (d) zero 


Solve the acute-angled triangle ABC іп whicha = 21 ст. 5 b= 25 cm. and the diameter 
length of its circumcircle is 28 cm. 


Я нх-5+216 › then log (1 + x) = хнөөөөөөөөө 
(a) 1 (b) 5-246 (c) 10 (d)5+276 


[23 which of the functions represented graphically as follows is neither even nor odd ? 
У У 


(а) 


In the opposite figure : 
If tan (/ DEC) = = » then the radius length of 


the circumcircle of A ABC = ............... cm. 
(a) 9 (b) 5.7 
(043 (d) 3.75 


н/о = x? «| x | where X is a real number » then the solution set in В of the equation : 
Од =2 equals ............... 


(а) (- 2) (b) {-2,-1,1} @{1,-1} (d) {1} 
BJ Lim 44-x? = ere 
(a)-1 (b) zero (c) 2 (d) does not exist. 


(5: V od Y Саа) OW toy cust; yalsall 


Final examinations 
-— Y — с ——5 


[27] If the opposite figure represents the curve of 
the function f : f (X) = log, X 


» then log 17 ЕТТУ 
(а) -2 

(b) 1 

(c) 2 

(d)4 


BD Lim 1-59 X* $n X. ........... 
Х-»0 1-cos X—sin X 


(a) 1 (b) -1 (c) 0 (d) ee 

[29] If the perimeter of А АВС = 33 cm. » sin A + sin C = 2 эзш В = i s then AC = еее cm. 
(a) 6 (b) 9 (c) 12 (d) 15 

ЕЮ The range of the function f : f (0 = US equals еее 
(a) В (b R- [-2] (o) R- (1) (d) IR* 


у(х) =ах+ь, 7! 09) =3 7! (5) =2› then at b = 


(a) - 1 (b) 1 (c) 7 (d) - 7 
Dm ЭБЕ гах, 
32) e Х-1 
(а)2 (b) -2 (c) 0 (d) not exist. 


(мн | 
шїї WR 


Answer the following questions : 


ЕВ пог tan 1° + log tan 2? + log tan 3° + »- + log tan 88? + log tan 89? = 


(a) zero (b) 1 (c) 10 (d) 89 
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Ein the opposite figure : 
ABC is a triangle inscribed in a circle whose radius length A 
is4 cm. »m(Z ВАС) = gd 9 
»then UNE BC c 
(a) 2 (b) 4 
(c) 6 (d) 8 © н 


EB it the ratio among the measures of the angles of a triangle is 8 : 3: 1 » then the ratio 
between the longest two sides in the triangle 15. 


(a 3:2 (46:2 (c) 8:3 (4)8:5 


(а)2 (b)4 (c) + @ 1 


а b 
Е NETU »then 9^ ieks WASSER 


(a) 7 (b) 12 (c) 20 (d) 25 
Lim 3klXI _ —— 
Oir Lim =6,щепк= 
(a) 6 (53 (c) 8 (d)3 


o If f (3) =X? , then the image of the curve of f by reflection in X-axis and translation 
3 units in the direction of OX and two units in the direction of Oy 18 e 


(a) - (x33 -2 (b) - (X - 3) +2 
(c) - (X 4 33 -2 (d) - [(Х +3)? +2] 
X^saXx-2 » Хэ? 
(8 ir the function f : f 00 244 >» Х= 2 is continuous at X 2 2 
5а-0Х . XS? 


» find the value of each of a , b 


EJ The perimeter of A ABC is 70cm. ›а=26 сш. » m (Z A) = 60° , find its area. 


x? 
х 


Шигс0-Х41 › gq =F sten Lim (go f) 0 = n 


(a) 1 (b) 2 (c) -2 (d) 3 


ES 
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ED if log, 3 x log, 4 x log, 5 x = x log, (n + 1) = 10 » then n = 
2 3 4 n 


(а) 9 (b) 10 (c) 11 (d) 1023 
ГИ The domain of the function f : f OO = Хх MEET RES 
(a) ]- 1 » 1[ (b) [- 1 » 1] ()R- ]- 1 »1[ (ФЁ-1-151| 
KBinAABC:m(ZA)-112 » т(4 В) = 33° » с= 19 ст. 
‚ then the diameter length of its circumcircle = === cm. 
(a) 16 (b) 17 (c) 32 (d) 33 
Wir2* - 20 , n<X<n+ 1 snis an integer » then n = + 
(a) 4 (b) 5 (c) 6 (d) 10 
(BnaAxyz.y «Z-x^»2yzx-———— 
(a) cos X (b) sin Z (c) cos Z (d) sin X 
3x-1 > X#2 2 
Юи оо-) »then Lim у (х) = — € 
6 4 X242 Бу 
(a) - 5 (b) 5 (c) 6 (d) does not exist. 


E 1f f (x) = log, (X +a) and £7! (2) =-3 › then а = er 


(а)-7 (b) 7 (c) 3 (d) 1 
(18 The exponential function whose base is a » is increasing if 

(a)a>0 (b)a>1 ()0«а«1 (4)а-1 
D Lim 4- 3 х-х»= А 

(а) оо (b) does not exist. (с) – 1 (d) — eo 
ET) if f is an odd function » a € the domain of f » then f (а) + (а) = 

(a) 2 f (a) (b 2f Ca) (c) zero (d) f (a) 


Find algebraically in R the solution set of the equation : | Х-31-19-2Х | 


Final Models li. 


If f is an odd function › then 2fOMT7fCO — 


10 f (-3) 
(a) 3 (b) -3 (c) 4 @-4 
В ie £09 =х+з > 8(Х)-16-Х,Шеп (fog (5) = eee 
(a) undefined. (b) zero (c) 5 (d) 2 
2Х-3 , Х-3 
The range of the function f : f (X) Ч Вана. 
9 ? Х-3 
(а) {3} (b) R (c) ]9 > eof (d) [9 ›==[ 
Ё in A ABC ,1 m (4 В) = 60° » m(ZC)=30° , cz4cm.,thenbz se cm. 
(a) 4 (b) 8 (c) 243 (à) 443 
Lim. I ENX ., un 
Xx—.0sinX-cosX — 
(a) 1 (b) -1 (c) zero (d) does not exist. 


Я] it the area of A ABC is "X" and the radius length of its circumcircle is "r" 


» then nt = 
абс 
а 


sinA 


@ гух) -7**! 
» find the value of X which satisfies : f (2 X — 1) + f (X -2) = 50 


(a) (b) cos А (0) 1 (d)r 


If Lim f= В, Lim f (X) = m and the function is continuous at X = a 
—>а —>а 


›Шеп (2+ m?-2í mz. ENTER 
(a) 1 (b) 3 (c) zero (d) 6 


ED ita - sin B ,ь= зас >С = Sin A ; then the circumference of the circumcircle of triangle 
ABC equals арии 
(а) 1 (b) 250 «© 1л (d) л 


El] The solution set of the inequality :49 x 2-12 x £4 «214-6 х|> 20 is ЕЕ 
өв-1-252| €) 15252 юв-Ї 22 — [3.2] 


гу) -x?^«3 x? «3x «1; ten fr! (0 = o: 
(a) (X + 1? (Ax 1 (x «1 (d) х?-1 


| Second Multiple choice examinations 


Answer the following questions : 
Choose the correct answer from the given ones : 


ЕВ їл the opposite figure : 


The range of the function is 


(а) {-1 »2} (b) {2} 
(c) (-353] (d) [-1] 
Я If log, X = log, 9 » then X= vr 
(a) 3 (b) 4 (c) 9 (d) 12 
Ей Lim Үї-соёх _ 
x—+0 яав 
(a) 0 (b) 1 (c) - 1 (d) not exist. 


Ø ABC is a triangle in which AB = 3 cm. › BC = 5 cm. and AC =7 cm. » then m (4 B) = 


(a) 30° (b) 60? (c) 120? (d) 150? 
l B Йй Е 
EB tos, С) +108 x, (5) = 
(a) 1 (b) -1 (c) Xy (d) - Xy 
4 (4 
Rib. NNNM 
л x—.16 Х-16 
(a) 12 (b) 14 (c) 16 (d) 20 
2X-sin X 
LA SD х>0 | 
(1 е tan2X+4X , then Lam f oos 
5х+ 2 » Х<0 
(a) 2 DE: (с) 1 (d) otherwise. 


KJ XYZ is a triangle » in which X 220 cm. »z = 16 cm. and cos Y 
(a) 20 (b) 16 (c) 25 


[76] 


= 0.4 › Шепу = 
(d) 15 
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Е] The curve of the function r : г (х) 2| X +3 | is the same as the curve of the function 


f:f (X) =| X| with displacement 3 units in the direction of ..-............ 
(a) OX (b) OX (c) OY (d) OY 


Шиго = 3% ten £7! Qo = o 


(a) log X? (b) log, X (c) x^? (d) 3* 
[11] The function f : f (X) -Тх +3 › then its domain equals ----.--........ 

G]-3se[ ^ (b) ko »3f (c) [3 sf (à) [-3 » ef 

Lim (авах... 
grs ых. 

T л 4 
(a) 1 (b) 3 (c) 4 (d) т 
n 
Lm. hl. 

13) п--коо 9 Ea 

(a) i (b) өө (c) i (d) zero 
E In the opposite figure : A 

If the perimeter of the triangle ABC equals 20 cm. = 

» then the length of the radius of the circle which м. 

B 

passes through its vertices = ............... cm. 

(a) 2 (b) 4 (c) 6 (d) 8 
[15 | The solution set of the equation logy =—2 in Ris 6 

1 EE 

(a) Q3 (b) {9} © {Үз } @ {уз} 

KJ The opposite fi represents two curves 
gure 
f CO and g OO » then (go f) (1) = ve em. 
(a) -2 (b) 2 


(c) 4 (d) 5 
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Lim 15885... сан 
х-«0 SX 


(a) 0 (b) 5 (c) i (d) otherwise. 


113 m the triangle XYZ ,у2+22- Х2=2у2 —PÜn 


(a) cos X (b) ѕіп 2 (с) соѕ 2 (d) sin X 
@ The type of the function f : f OO = еш коек 

(a) odd function. (b) even function. 

(c) neither even nor odd function. (d) one-to-one 
OD if |X| <a, then X € з 

(а) Ё-|-аза| (Ы) [-a >a] (c) R- ]- a »a[ (d) ]- a »a[ 


[21] Which of the following functions is even function ? 
(b) 


The solution set of the equation in IR : 3 X*14a3X = 3645 ic 
(a) {0} (5 {3} (©) {2} (à) {0 51} 


3 , х>0 
-3 » X«0 


(а) (0 » 0) (b) (3 ›0) (c) C 3 ›0) (d) (-3 »3) 


(23 The function f : f (X) =f 


is symmetric about the point =+ 
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- 2 - 
[24] The function f : f (29 = | хад » WE is continuous at X 2 —2 , then a= e 
x > X>-2 
(a) - 2 (b) -4 (c) 2 (d) 4 
i i 5 c Eee 
[25) ABC is a triangle » then ic^ r 
(а) 5 (b) 10 (с) 15 (d) 20 


EL) The axis of symmetry of the function f : f (X) = X? — 1 is the straight line -+++ 


(а) X21 (b) X20 (c)y=1 (d) y=0 


[21] ABC is a triangle » where cos (А + B) = e- 


(a)cos А + соѕ В (Б) sin A + sin B (с) cos С (d) — cos C 


" 2 
Ё Lim —-5*..... 
0—90: 9 qn? 


(a) 3 (b) 6 (c) 9 (d) i 


Answer the following questions : 
Choose the correct answer from the given ones : 
[1 The vertex of curve of the function f : f (X) = (2— x? T3ise 


(a) (2 »3) (b) (2 »—3) (с) (-2 »3) (Ф(-2»-3) 


ғавс ва triangle in which a 4 cm. b = 443 cm. c — 8 cm. » then sine of its 


smallest angle = ............... 


(а) 1 (b) T. ()1 (d) zero 


Е 1ғ5х+:-7х+1 sthen3**! = РНЕ 


(а) zero (b)3 (c)2 (d) 1 


ХЭЛЭЭЧ! 
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[ 4 The opposite figure represents the curve 


of the function f 
Li 22120221 
then „11 |f OO] 
(a) 1 (b)-1 
(с) 2 (d) does not exist. 


Е The curve of the function g : g (X) = X? +4 is the same as the curve f (X) =x? by 
translation 4 units in direction of =-= 


(a) OX (b) OX (c) Oy (d) Oy 
Onam: Bt 22M. REM, en/:m:n- — жөө» 
(3) 6:8:3 (b) 3:6:8 (c) 8:3:6 (d) 6:3:8 


5 
iry- үх » then its inverse function is y = 7 
(a) x? (b) x5 (Qx5-1 (d) 5 x5 


B Lim «2-2... 
= 


Х--0 


(a) 25 (5) 64 (c) 80 (d) 100 


EJ ir f 09 - x 15g 00 = х › then the domain of (g o f) is гн 
(а) Ж (5) ]-  » Ц (c) [1 | (d) R- {1} 


&) In ALMN » m (Z L) = 30° › MN = 7 ст. » then the diameter length of the circle passes 
through its vertices equals -= 
(a) 7 cm. (b) 3.5 cm. (c) 14 cm. (d) qi 
2 


[11] Solution set in IR of the equation : log x (X + 6) =2 is veer 
(a) {35-2} 0) {3} (c) {3 »1} (9) {6,1} 


EA From the following functions » the even function is f : f (X) = vee 
(a) sin X (b) sin 30° (c) X cos X (d) X? + tan X 


(a) 1 (b) -1 (c) -2 (d) 7 
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KI it the curve of the function f : f CO = log, (1 — a X) passes through the point (i А E 
»thenaz e 
(a) 3 (b)2 (c)4 "T 


um бах 
(us cene. 
(2X3) 
(a) 4 (b) 32 (c) 1 (d) 8 


@ The solution set of the inequality : | X — 1| « -2 in R is -u 


(a) ]- 1 ,3[ (b) R-[-1 3] (c) ]- 2 .2[ (4) 6 
The domain of the function f : f (X) = DP ја (cnim 
wz (9 {3} (©) [2 «| (925 -1-13) 
Perte 
Mina asc: Ба 
(а) соѕ А (b) cos В (c) cos C (d) sin A 


KE] The solution set of the equation : log, X x log, 3 = 5 in R is ee 
(a) {32} (b) {5} (c) {3} (d) {2} 


HJ Lim 5Xxcs62X2« 
8-0 


(a) 3 (b) 10 () 2 (d) zero 


[21] The exponential function whose base a is increasing if -+ 


(а)а»0 (b a»1 (c) O«a«1 (Фа= 


ких? = 8 s then Х = ............... 
da ma (c)8 (d) 9 


in 9 X cot 16 X ХО. . 
pa шань: 3 is continuous at X = 0 


EE tt the function f: f 00-1 (2 » Х-0 


› then К = esee 
9 3 3 4 
(а) 16 (b) ЯГ (с) +7 (9) +4 


[24 | Ай the following relations represent function y in terms of X except ............... 
(a)y=3 X41 (b у= Х2-4 (с) х=у?—-2 (d) y 2 sin X 
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Б+с саа 


T = , then cos А = eeen 
ll, 5 19 д. 
(а) 5 (b) + (с) 35 (d) тү 
х%%-х?% 
Li = — гы 
Es d 
Ke qua 
(a) 2 (1 (2 фх 
3 х2-ахХ-2 х»3 1 
гоо} t and Lim f (X)=16 > then a +b = ve 
2X+b 5 X<3 0—63 
(а) 4 (b) 10 (c) - 13 (d)7 
& In the opposite figure : 
If BC = 10 cm. » then perimeter of A BDC = нөөс, cm. 
(a) 60 (b) 62 
(c) 64 (d) 67 


|) Model |5 


Answer the following questions : 


Choose the correct answer from the given ones : 


ET Iff (X)=X 3 , then its image by reflection in X-axis and translation 3 units in direction 


(a) g (xX) 2 - (X - 3? (b) g Q9 = (x - 3? 
(c) в Q9 » - (x 3» (d) (х) = (X 3» 


[2 Lim 1X 745xX^7-1. 
Xes 4 x-243x-l42 


а) 7 ©) $ (9-1 (d) = 


EB In A HED 5 cos (D +H) = e 
(a)cosD+cosH (b) cos E (c) – sin (90° + E) (d) cos (90° +Е) 


а Image of point (-4 »2) by reflection in straight line y = X нина 
(a) (4,2) (b) (2 »—4) (c) (4 »- 2) (9 (-4 »-2) 


Multiple choice Examinations | 


E Lim E ек exists when К< 


Х--«4 
(а)-2 (0)-1 (с)1 (4)2 
GBS > 3х-2- 45, һеп72-Хх-.............. 
(а) 4 (5 + (c) 7 (d) 49 
i tan 4 Zee 
RE Lim (cos 3 х S24) = 
(a) - 4 (b) -3 (c) -1 (d)4 


E Range of the function : f O92ox?.63Xis-- 
(a) [6 >of (b) [3 > -[ (c) [0 »«| (à [-9 > oof 


1 1 
@irx>1 зу» 1 and 108 хулс" ЮЁ хуул SANSA 


(a)-1 DE © 91 
K):r;:N—-m » f (X) =X? » then function is -------- 

(a) even. (b) odd. 

(c) decrease on its domain. (d) one-to-one. 
GD Lim ET _ РНЕ 

(a) + (b 4 (od (d) no limit. 
ÉD A XYZ in which m (Z X) = 75° ym (4 Y) = 45° , then z £ уз 

(a) 6 : 3 (56:2 (©) (1+3 ):2 (9(16-312):6 
EE Range of the function f : f (0) = 1х-21 A 

(a) ]2 »ес| (b) ]- ›2[ (c)R - {2} (а) (- 151] 


Шгоо-| 2-2 ? Х»-2 , Lim , f OO exists » then К = Зэ 
КХ-6 » X<-2 *х—- 


(a) -2 (b) - 1 (c) 1 (d) 2 


(15 ss. of the inequality :|2 X 1 |< 5 is еее 
(а) [- 5 ›5] (b) [-4 6] © [-2 ›3] @«в-]-2,3[ 
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(D Lim 2X?+tm3x_ l. 
x—0 5X+sin7X 


(а) > OF: © 35 93 


A ABC in which а = 23 cm. » b = 15 cm. and its perimeter = 70 cm. » then measure of the 
biggest angle in the triangle equals «ын 
(а) 77° 43 (b) 113° È (c) 131° 2 (d) 1509 


ш If f is increasing function on the interval ]1 » oo| › then g (X) = f (X + 2) is increasing 


(a) ]- 1 » «4 (b) ]1 ›=[ (с) ]2 ›=[ (d) 3 ›=[ 


ААА 


=3*t! #Х+2) fOx-Dn. Жкн кү 
Brf пе уох) = РК 


(а) 27 (b) 81 (с) 90 (d) 243 


g) Lim 2x^«3X-1. 
Х-»ө4Х-5Х7-2 


oF (b) -4 ©з «3 
E A LMN in which m (4 М) = 60° ‚(=20 cm. has two solutions when m = гн cm. 
(a) 21 (b) 15 (c) 1013 (d) 18 
EJ iE f (х) =log, 7 X+ Dand f^! (3) =1 оо 
@ 1 03 (c) (22 
_ 6cos X : -T RUS) — 
Е = хп to be continuous at X = 2 „теп f (7) = 
(a) -3 (b)3 от @л 
5 3 
i dx + x-2 . 
[24] Lim отет 
(a) 15 (5 $ © 6 (d) no limit. 


Е) If radius length of the circumcircle of A X YZ equals 4 cm. » then d Lees 
sin Y sinZ 


(а) 8 (b) 16 (c) 32 (d) 64 


Я к4Х=3 8% =9 then E 


(a) -7 04 (©) 4 (d) 7 
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ED if (4,3) ,В(-2,5),С(-1,-2) » then cos (4 ABC) = «s 


15 3 4 
(а) Үр (b) 5 (c) * 
E In the opposite figure : 
@ вл! (D) eee 
(а) - 12 (b) zero 
(c) 2 (d) 4 


Answer the following questions : 


Choose the correct answer from the given ones : 


GB The range of the given function in 
the opposite figure is ---............ 
(a) {1} (b) {1 5-1} 
(о {- 1} (d)R 


E The type of the function f : f (X) = нх ыы 
(а) еуеп (b) odd. 
(c) neither odd nor even. (d) both odd and even. 


EB If log 3 = x ›1ор 5 = y › then log 15 =............ 
(a) Xy ъз (c) Х+у (d) Х-у 


GB 63-2 = 2%-2 , then X= n 
(a) 3 (b) -2 (c) zero (d) 2 


GB in A ABC: b? + с? а2 = 26 сх... 
(а) sin (90° — B) (b) sin (90° – A) (c) cos B (d) cos (90° — B) 
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[ 6 | The function f where f (X) =a X is decreasing on its domain if == 


(а)а=1 (Б) а> 1 (с) 0 <а<1 (d)az-1 
[7] In A ABC: ir = 6 cm. »then the radius length of its circumcircle equals зз cm. 
(а)2 (b) 3 (c) 5 (d) 6 


CJ The curve represented in the opposite 


figure is symmetric about the straight 

line whose equation is “өнөө 

(a) Х-0 (b) y 20 

(c)y=-2 (d) X22 
Я тег: = x-1 Ы is continuous at X = 1 » then a = re 

2а , Хэ 
(а) zero (b) -2 (c) 2 (d) 1 
2 
ый nase 

ш x—+0 x 

(a) zero (b) 1 (c) does not exist. (d)-1 


& The area of the circle passes through the vertices of an equilateral triangle ABC whose 


side length 9 cm. equals «өнөө cm? 
(a) 9 7t (b) 943 7t (c) 27 7t (d) 81 7t 
Wir Lim x?-k?_ | , then К = esses 
х= X32 
(а) 2 (b -2 (c) 4 (d) +2 


[ш ©» ^Х 
-— 22 


3 2 

(а)2 (5) тего (c) re (d) 4 

Үү Өс 12 Ж 

x—2 x?43Xx-10 p 80 ; 
(a) 87 (b) 7 (c) 78 (d) эз 

Lim SOX auo 

x—0 4X 
(а) л (1 (c) т (d) does not exist. 
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[16 | Ifyz Vx » then its inverse function is у = ee- 
(a) $x$ (b) x5 (с) x5-1 (d)5 x5 


The exponential function whose base а is increasing if -+-+ 


(а)а> 0 (Б)а> 1 (с) 0 <а<1 (а= 1 


Х-4 , Xz4 5 3 5 
[18] Iff (x)= is symmetric about the straight line X = 4 
g (X) » Х«4 


» then the function g is eee 
(a) an increasing function. (b) a decreasing function. 


(c) an even function. (d) a constant function. 


KJ ^ ABC :2sinA =3 sin B = 4 sin c s then a : b : c = s 
()2:3:4 (5)4:3:2 (c)3:4:6 (d)6:4:3 


г; is an odd function » a € the domain of f › then f (а) + f (- a) = e- 
(a) 2 f (a) (b) 2 f (- a) (c) zero (d) f (a) 


[21 the ratio among the measures of angles in a triangle is 8 : 3: 1 » then the ratio between 


the longest two sides in the triangle equals эз 
(a) [3 :2 (bte : 2 (c)8:3 (d)8:5 


EB if £00 -4x-55g00 23" 5 then (f 0g) (2) = 
(a) 3 (b) 9 (c) 27 (9) 31 


[23 | АП the following relations represent function y in terms of X except - 


()у-3Х-1 (b) y=x?-4 (с)х=у?-2 (d) y 2 sin X 
Ein A DEF ‚Им (2 р) = 30° ;e- 1593 cm. » m (4 E) = 60° › then d = ен em. 
(a) 30 (b) 45 (c) 15 (d) 60 


[25| If f 1 is the inverse function of the function f o then eee 
(а) the domain of f7! = the domain of f (b) the domain of f - ! = the range of f 
(c) the range of f~! = the range of f (d) the range of f ! = the domain of f^! 


(ла: фәл tjs | t | А OW doy cou; ука] ҖЕ] 


Final examinations 


1 


» then the graph that represents the function f is =+ 
(b) 


гу = 


x-2 


(d) 


Tu (2 X— cos X) = vee 
2 


— 


(а) zero (b) 2 (c) Ж (d) 2 


[28] The even continuous function at the point (a » b) is also continuous at the point «нө 
(а) (a » b) (b) (Ca »b) (c) (a »— b) (d) C a »— b) 


Answer the following questions : 
Choose the correct answer from the given ones : 


x-2 
ЕВ The domain of the function f : f (X) = xo. eere 
(а) Ж (5 {3} (с) [2 › =] 24-13) 
EJ The diameter length of the circumcircle of the equilateral triangle ABC whose side length 
51 3 ст. iS nn 
(a) 513 (b) 1013 (c) 10 (d) 5 


Multiple choice Examinations los 


Ei Lim 2215-4 sa ER > then a = 1... 


(a) 2 (b) 4 (с) 6 (4)8 


Eco f (X) = X? + 4 is the same curve of g (X) = X? by translation 4 units in 
direction of seres 
(a) OX (b) OX (c) Oy (d)Oy 


a Measure of greatest angle in triangle whose side lengths are 3 cm. » 5 cm. » 7 cm. is o 
(a) 150? (b) 120? (c) 60° (d) 30* 


Gir fio =4x-5 ›5 (х) =3Х 5 then (f o g) (2) =... 


(a) 3 (5) 9 (c) 27 (d) 31 
EB: 500-7 x then fa! 09 =... 
4 
(27x 02 Ola (d)7-x 
EB in the opposite figure : 
Lim f gm es 
—2 


(a) 1 

(b)-1 

(c) dose not exist. 
(d) 2 


B Lim X-x2..... 


X—e3 x-3 

(a) 1 (b)-1 (c) 7 (d)-2 
[Т] solution set of inequality 1 X7=4X44>0 in R is eee 

(а) R- {2} (b) R-{-2} (с) Ж (96 


Ш Number of possible solutions of A ABC where т (Z A) = 60° ,b =3 ст. ›а= 5 ст. 


(a) 1 (b) 2 
(c) no solution. (d) infinite number of triangles. 


(a) zero (912 (с) 3 (d) does not exist. 


Final examinations 


[13] The curve of the even function is symmetric about the straight line -+ 


(а)у=Х (b yy C) ХХ (@у=- 


 ҥх?=8 » then X = зс 


(a) 2 (b) 4 (c)8 (d) 9 
KB in A DEH » if m (4 D) = 30° ›е = 153 cm. »m(Z E) = 60° » then d = -+++ cm. 
(a) 30 (b) 45 (c) 15 (d) 60 


Q Lim €*2-2...... 
x 


x—+0 


(a) 25 (b) 64 (c) 80 (d) 100 


Gir log, y = X › then the equivalent exponential form is === 


(a) y 2 х? (b) X 2 y? (c) Х= 37 (d)y23* 


a M I 


ғу (0 =4Х-! then f (X+ 1) = eee 


@)4* (b) 4**! (с) 4X*? (d)2* 
ООО nó PF T, НН 

E in A ABC ;b 22cm. +c 2 2.5 cm. »cos А = 2 , then A ABC will be +1111 triangle. 
(а) right-angled (b) an isosceles (c) equilateral (d) scalen 


BD it log, (x «6 -2 „ФЕЙ Xs enn 
(a) 13 ;-2] (5) {3} (с) {3 ›1} (9 {6 51} 


gl Range of the function which 


represented in opposite figure is «өнөө 


(a) {1} (b) {1 5-1} 
(c) {-1} (d) К 

In A XYZ » 2x = нне r "where r is the radius length of the circumcircle of A XYZ" 
(4) 1 (b) 2 (c) 4 (d) 8 


Multiple choice Examinations ER 


sin? 2 X ; 
яма 22 > Х<0 and Lim f (9 is exists then a = -+ 
2a+3cosX » X>0 
(a) +} (b) zero ()2 9-3 


gl Lim $3Cesc 2 X m neas 
х—0 


(а) 3 (b) 10 (c) = (d) zero 


Ё if log X + log 522 5 then X = ............. 


(a) 3 (b) 8 (c) 17 (d) 20 
ОА 


= 2 
ным ХЕ + 4 hen E4 iiim orae 
-si 2X-1 


(a) -4 (b) -5 (c) – 8 (9 2 


Я] The function which is one-to-one from the functions defined by the following rules 


(а) f, 00 = cos x (b) f, Q9 2 x? 
(c) f, 09 2 x? (@ f 002 x*« x? 


E) A man deposite L.E 5000 in a bank that gives compound annually interest 5 % » then the 
sum of money after 7 years is ----........... LE. 


(a) 6750 (b) 5350 (c) 7035.5 (d) 8500 
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SCIENTIFIC SECTION 
Pure 


By a group of supervisors 


FIRST | Answers of Algebra 


| Answers of "Unit One" 
Exercise on Pre-requirements 


Multiple choice questions 


(1) 4 
(5)с 


(2)b 
(6)a 


(3)d 
(7)с 


Essay questions 
m 


vfQosax' + 10ax4+25 

эв (X)=9X74+30X4+e~4 

s О) -в(х) 7102230 
»с-4-25 1629 


Functions of a real variable and drawing curves | 


(4)с 


лах-3 


12) 
(1) atb=5 
»be-2 


(1) зажс-3 
by substituting the value of b in (1) 
“a-2=5 sas? 
by substituting the value of a in (2) 
^7*c623 -4 
(2)7a*bz1 

за+с=0 


sb=-2 


&3+с=0 
(З)та+2Ь=7 
э-0:5 


From (1) + (2): . b=15,a=5 


| Exercise (1 


Multiple choice questions 


(2)d 
(8)b 
(14) 4 
(20) а 
(26) ь 


(1)е 
(7)4 
(13) с 
(19)b 
(25)ь 


(3)d 
(9)a 
(15)с 
(21) а 
{27) с 


(4)с 
(10) 4 
(16) b 
(22) 4 
(28)с 


(5)a 
ane 
ü7)b 
(23) а 
(29) а 


(60d 
(12)b 
(18) а 
(24) 4 


(30) b 


(Зе (32d (33)с (34)4 (35)ь (6c 
(37) а (339)d (39a (40b (4)c (42)с 
(43)¢ (44) First: b Second : c (45)b 
(46)4 (47d (48)c 
Essay questions 
ка 
(1) Function. (2) Not function. 
( 3) Function. (4) Not function. 
( 5) Function. (6 ) Not function. 
( 7 ) Function. (8) Not function. 
(9 ) Function, (10) Function. 
a 
( 1 ) Function. ( 2.) Not function. 
(3) Not function. (4) Function. 
(5) Not function. (6 ) Function, 
а 
(1)&-(-353] (2)R~{1 +2} 
(3)&- {0} (4) {3} 
-2 
(58-1, (6) - (-1) 
п 
a»g-[3) (2) ]3 sof 
(3) вэ 1| (4) -1-454| 
(5)[-252] (6)]-3 »3[ 
(7)R (8)R- {2} 
(93108-1-11) 
[5] 
(1) (2) af (3) [056] 
о 


(1) The domain = E. › the range = {2} 
» the function is constant on its domain I 
( 2) The domain = E. + the range= {- 2 $3) 
» the function is constant оп ]- == +0[ » 10 | 
(3) The domain 2 {0} s the range = ®—[—2 +2] 
» the function is decreasing on ]- е s O[ + 0 зез[ 


ЕЯ 


UNIT 


(4) The domain = IE {1} s the range = 


2 
+ the function is decreasing on |~< » 1[ 
s increasing on 1 +e 
( 8) The domain =R — {2} + the range =R- {2} 
s the function is increasing on ]— о » 2[ |2 | 
(6) The domain = [0 s | +the range = [0 541 
» the function is increasing on JO »2| 
s constant on ]2 + ==] 
(7) The domain =R — [- 1 +2} › the range = {3} 
+ the function is constant on its domain. 
(8) The domain = 3: — |0 , 1] s the range 
= ]3 s| U {2} «constant on |= 5 0[ 
and increasing on |1 845 
( 9) The domain = № » the range = ]- = «4] 
» the function is increasing on ]- = +2] › JO s2[ 
and decreasing оп ]-2 »0[ + ]2 +f 
(10) The domain =R » the range = Їй ~ ]1 +2] 
» the function is decreasing on |е > 0[ 511 544 
and increasing on |0 » 1[ 
(11) The domain =R — {0} » the range =- [-2 » 2] 
s the function is increasing on ]— ее 50[ » [0 +=[ 
(12) The domain = [-2 »«[ s the range = [0 + of 
» the function is increasing on ]- 2 + 0[ and 
decreasing on |0 »2[ + р so 


Higher skills 


(1) (d) (2)(d) (3) (9) 

(4) (c) (5) (а) (6) (d) 

Instructions to solve : 

(1) v Xis the number of sides 
=. Xis an integer more than 2 
г. The domai 

(зурш(Х-2-0 2 Yx=2 ~ x=8 
7. The domai; 

(3) 73x20 х - x€lo sef 
эрд (3Х-Х-0 3x-x 
хЗхэах! nx*'-3x20 
2Х(Х-3)-0 г,Х-0 or X23 


А The domain = Jo 41-13) 


Fx] 


| (4) * X-120 ха! хЄ| +={[ 
эРи|Х-1-3 :.Х-1:9 x=10 
2. The domain = [1 | - {10} 

(5) X-120 e's 1 „хє! =f 


Put (х-1 +3 2 0 (contradiction) 
2 The domain = [1 += 
(6) лоо d-G3-6x «9 »-x-3* 
(х-37 20 2 (х-3 <0 
which is not true unless they are equal 
<. The domain = {3} 


| 


| First | Multiple choice questions 


ie. X=3 


(i)a (2)а (3)b (4)b (5)с (6)c 
(7)а (8)d (9)е (10c (10d ада 
(13) с. (4c (5d (6b (1)b 09а 
(9b (20)с Qna (22c (2304 (24)с 
(5b (20b (27)с Q8b (29)4 30а 
(31)a (32b (33a (39b QG5a (36)с 
(372 (38)c (Q9)b (40d (4ї)с (42b 
(d3)d (44)b (45)b 


| Second | Essay questions 
кю 


(0) G*g092x!- 16 

+ the domain = [-4 58] N [- 7 54] = [74 54] 
(2) /-ш)(х)-х7-2Х-8 

з the domain = [- 4 ›4] 
(3)4.g002(X-4) (x^ -x- 12) 


s the domain = [- 4 +4] 


1-Х-12 _ (5-4) +3) _ 
x-4 х-4 


(4) (2) < x43 


>the domain = [—4 «4[ 


ЗҮ a Ра 
(5) (7) роту 3 


+ the domain = [-4 »4[ - (- 3) 


L2] 

100 =х*-4 sits domain =R 

sg Q0 = Yx-1 sits domain = [1 sef 
<. The common domain = п 
~449x-1 
хїйс domain = [1 eaf 
g.=- (x-1) 


+ the domain = [1 + =[ 


(1) +8) GC 


4 


Ё Тх-1 


s the domain = |1 ›=[ 


Ч E ) (7 2) is not defined because — 2& domain. 


First : 


(2) Е-1009-1х-2-14-х 

+ the domain = [-2 se| N ]-5 4] = [- 2 
-4x (Y4-x) 
"ће domain = Ж 1 ]- $4] = ]- 99 $4] 
х x Х(Х-4) 
» the domain = |= «4[ — {0} 


Second : | 


(1)(@&-һ)(1)={1+2-{43-1=0 


4] 


(3).8) (х) = (2 


(4)(7) ю- 


В) (5) is not defined because 5& domuin. 


(2)(f 


(1)й-{0,-2} (2)5-1-141) | 
(3) Fe sal (4)]5 s 
(5) [2 =] (6) [4 .=[ - 16] | 
COB sl (8) 15-41 


(170.8) 09:47 
Ї 


о) = 


(1)Ё 2)[2 ,=] 


В +5] ( 
(з)[-2,=[-{7,-1}Ь (49ж-1152» 
= = - 


(1) (ов) 2) = / (в (2)) =F 2-5) 


=f(-1)=3x(-1)+1=-2 


(2) gof) (-3)=2(F -3) = в (3-3) +1) 
=59 


=g(-8)=(-8) 


(3) ою) = (к) = 017) 


(esr -5=-4 


(4) Желе 2) =К (762) =k (30-2) +1) 
-2k(-5)2C5) == 125 


(1) Fog) 007 / (к 09) e f c3 2 


X43 


D, = domain of g = È 
s the value of X which makes g (X) in the 
domain of f is D, =R- [- 3} 

^. The domain of (f о а) =, По, IR {-3} 


ОО = 0)-2(--ү-4-43 
(2) (во 1) GO 2 (709) 2 ( x) САД. 
+D, = domuin of f =R- {0} 

+ the value of X which makes f (X) in the 


{0} 


^. The domain of (go f) (X) D, 1 D, =B- {0} 


domain of g is D, = Ж 


[5. 


E OOOO 


UNIT 


Q)052007f(g00)- f65-—— 


ээ D, = domain of g=R 

» y the value of X which makes g (X) in the 
domain of f is D,=R-{- 1 +1} 

2. The domain of (fog) =D, ND,=R-{-1 51] 


(298209 = (709) =в (1) (z) 


1 
ETY 

эл D, =the domain of f =R- {1} 

s the value of X which makes f (X) in the 

domain of g is D, =R- {1} 

2 The domain of (go f) =D, Про, 2: - (1) 


(194 Fos) =f (600) =f 20 G x +6 
=9х?+6 
2 (fog) (3) =9х3*+6=87 
29? =36 
^= Х=+2 


v9x'«-6242 
ax?=4 


(2) 


ш 
ч (ов) =f (8 00)=F (1х-2) 


-(Үх-2) -3-х-2-3-х-5 


эл D, = domain of g= [2 ,=[ 

s the value of X which makes р (X) in the 
domain of f is D, =R 

x The domain (fog)=D, N D, =[2 зе[ 

(Гош) (3)=3-5= 


" (ево = (воо) 0525) = [а 


м D, = domain of g =R- {3} 


Х-1 

эрш х= >0 

7. The value of X which makes р (X) in the domain 
of f isD, «RR - ]1 +3] 

2. The domain of (f o в) D, 1 D, = & |1 »3] 


(61 


ш 
(1): Gos) CO 7 f (800) f (4-x) 


=, 4-х -2 


+ г D, = domain of а = |-= 4] 
эршү4-Х-220 :14-х22 
м4-х>4 EE TT 
^. The value of X which makes g (X) in the 
domain of f is D, = ]- = +0] 
2. The domain of (f o g) =D, ПО, = ]-  »0] 
(2): вер C0 - (f co) s (1x-2) 


з4|4-1х-2 
» D, = the domain of f = [2 »««[ sput4-[x-220 
s[x-234 — .x-2s16 

= XS18 


2. The value of X which makes f (X) in the domain 
of gis D, = ]- ее + 18] 
2. The domain of (go f) =D, ПО, = [2 + 18] 


ш 
(1) + (op 00 =1 (к 69) 2 7 (52-4) 


a 


эршх?-4>0 

х D, = domain of g =В-]-2›2[ 
›рш{х?-4-1>0 >ўх?-4>1 
E -4>1 „Хх?-5>0 


s the value of X which makes g (X) in the domain 
of fisD,=R-]-75 V5 [ 
^. The domain of (f og) =D, f D, 
-2- HB 
(2) г of) G0 (700) 


«(1-1)-(5-1)-4 
„рта 


ээ D, 2 domain of f = [1 ›=[ 

»the value of X which makes f (X) in the domain 
of gis D, = [5 4 

2. The domain of (go f) = D, N D, = [5 | 


[15] 
Род =үх-4 (0) = х? 


(There are other solutions) 


[16] 

Let f G0 =ах+Ь 
vGfof)esl6x-«15 
aJ (709) =16 x+ 15 
of (axX+b)= 16 x4 15 
Ja (aX+b) + b= 16Х+ 15 


sa X+ab+b=16X415 
да: = 16and soa=+4 
sab+b=15 л6= 15 


а+1 
ata=4 0 3 

sata=—4 

21(Х)-4Х43 or ((Х) --4Х-5 

Higher skills 

u 

(1)(d) (2)(d  (3)(d (4) (с) (5) (с) 
(6) (9) (7) (а) (8) (9) (9) (с) 


Instructions to solve EB : 
(1) The domain of f= [1 | s the domain of 
в=]-= +1] 
+ Thedomain of (f + в) = [1 = 1] = {1} 
(2)When0«X«1 
(f +2) OO=f (X) +g (0) =(-X+2)4+(X+2) 
=4 
(3) 800 - Ds g(f c 0) 
[Notice that : f (- 1) = (- 1 51-21 
=8 (2) = (2+2=6 
(4) + f (600) f 00 
AfQxe3sefo) sQxesy-2x? 
n4X e12x49-x!20 
43X'-12x4920 5X «4x4320 
(X41) (X43)=0 s X--1 
2. The solution set = [- 1 5-3) 


or Х=-3 


ee 


Functions of a real variable and drawing curves | 


(5) (fog) (Q)=3X+2 


a f(g@0)=3x+2 -2g0041-3x42 


22800=3Х+1 2800=2х+4 
(6) ~ (во Л (0) = х+2 
-g(fooexe2  saQx-392x«42 
Ри2Х-3-у 
3 7 
х= seme 42215 
ВЕ Xi 
(7) 7 (of) 0) = (og) 


^ (/ (0))= f (ec) 
Notice that : f (0) 22 »g (1) 


х3к 21 
(8) ~ (of of) (e f (fa a) 
[From the graph f (1)= 5] 

= f (f (5)) [From the graph f (5) =0] 
= f (zero) |From the graph f (0) =2 


(9) (ов) G) (о) (8) = f (8) - f (h (8)) 


-10)-10) 
=4-8=—4 
- 2 - 
(1) Fo Co=s (09) = (4) =1+5-=х 


(2) Фо/өл00-1(/0100)-1(/(-5)) 
== 
( 3) From the previous s notice that 
the double composite of f gives X and the triple 
composite of f gives i and so on 
х (fofofo... ton times) (X) 


ire 
= x 
x if nis odd 


UNIT 
— 
| Exercise | 3 
ЕЗ мин choice questions 
(1)4 (2)а (3)a (4)a (5)b (6)a 
(7)е (8)b (9)b (0) (i)e (12a 
(13) 4 (1a (15d (16b (17b (18d 
(19)4 (20)Ь Bije Q2c Q3a (2фс 
(25b (26)с (27)с Q8c (29)ь (30)4 
(31) 4 (2c (33)а (34)с (35)а (36)4 
(Be (38)c (39a (40)а (41)Ы (42)4 
(43) 4 (44)d (45)b (46)b 
Essay questions 
a 
Figure (1) : symmetric about X-axis » y-axis and the 
origin point. 


Figure (2) : symmetric about X-axis. 

Figure (3) : symmetric about the origin point. 
Figure (4) : symmetric about the origin point. 
Figure (3) : symmetric about the y-axis, 
Figure (6) : symmetric about the origin point. 


а 

(1) Odd ( 2) Neither even nor odd 
(3) Even (4) Neither even nor odd 
(5) Odd (6) Odd 

L3] 

Figure (1) : 

*Therange-[-252]  » Neither even nor odd 
Figure (2) : 

* The range =R- [- 2 +2] * odd 

Figure (3) : 

*Therange-]-553] | seven 
Figure (4) : 

* The range = [0 E + суеп 


[8] 


Figure (5) : 
* The range =R- {0} 
Figure (6) : 

+ The range = № 


а 

Figure (1) : 
ї100-37-х 

~ The domain = R 


* odd 


* odd 


» the curve is symmetric about the origin point, 

^. The function f is odd. 

algebraically verifying : 

ух,-хЕЕ 

vfCXsCcxX-c-3--x-x 
=-(X° +X) =~F 00) 

2. The function f is odd. 

Figure (2) : 

100-37-2 

“Те domain =й 

» the curve is neither symmetric about y-axis nor 

symmetric about the origin point. 

^. The function f is neither even nor odd. 

algebraically verifying : 

VX»- XER 

vfCcxXx-Coc3-2--x'-2--()«2) 

«fcsefoos-fo9 

^. The function f is neither even nor odd. 

Figure (3) : 

f0922-x 

77 The domain = А 2,2] 


2 


э the curve is symmetric about y-axis 
- The function f is even. 
algebraically verifying : 

v x»-xe&[-2 2] 

of EX)=2-C xP =2-X7 =F) 


7. The function is even. 


Second : 


Fig. (4) 
Third : 


Figure (1) : 

The domain = [- 5 »5] s the range = [- 2 7] 

> Dot one-to-one 

Figure (2) : 

The domain = ®- (0) «the range = [-2 + 2] - {0} 
+ пої one-to-one 


4 


Functions of a real variable and drawing curves ! 


Figure (3) : 

The domain =й. ; the range = [- 3 +6] 

+ not one-to-one 

Figure (4) : 

The domain = — [- 2 ›2] »the range =  - {0} 


+ one-to-one 


a 

(1э7(-3) 45-00 

(2)1(-х) -(-ХУ «C xf-1 
=х*+х?-1=/[(х) 


©. f is even, 


^ fis even. 


(3)f(-23)23C2)-4(-Xy =-3.x44x! 
ш-(3Х-4Хх7))--1(Х) 
^. f is odd. 
(4) f -302 (29? -3(- 3984 
-2X'e3x«4ef 09+- f 00 
2. f is neither even nor odd, 
(8) f 20 5 29? (t 39? -1) 
z-x'(x!-1)s-f00 


7, f is odd. 
(6) f(-302(- X-3? -7=(х+3)? -7 
*[002-f (0) 
2. f is neither even nor odd. 
.Cc»!«2 
fen: 
AL RN x. 
< Seen A OOF-F OO 


2. f is neither even nor odd. 

Another sointion : 

“ч The domain of the function f 23 - (- 3] 
| 223 € the domain of the function 

»-36 the domain 


< The function is neither even nor odd. 


(8)1(-Хх)- 


^. f is even. 


UNIT 


Өэл-х £997 = X e p 09 - 100 
2 м nor odd. 

(10) The domain of f = [- 3 +f 
2 foreach X E[-3 «| » 
It is not necessary to find- X E[-3 » =[ 
7. The function f is neither even nor odd. 


ауле = (cx*«1) 2o «0» оо 
^^ f is even. 
211-х)-|Схї +6 [x26 f 09 
z f is even. 
(13) = [C293 020 =) 
-Үх*+»х -- 00 
д f is odd. 


(14) f (395 х) 


4.1 is odd. 
3 2 3 
(15) fc-(-x-—) =-(х-=) 
--100 
х f i$ odd, 


а9:/-х-(52-- 


^. f is even 
2+х 2-x y 
am f c-(35 231 (X) =700 
7. f is even. 
aa) pew » (1+5) 
< f is odd, 


a9) f -(- xy exe 


1 

1 
ME SONTE LEA 
(X + (5—1) =700 


2. f is even. 
(20) f (- x) 2 [C29 « 1]* - [C 3o? - 1]* 
--00-01-1-00-01 
=(х*-1)%-(Х*+1)*=-/ 00 


(21) f (- X9 =- X cos (- X) =- X cos X=- f (X) 


д f is odd. 
E. ix X . 
22) f= Су” таах” uix 7 00 
4. fis even, 
_ (х)? хат (73 X) 
e»rcxs 1+(-x)* 
_ X*sin3 x 
ext 7109 
2.1 is even. 
олуу C39 -3€X* _ 3х? - сов x 


-хї-6х 


^ f is odd. 
4 3 
Q5) 1(-Х)-1-х) (sin) 
=x? (~sin x)? =- x! sin? x=- f (x) 
^, f is odd. 
(26) f (- X) = X sin (- Xy 2 — X (- sin x?) 
=XsinX?=f(X) 
<. f is even. 


enf ю-! 


зах repa feo 


л f is neither even nor odd 


(28) f (- Maan x (sin -20) 


д. f is even, 

(29) f (- 39 2 C- + sin® (- 3) 
2X e (- sin x)® 
=Х*+зш° x= f(x) 

^. The function is even, 
(30) f (х) = (х) + tan’ (-Х) 
х'+ (~tan X) 
=-Х”- ши? X =- f (x) 
2. The function is odd. 


= sin (-3 X) cos (- 2 X) 
enfc»- sec(- X) 
2910 3 Хсоѕ2 Х 
> — 
^ fis odd. 


--f(X 


(32) f 02 22* + cos x 427? 


5 1(-х)-272Хусов(-ху-225 


X + cos X «2? * = f (x) 


z f is even. 
(33) f C0 = ((cos X+ sin x) - 1) (сох x+ sin x) 1) 
= (cos X & sin X) - 1 
= cos! X e sin! X « 2sin Xcos X- 1 
=1+2 віп Xcos Х-1=2 sin X cos X 
^ f (—X) =2 sin (- X) cos (- X) 
=-2sin X cos X=- f(X) 


z fis odd. 
волею= 259 9 
2X »-Х«0 
_ [-2х +. х=0 
4.5 э х>0 
2X У.Хэ0 
jdm 
=f(X) 
7. f is even. 
СУЛ шимээ 3 -Х=0 
-2x-CXY s -x»0 
.[-Qx-x) » хэд 
“Т хл + х<0 
_[-@х+х?) » х=0 
“Тазы + х>0 
__[2x+x7 , xs0 
ма a > х>0 
=-f (x) 
f is odd. 


Figure (1) : 
Notice that each horizontal straight line intersects the 


curve at one point only so » the function f is one-to-óne. 


algebraically verifying : 

Let a +b Ethe domain of the function f 
^5f()22-2a5f(b)-2-2b 

put f (a) = f (b) 42-2az22-2b 
n-2a2-2b 
<. The function f is one-to-one. 


nasb 


= as 


— Functions of a real variable and drawing curves і 


Figure (2): 
Notice that each horizontal straight line intersects the 
curve at one point only so » the function f is one to one. 
algebraically verifying : 

Let a » b € the domain of the function f 

^f (24-85 +f (b) 4-b* 

» put f (2) = f (b) 34-84 -4-У 

a-a = ла=Ь 

7. The function f is one-to-one. 

Figure (3) : 

Notice that each horizontal straight line intersects the 
curve at one point only so » the function f is one-to-one. 
nlgebraically verifying : 

Let a » b Ethe domain of the function f 
afaro, 

put f (а) = f (b) ее 

4^ (3-1) 6 – 2) = (a-2) (b- 1) 
^48b-2aá-b«2-2ab-a-2b«2 
^-2a-bz-a-2b 


^ 2b-b=2a-a 


“b=a 


^. The function f is one-to-one, 


п 
(1) Let a * b € the domain of the function f 
»7f(2)222a-35f(b)22b-3 
эрш f (в) = f (b) ^2a-322b-3 
^42az2b 


^. f is one-to-one. 


“a=b 


(2) Leta s b € the domain of the function f 
эу f (a)=4—a? sf (b)e4-b* 
spat у (а) =/ (b) — -4-a'-4-b 
^ Ги ас: 


2. f is one-to-one. 


у 


(3) Leta » b € the domain of the function f 
== 
> put f (a) = f (b) 
&2а+ 5=26+5 


2. f is one-to-one, 


‚рш f (и) = f (b) 


За- 5) (4b 3) 2 (42-3) (36-5) 
х1245494-205-15 

-12ab-20249b-15 
.9u-20b2-20a«9b 


.azb 


^ 292229b 


. f is one-to-one 


п 

(1) Leta › b Ethe domain of the function f 
+v (а) =3 +f (6) =3 г. (а) = b) 
‚ f is not one-to-one. 

(2) Leta »b Ethe domain of the function f 
sv (а) =@+ 3) «f (b) e (0 3) 
үрш/(а)-7(09) (8437-0437 

7. &+3==(0+3) /а+3=0+3 

а=Бога+3=-6-3 
ла=-6-6 
^ thas 2 values: b +- 0-6 
^. f is not one-to-one 

(3) Leta » b Ethe domain of the function f 
эл 1(8)-4-54-6:/(9-147-58-46 
sput f (а) = f (b) 

"-5ae6-b-5be6 

Sa-zb'-5b 

b -5ae5b-0 


^ (a-b)(a*b)-5(a-b)-0 
4 (a-b)(a*b-5)-0 
“a=b=0 asb 
ога+Б—5=0 а=-һЬ+5 

^ ahas 2 values: b »—b 5 

^. f is not one-to-one, 
(4) Let a » b Ethe domain of the function f 


L- sf (b)= 


»7f(a)24L— 
x-a 


» put f (a) = f (b) 


(12) 


а=+} л n has 2 values : b «— b 


f is not one-to-one. 


( 1) Let à +b Ethe domain of the function f 
ул | (8) «41415109 = +1 

na tl=b +1 

.a-b 


put f (а) = f (b) 
ash 
| is one-to-one 
( 2) Let à +b € the domain of the function f 
>% f (а) Isf 0ву-17-1 
эрш f (a) = f (b) 454-1 


ла=+Ь 
^ а has2 values: b » — b 
f is not one-to-one 


(3) Let a » b Ethe domain of the function f 
~a~35f (b)=2b°-b-3 


ov f(a)= 
» put f (a) = f (b) 
3-25 -b-3 


-2Ь%-а+Ь=0 
2 2 (a —b*)-(a—b)=0 
^ 2(a—b) (а + b) – (а 5) = 0 


+. (a—b) (2 (a+b) - 1)) «0 


ха-80 nasb 
or 2(a+b)-1=0 лажь= d 
3-1 has 2 values :b » 4 ~b 


^. f is not one-to-one. 

(4) Let a » b € the domain of the function f 
, губа) =а%+2а +1 , 
feb 25 +1 
‚ри! f (a) = f (b) 
sa 2:6 +1 = +2 +1 


ESTE (6+1 


21-51 
na=tb ^. a has 2 values: b +— b 


2. f is not one-to-one. 


о! variable and drawing curves | 


(5) Leta » b Ethe domain of the function f (3) .g) 00s (1—XY (14 29! 
(У) (20 = (14 XP (1 XY 20 д) 00 


. (f - g) is even 


1- 
(43(4-) у= 9 


245-44-5-2-285-12-45-2 5 Ux 
4a+b= +f f 
а+б=а-4Ь ( х= 22924) (хув (2) 
5b-51 a-b LES 
(LN 
f is one-to-one Ux ) is neither even nor odd 
6 ) Let a » b € the domain of the function f Га] 


у (а) = 
» f, are even and g, +g, are odd 


sput f (а) = f (b) 


(1) f , +g, is neither even nor odd 


(3— 2) (b + 2) 


(2) Г, f ,iseven (3)g, +g, is odd 
3046-а5- 1 1 


3b-2a-23a-2b (4) f, . g, is odd (5)8,.g,iseven 


a-b 2. f is one-to-one. | (6) 2 is even 


From (1) to (4) neither even nor odd 


(1) 
[12] ! 
(1) >: The function is odd “fC SD=-f (5) м 
: -7 /(5)+3 /(5 
‚ The expression = Me 
-Af(5 4 
2f(5 
(2) ~ The function is even = f-S=s 
nis зан 71(5) +37 (5) 
2. The expression = 37(5) 
= 016) 5 
2145) 
(2) 


[13] 
(19-2092 (1— Xy 
(f g)c3-0s2 (1-Х 


«(ху 


f +3) 09 
л Q +g) is even, 

(2)(Г-2) 00) = (1 XP - 437 
n-gCcns-0ex-u-xX | 
=— (f - g) (Хх) 
^(f - g) is odd 


UNIT 


= 


Higher skilts 


(1) (©) (2) (<) 
(5) (а) (6) (b) 
Instructions solving : 
(1) ‘+ The point (2 » 3) belong to the function f 


(3) (©) 
(7) (a) 


(4) (0) 
(8) (а) 


^ The point (2 ›- 1) the function 
+` f is an odd function and (2 + 3) belongs to it 
^. The point (5 + 3) the function 


^. The point which could belong to the function 


is (3 +2) 
(2) ~ The function is one-to-one passes through the 
two points (2 +a) »(3 55) 
^. It must be a # b always. 
(3) f iseven of O=fEX” 


sfeoo«x?fons3 
а foo[rex?] 23 


3 
f= M tO 


(4)  fisodd »f (1) 5k sfCciye-k 
oy Д(Х+2)=/(Х)+/ 2) 
РиХ--1 
4140) -10-1) +7 (2) 7ке -к + (2) 
= 12) =2К 
РиХ-1 


>f @G)=f +f Q=k+2k=3k 


I*CÀ, 
I-C X) 
1-х 


s)v. dq (= — 
(3) + (7+8) ) PCS 


ex 9 
"x BO 


НИТЭЭ 
7. (f + в) is an even function 
РА yet „к. 
Ч. = ххх =! 


^ (f .g) is an even function too. 
(6)7gCX)»fC-X*f0o0-200 
^. gis always even 
(71): 3f G0 «2f (3) =x? -sinx (1) 
Put - X instead of X 
3f (-3)*2 f Q0 = C XY - sint- X) 
23 f (-X)+2f OQ=-X* esinx (2) 


[14 ] 


By adding (1) › (2): 
ЗРО) +5 f (= X) = zero 
«fes-fc 
2. The function is odd. 
(8) 00) =? 58 (х) = X^ «1 
(х= хх 1) 
^ goce (0 (х 1) 
--Х 1-1) 
=~ (f ха)(-Х)--(/ ха (х) 
^ (f x g) is odd. 
(2) (Ров) CO» f (в Со) = f GC +1) 
zx. 17 
Ооа (= (х? + 1) 2+ 1) 
= (Гош) (x) 

7. (f o g) is an even function. 
(3) (qo C0 s (/ 00) = а x» 
^ (gof)t-3i- (Cx «1)2 x*«1 

-(gof)00 


x*«1 


=, (go f) is an even function, 


^ The answer is (a) 


(Exercise 4) 


Multiple choice questions 


(1)а (2)e (3)d (4)b (5)а (6)а 
(7)b (8)е (9)e (10e (1)d (12b 
(3)b (дь (15)с (16b (17b 
| Second | Essay questions 
п 
(1) 

" 


The range = (-3 51 >5 57} 


Functions of a real variable and drawing curves 


(2) x (6) 


* The range -1-5 
(7) 


* Notice : The vertex of the curve is (1.5 +— 


"Тһе range = [-2 4 , 18] 


The range 


(5) X * The range = [1 » 6] 


1 
5 * The function is decreasing on ]- 2 » Ц and 
. increasing on ]1 «6[ 
?| Р 
| | (2) The function is not one-to-one because there is 
| à horizontal line cuts the function at more than 
| one point 


The range = |0 + | * The domain 


=R-{1»-1} 


UNIT 


* The range — {3} 
* The function is constant on its domain, 
* The function is even. 


* The axis of symmetry is Х=0 
(2)g09- 8298339 3 x xu 
* The domain =R- (- 2] 
* The range =R- {4} 
* The function is 
decreasing on 
its domain. 
* The function is 
neither even nor odd. 


вое — De x ха! , 
rum 
* The domain 


=m-{-151} 
“The range = iR — [71 +1} 
* The function 

is increasing оп ~ {- 1 +1} 
* The function is odd. 

* The function is symmetric about origin. 
x*¢ 
(х?-1) 

where Хх 1 

* The domain 
zE-[(15-1] 

* The range 
=[0,=[-{!} 

* The function is decreasing on 
1-= +0[ - [7 1] and increasing on JO = - {1} 


(4) * fF OO= 


* The function is even. 


* The axis of symmetry is X = 0 


(1) * The domain 
spial 
* The range = {2} 
* The function is 
constant on | «3[ 


* The function is neither even nor odd. 
* The function has neither point of symmetry 
nor axis of symmetry. 
(2) * The domain = li 4, 
* The range = {-3 +2} 


* The function is х, 


constant on 

= 0 

Ни! » 
* The function is neither even nor odd 


* The function has neither point of symmetry 


nor axis of symmetry. 


(3) 


* The range = ]- 5 +— 1] U {2} 

* The function is constant on ]1 >f and 
increasing on |—so s 1[ 

* The function is neither even nor odd. 

* The function has neither point of symmetry 


nor axis of symmetry. 


(4) 


* The domain = [ 254] 

* The range = [0 +3] 

* The function is increasing оп |-2 » 1[ and 
decreasing on ]1 »4[ 

* The function is neither odd nor even. 


+ The axis of symmetry is the straight line X= 1 


(5) * The domain = № ^ 
* The range 
= [0 =] 
* The function is 
constant 
on ]-« +- 2[ 
and decreasing 


$449] та 


on |-2 ›0[ and increasing оп ]0 + =[ 
* The function is neither even nor odd. 
* The function has neither point of symmetry 
nor axis of symmetry. 
( 6) * The domain = № у 
* The range = [0 ›‹[ 
* The function is 
decreasing 
on |= «0| and 


increasing on |0 » of " 
* The function is neither even nor odd 
* The function has neither point of symmetry 
nor axis of symmetry 


(7) * The domain =I {1} ) 


* The range 
= 1-1] 

* The function is 
increasing 
on ]-« s [ава 
constant on ]1 з oof 


* The function is 
neither even nor odd. К 


* The function has neither point of symmetry 
nor axis of symmetry. 


(8) 


* The domain = Ж * The range = ]-5 + 1] 


+ The function is increasing on |-> » | and 


decreasing on || з =] 


—— Functions of a real variable and drawing curves ! 


* The function is neither even nor odd. 
* The function has neither point of symmetry 
nor axis of symmetry. 
(9) * The domain = R 
* The range 
=[0›=[ 
* The function x 
is decreasing 


on each 
of | ›0[ 510 > =f 

* The function is neither even nor odd. 

* The function has neither point of symmetry 
nor axis of symmetry. 

(10) * The domain = i 

* The range = [0 + E 

* The function is 
decreasing 
on Jee »0| and 
increasing оп |0 » =[ 


* The function is neither even nor odd. 

* The function has neither point of symmetry 
nor axis of symmetry. 

(11) * The domain = R 

* The range 
-1053| 

* The function 
is constant on 
each of |= ›—3[ y 
ps æf and decreasing on 


and increasing on JO +3[ 
* The function is even 
+ The axis of symmetry is X = 0 


з, 


х»2 


‚ Х<2 


азеуоо={ 
5 


* The domain 


3) 


* The function is constant 


* The range 


on each of |= »2[ -12 | 
The function is neither even nor odd 


* The function has neither point of symmetry 
hor axis of symmetry. 


8) | rad / p Y Гола) oid doe cA su) зав | 17 


(13) * The domain 
2[-353] 
* The range 
= (052) 
* The function is 


constant on each 
l-3 И, ,]1 3] where Ха 2 


* The function is even. »the domain of f -E-(2.-2) 
* The axis of symmetry is the straight line X 20 


(14) * The domain 


-1-444| у 
* The range 4 | 
=! з] АШ EREE Z 
* The function х, x 
is decreasing APE P 124 
on ]-4 ›-2[ R 


» constant on 


]- 2 » 2[ and increasing on ]2 + 4[ 


* The function is even. 
+ The range =®- [2 »- 2) 
* The axis of symmetry is the straight line X =0 
» The function is odd. 


f, Q9 23 X - I sits domain 


+ The function is increasing on Ё - (2 »—2} 


» The function is one-to-one, 


+f, Gd 2X sits domain = [-2 +3] 


+f, +f) (X)=X+2 sits domain = [-2 +3] Exercise (5 


27 |-> | 213) ЕЗ Muitiple choice questions 


| 
| 
9,1) 00 oft 2|3|4 s] (1)а (2)b (3)e (4)b (5)4 (6)c 


(7)с (8)а (9)d (10b (We (12)c 
aa (4)c (15b (c (17)с (18)b 
(19a (20b (21)ь Q2b Q3b (24)4 
(25)b (26c (27)с Q8)b (29)с (30c 


Bija (G2c (33)с (QG4d (3556. (36)с 


(37b (38c (39)а (40) с (4)d (42)а 


33) (d3)c (44a (45b (469b (47)c (48) а 


* The domain = [ 


* The function is increasing on ]-2 »3[ (49d (50b (509 (52c 


[18] 


о o — Functions of a real variable and drawing curves | 


Essay questions 
а 


(1) * The domain = IE 
* The range = |-3 +f 
* The function is 
decreasing оп ]— 5 0[ 


and increasing on Jo EI 


* The function is even. 

* The equation of the axis of symmetry is X =0 
(2) * The domain =R p 

* The range = [1 ›=[ 


* The function is decreasing 
on | 5 0[ and 
increasing on [0 »««[ 

* The function is even. 

* The equation of the axis of symmetry is X=0 

(3) * The domain = it 

* The range 
= ]-==›2] x 

* The function is 
decreasing on 0 +f 
and increasing 


on |= 5 Of 


* The function is even 


* The equation of the axis of symmetry is X = 0 


(4) * The domain =R 
* The range = [0 +=[ 
* The function is 
decreasing on x 


]-= 5 2[ and 


p 


increasing on |2 + =[ 
* The function is neither even nor odd. 


* The equation of the axis of symmetry is х= 2 


(7) * The domai 


(8) * The domain = 


(5) * The domain = Ik 3 


* The range 
= |-> ,0] 

* The function is 
decreasing on 


з >of and 


increasing on -æ +3[ У 
* The function is neither even nor odd. 
* The equation of the axis of symmetry is X =3 


(6) * The domain = Ж 


* The range = [-4 5 oof 


* The function is 
decreasing х 
оп | өө s—2{ and 
increasing on ]- 2 5-4 

* The function is 
neither even nor odd. 


* The equation of the axis of symmetry is X 2 —2 


в 


* The range 
= |-ee 52] 

* The function is 
decreasing on 
]-3 »»[ and 
increasing on 
= »-3l 


* The function is neither even nor odd. 


* The equation of the axis of symmetry is X =—3 


* The range = ]- 1 “1 
* The function is 


decreasing 


on |- 5 2| and 
increasing on |2 ›%[ 
* The function is neither even nor odd. 


* The equation of the axis of symmetry is X = 2 


(9) * The domain = 


* The function is 
decreasing on 
eme 
increasing on | 

* The function is neither сусп nor odd. 

* The equation of the axis of symmetry is Х = 

(10) * The domain = È 

* The range 
= | 50] 

+ The function is 
decreasing 
on JO +e and 
increasing 
on ]-= 0 

* The function is even. 

* The equation of the axis of symmetry is X = 0 

(11) * g Q9 = (ce 2) 

* The domain = È 

* The range = [0 + =| x 

* The function is 
decreasing on |= +- 2[ 
and increasing on (5 2» | 


* The function is neither even nor odd. 


* The equation of the axis of symmetry is 2 
(12) " g(x) 2 (Xx «27-3 

* The domain = № 

* The range = [- 3 + sef 

* The function is 
decreasing оп |= «— 2[ 
and increasing on ]- 2 sef 

* The function is neither even nor odd. 


* The equation of the axis of symmetry is X = 


[20 | 


(1) + The domain = Ж 


* The range =й 
* The function 18 increasing 
on Ж 


* The function is neither 
even nor odd. 

* The point of symmetry is (0 +4) 

(2) * The domain =Ñ 


* The range — 

* The function is 
decreasing on Їй 

* The function is neither 
even nor odd. 

* The point of symmetry is (0 54) 

(3) * The domain = R 

* The range = 

* The function is 
increasing on IÈ £4 

* The function is neither 
even nor odd. 

* The point of symmetry 
is (3 0) 

(4)gQ)--(x-2) 

+ The domain = È 

* The range =й 

* The function 
is decreasing on R 

* The function is 
neither even nor odd. 

* The point of 
symmetry is (2 »0) 


(5) * The domain =R 
* The range = IR 
* The function is 
increasing on Ж 


* The function is 
neither even nor odd. 


* The point of 
symmetry is (2 » 1) 


(6) * The domain =È 
* The range = ® 


+ The function is decreasing on È 


* 'The function is neither 
even nor odd 
* The point of symmetry is (1 +2) 
(7)”в(х)--(Х-3У-1 
* The domain = Е 
* The range =й 
* The function is 
decreasing on IK 
* The function is neither 
even nor odd 
+ The point of symmetry is (3 + 1) 
(8) * The domain 


* The range = IR 


* The function is increasing on I 


* The function is neither 


even nor odd. 
* The point of symmetry 
is (0 5-1) 


(1) 


* The domain 
The range =[1 5 =] 

* The function is decreasing оп |= » О[ and 
increasing on 0 + =] 

* The function is even. 


+ The equation of the axis of symmetry is X = 0 


— Functions of о real variable and drawing curves | 


*Thedomain-E | * The range  [- 3 5 =] 


* The function is decreasing on ]—== ›0[ and 
increasing on JO + = 
* The function is even 


* The equation of the axis of symmetry is X = 0 


* The domain = Ж * The range = | »2] 


* The function is decreasing on JO » = and 
increasing on |= 5 0[ 


* The function is even. 


* The equation of the axis of symmetry is X = 0 


* The domain = IE * The range = [0 › <[ 


* The function is decreasing on ]-« ›— 1[ and 
increasing on + 1 sf 
* The function is neither even nor odd. 


* The equation of the axis of symmetry Х=- 1 


у 
* The range = ]-s +0} 


[21] 


The domain =й 


* The function is decreasing on ]- 5 » eof and 
increasing on |= +- 5[ 
* The function is neither even nor odd. 


+ The equation of the axis of symmetry X=- 5 


(6) *е(х0)=1х-2|+1 
* The domain =R 
* The range = [1 yf 
* The function is 
decreasing on ]-«« 5 2[ 
and increasing оп |2 ,=[ — 
* The function is neither even nor odd. 


* The equation of the axis of symmetry is X 2 2 


* The domain = ® 

* The range = [~œ ›4] 

* The function is decreasing on |2 »<0[ and 
increasing on |< »2[ 

* The function is neither even nor odd. 

* The equation of the axis of symmetry is X — 2 

(8) * The domain =й 

* The range = [0 ssf 

* The function is decreasing 
on ]-«s s O[and 
increasing on ]O + =[ 

* The function is even. 


y 
* The equation of the axis of symmetry is X = 0 


* The domain = * The range = [2 , | 

* The function is decreasing on |-> » 7[ and 
increasing on |7 ‚=[ 

* The function is neither even nor odd. 

* The equation of the axis of symmetry X= 7 


(22| 


(10) 


* The domain = IR 

* The range = ]- 55] 

* The function is decreasing on ]- 2 s =[ and 
increasing on | ›—2[ 

* The function is neither even nor odd. 

* The equation of the axis of symmetry is X =~ 2 


01) *go921-J1x-2| 


* The domain = R 

- 91] 

* The function is decreasing on |2 e| and 
increasing оп |= »2| 

* The function is neither even nor odd 


* The equation of the axis of symmetry is X 


* The range = 


12) v ө(Х)-(х2-8х «16 (x -4Y =| x - 4| 
* 


| 


* The domain = R 

+ The range = [0 ›=[ 

* The function is decreasing on ]- » 4[ and 
increasing on ]4 » oof 


* The function is neither even nor odd. 


* The equation of the axis of symmetry is X —4 


Functions of a real variable and drawing curves | 


а (4) 
(1) 
х 
7 
*The domain=R- {0} *'The range =W- [2] * The domain = ®- {-2} 
* The function is decreasing on 10 44 5 ]-« +0[ * The range = 0—43} 
* i ЕТ 
* The function is neither even пог odd. The fonction i increasing on } 
"T М (052 * The function is neither even nor odd, 
„кинза * The point of symmetry is (~2 3) 
(2) 
x 
* The domain 2] 
* Th * 'The domain 
е range = 
ee * The range «B 
The function is increasing on |-> »—2] * The function is increasing on ]-« »4[ 5 }4 ›=[ 
Ee * The function is neither even nor odd. 
* The function is neither even nor odd. * The point of symmetry is (4 »—3) 
* The point of symmetry is (- 2 +0) (6)4(Х)-1-4- 
i x 

(3) 

* The domain =R- {2} * The domain — {0} * The range 

* The range =I {3} * The function is decreasing on | 50| « 0 ef 

* The function is decreasing on | 2 »2[ » [2 »=[ - 1 

TG fats ааа nodi The function is neither even nor odd. 

* The point of symmetry is (2 » 2) * The point of symmetry is (0 + 1) 


(7) 200 


* The domain = IK — {2} * The range 


* The function is increasing on |e «2[ + р +f 
* The function is neither even nor odd 


* The point of symmetry is (2 » 1) 


The domain =R — [- 1) * The range - IR 
The funetion is increasing on ]- « — 1[ 
|-1 sef 


The function is neither even nor odd 


& 
+2) 


The point of symmetry is (- | 


(9)g(X) 234 
5 Х 


* The domain = I — {2} 

* The range =й - {3} 

© The function is decreasing on |= »2[ » ]2 »--[ 
* The function is neither even nor odd. 

* The point of symmetry is (2 » 3) 


X-i 1 
(10) g (302 ——————- 
Е (X-1)(X4+1) X«1 


X21 


| The domain =й 


Ж-11» 


1} 


* The range =R — (0 , +} 
* The function is decreasing 

on |- sf s ]- 1 otf 5] el 
* The function is neither even nor odd. 


* There is no point of symmetry. 


*8(0=|х-3| 5в(Х)41Х1-2 


52(Х)-1Х431-2 


1f 09 (2) f(x) 


2 


(3у/(х)-(Х42У-3 (4)1(9)--(Х-1/-2 


(8)f00 (6) f (x) s (x-2) 


(7) /(3) 3 


(8) /(Х)-1Х-21 


(10) f (X) = 


(12) 009 = 


(1) f, =f (X+ D8 c 10? 


* The domain = ® 


* The range = [0 5 | 


(2)/, 007 f 69-1 
=х?-1 
* The domain =й 
* The range = [- 1 ssf 


(3) f, QO -2-1(Х-1) 
22-(x-1y 
* The domain =й 
* The range = ]-5 52] 


(4)g, C0 s g (X- 1) 
=(х-1) 
* The domain =R 

* The range =R 


(5)g, 00-2 00- d 
„3 1 
=X ~ 2 

* The domain =й 
* The range = Е 


(6)g CO -g(X- D 42 
=(x-1) +2 
* The domain =й 


5 The range = È 


Functions of a real variable and drawing curves | 


(7 


(8 


(10) 


(9) 


) Y 


k (X) 22k (x) =2|x| 
+ The domain = Е * The tange = [0 ›°[ 


) 


К,00-4к00-3-41х|-3 


* The domain = IR * The range = ]- 3 > «[ 


к,(Х)-2К(Х-1)-2|1Х-1| 


* The domain = Ж * The range = [0 + æf 


n (00 =п(Х- 2 


* The domain = — {2} * The range = — {0} 


в,00-009-1-4-1 
* The domain = № – {0} 


* The range = {-1} 


(12) 


п,(Х)=2-п(Х+1)= 
* The domain =R- {- 1} 
* The range = R- {2} 


(1) 


* The range =R- [- 1 +1] 


* The function is increasing on R ~ {0} 


[26] 


* The range = [- 17 5 17] - ]-1 » 1] 
* The function is decreasing on |-4 901 
s Jo s4[ 


* The range = |- 1 +f 
* The function is constant on }-se « 0[ and 


increasing on |0 » e»[ 


(4) 


* The range = 
* The function is decreasing on ]- 1.» =[ and 
increasing on J+ +- | 


— Functions of a real variable and drawing curves | 


a | i " 4 
Fig. (1): f G9 =|(х—3)°—1| оба”. T Fee Lr 
d | 
Fig. (2): g Q9 «1 x^] 
Fig. (3) : h (Х) = 
(1) 
(2) / 09-- 
(2) у 
(3) f (= 
(3) у 
x x20 ^ 
(4)f00- ipeo | 
5 , 
(4) 


Р т 
TE NX s 
1-4 (5)700= {х , ' 


(60921 * эр 
Lax 


3 ? 
(7109-15-12 


-x!«2 


х”- 
(83700-1 
Lx 


> Х=0 
> X«0 


x'-2X >» xz0 
enroo-] 1 - 
-X^ «2X > X«0 
[pv + X20 
-(X-1Y +1 » X«0 


р 


(137 09-1х7-4| 


* The range = [0 » 2f 


* The function is decreasing on ]- += 2[ + 


10 + 2[ and increasing on ]- 2 +0[ » 
(2) f G0 s|x? -2x-3| 
‚хЕ|- 154] 
* The range = [0 +5] 


* The function is * Л 
increasing оп ]- 1 5 1[ 3 у 
> ]3 ›4[ and "x, 


decreasing on |1 »3[ 


Higher skills 
єз 


(ї)(є) (2) (3)(@а) (4)(с) (5)(b 
(6)(b) (7)(b (8) (9)(с) 
Instructions to solve EB: 
(1) ^ The curve р (X) is the same as the curve f (X) 
by translation 3 units to the right 
^. Each point of the intersection points of the 
curve with the X-axis move 3 units to the 
right too 
г. XS{-34+3514+350+3} 
ѓе. XE{0 5443} 


(2) > The range of the quadratic functions = [1 > of 


в-2-1 5053 
э 7 the curve passes through the point (3 » 2) 
= (3) =2 =. -а+1)2+1=2 


oo (4-ay=t on 4-a=41 


=4+1 3 ог а=5 


- Functions of a real variable and drawing curves і 


( 3) ++ The curve of f (X) is the same as the curve of 
8 (X) by translation one unit to the left 


2. The function is increasing on ]- 1 » =[ 
(4) The curve у = 3 (X 5) + 7 by translation 3 
units to the right and one unit downwards 
1 y=3(K-5-37 «7-1 
sys3(X-8) +6 
(5) + FefNlo=s(foo)=sdxl+2) 
=|1х1+2|+2=|Х1+4 
2. The range of the function (f o f) is [4 5441 
(6): (ов) (0 = f (в ОО) = x^- sl 
7. The range of the function (f o р) = [0 +f 
(7) >: |f (Х) lis the same as the curve of f (X) 
where f is odd after reflecting the part below 
X-axis upward 
Le. The function is | f (X) | will be even. 
(8) The function is symmetric about the origin 
х(Х)-3”-2 
©. в is an increasing function 
(9 ) ** The function is symmetric about y-axis 


^gOQe-x «2 


х?+х?+2 s x20 


(1)f00- л 

i x!-x'«42 » x«0 
_ [2х'+2 > x20 
“| ‚х<0 


* The domain = IK. > the range = [2 ›=[ 
* The function is constant on |ә ›0[ » is 
increasing on JO ›=[ 


* The function is neither odd nor even. 


(x-1 > xz0 
(2)f007 А 
f eii > X«0 
JX-D' > х=0 
den x«o 


* The domain = В 


* The range = [- 1 ›=[ 
+ The function is decreasing on |-== ›0[ and 
increasing on JO • =| 
* The function is even. 

x«l 
(X+2)(% 41) 


-(х+ 1) 
(х+2)(х+ 1) 


> Х»-1 
(3) 00) = 
Х<-1,Х#-2 


х»-1 


Х«-1.Х2:-2 


* The domain =R- [- 1 ,- 2] 
>the range = — [- 1 50] 

* The function is increasing on ]- »- 2[ 
»]- 2 »-1 and decreasing on ]- 1 > =] 


* The function is neither even nor odd. 


-Х-2 s, X«-2 
x42 > -25Х5-1 

(4) 70911 » -1<х<1 
=Х+2 » IsX«2 
x-2 > X22 


UNIT 
— 
Essay questions 
È | 97 ОШ 
(1)4|x|220 ^|xlss 
* The domain = P. » the range = [0 + of & Xers «The 5.5.= {5 5-5} 
* The function is decreasing оп ]- е »— 2[ (2)312Х-31-7 52X-32£7 


+]! +2[ »inereasing on |-2-11 + [2 »=[ 


2L2X-327 ^A2X210 
xii 


and constant on ]- 1 » 1[ 


* The function is even 


(5) /(009-1Х411-1Х-11 


2 «Хэ»! Х+2==1 
-42X »-15Х«1 
-2 › Х«-1 
(4)31Х1-3 хр 
2Х=+1 + The S.S.= [15-1] 
(5) When X22: 
2Х-2-3Х-4 2:22 
n X=1E[2 sof 
* The domain = IR » the range = [- 2 +2] When X<2: 
х-Хж2-3Х-4 -4Х-6 


* The function is constant on each of | = 5-1 


$e€keep smess-[i] 


(6) When Xz-2: 
* The function is odd. “^ X+2=X- | (refused) 


xercise ( 6 A2x-22x-1 хе 


» |! so and increasing on ]- 1 + 1[ 


ЕЗ минре choice questions (7) Wien X 2 2: 

(1)b (2)e (3)e (4)a (5)с (бус "X*2s-X€2 — 2x20 
^ z -2 , = 

(7)е (8)b (9)b (10d (а (12)b банн лан 
When X «-2 

(3e (15b (I)e (бс (Та (18)а о AA T E 

(19)b (20b (ус (2c (23b (24)4 ^ The S.S. = {0} 


QS) (26d (27b (28c (29c (30)b 
Gna (39d (33d (34b (3555 (36)с 


(8):2]X| 25 x-21 


When Хэ 0: 
(37)с (382 (39b (40b (40а (42b А2Х-5Х-21 243x221 
(d3)c (44)с (45d (46а 2 X=7E[0 += 


[3] 


EE" 7 ~~ === ааыа ыо АПоыыАоОА ато о‚ооп1оюоотаоАтОООЫОооыАтоыОАр 
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When X «0: 

,-2Х-5Х-21 А1Х-21 

2Х=36 ]- 5.0] + TheSS.={7} 
(9)1х+51=1х-3| 

n Х+5=+(Х-3) 

2 Х+5=Х- 3 (refused) 

огХ-5--Х-3 х2Х- 

^ The SS. ={-1} 

(10) -12(Х-3)|-1Х-3| 

42|x-3|21x-3| 1х-31=0 

&х-3=0 X=3 

2 The S.S. = {3} 
a)|x-1[22[|x-2]| 

AX-1222(X-2) 2.Х-1-2Х-4 

^ X23 (satisfy) 

orX-12-2X«4 3Х-5 


2 X= $ (satisfy) 
(12) When X z 0 : 

2 X?-5X+6=0 

2 (X=2)(X=3)=0 

лХа26Є| 0. | огХ-36Є09«| 


When X <0 nX +5Х+6=0 
2. (Х+2)(х+3)=0 д X=2E]-~ 50 
ох=-3Е]- = ,0[ 
2. The SS. = {2 53 »-2 ›-3} 
(13) x?-2.x=6 21х1-2х=6 
When X20: их-2х=6 
^ X=-6E [0 »[ 
When X «0: 
/-Х-2Х-6 3Х--6 
2 X=2E]}-= ,0[ The $5.= {-2} 
(4) -(х7-4х44-4 
(х-2 =4 «[x-2|24 
Х-2-54 
“X=6 о X=-2 


^ The S.S. = [65 2] 


(15)1Х(-Х-0 
When Хэ 0: 
1 X+X=0 2Х-0 
2 X20 €[0 .=[ 
When X «0 : 1 X4+X=0 
«^ O = 0 and this is satisfying for any 
value of X < 0 ^ The $5. = ]- 5 50] 
(16) When X 2 -3 2Х4342Х-0 
м3Х--3 1Е|-3 › =] 
When X « -3 X-342x-0 


=з@]-=.-з[ м The 8.5.= (-1) 


07)» (х7-6х-942Х-9 
2-3 +2х=9 21Х-31:2Х-9 


When X23 

AX-342X-29 3X= 12 

^ X=4E[3 » of 

When X <3 д-х+3+2Х=9 
Х=6@ ]-= ›3[ 


(18) |х-31(|х-31- 1) 20 

^ [X-3|20 and hence X 2 3 
or|X-3|-120 2 Хх-3=+1 
апа hence Х-2 or Х-4 

^ The SS. = (35254) 

(19) 5|х-3|-2{(х-3#=12 
2-51Х-31-21Х-31-12 
-3|Х-3|-12 ^s |x-3|24 
oX-3 E =n X=7 o X2-1 
+. The S.S.= {7 »-1} 


(20)|х-111Х411-1Х-1| 
м1х-11(1х411-1)-0 
А1Х-11-0 axel 
ог|Х411-1-0 
2 Ха0 ог Х=-2 
^ The 5.5.= (150 +—2} 

2х? -1==26 


д Х+1=1 


(21) |х*-1|=26 
AX 25 (refused) 
or X^ = 27 and hence х= & 34/3 


^ The $.S.={ 373 » -313 } 


[31] 


UNIT 


Q2 (Ix-«11«2) (1x 11-5) =0 
2. |X+1/+2=0 (refused) 
ог1Х411-5-0 
/.Х+1==5 andhenceX-24 or Х--6 
^ The $.S,= [45-6] 

23)1х-51 -21Х-5| 
А|Х-51(1Х-51-2)-0 
^ |Х-51=0 and hence Х =5 
or| X-5|-220and hence X-5=+2 
= Х=Т or X23 
2 Тће5.5.= {5,7,3} 

(24) x(xi- 120 
г. Х=0 or 
Е 
+. The SS. = {051 +-1} 


|x|-1=0 
Хэт 


(25) Х|Х-51-6-0 
WhenXz5 
2. (X= 6) (X+ 1) =0 
4 X=6E[5 »9[ or Х--16 [5 +f 
When X<5 nX-5xX«6-20 
А(Х-2)(Х-3)-0 2х=2Е]-®,5| 
or Х=3Е]- = ,5[ 
+. The $8.2 (2 5356] 
(26) x^«x-10- «10 
ххї-х-0 
Х-0 o Х=-1 
orx^«x-20-0 
и. Х=-5 ог X24 
^ The S.S.= {0 »-1 5-5 54] 


1 X?-5xX-6=0 


nxÓex-102- 10 
nXQOGD-0 


(X45) (Х-4)=0 


(27) х|х-2|=4Х-8 
When X>2; -. X(X-2)-4X-8 
2.Х*-2Хх-4Х+8=0 
дх?-6х+8=0  2(Х-2)/(Х-4)-0 
2 X=2E]2 | or X=4E]2 sf 
When Х«2::Х(-Х42)-4Х-8 


= 


n-X 42X24x-8 
nxX.2x-820 
sXz-4€]-es2[ or Хх=2@]-,2[ 
^ The S.S.= (4 5-4] 


г. (X44) (Х-2)=0 


(28) When X20: AX xxe8x 
дх*-8Х=0 sX(x)-8)20 
sXs0€[0s-[ or Х’-8=0 
snx!'-8 и X=2E[0 , [ 
When X < 0: ЦХхїх-х-8Хх 
nX 8x20 хх +8) =0 
®Х=0@]-=,0[ or х7-8-0 
ax’ =-8 дх=-2Е ]|-=+0[ 


^ The 5.5. = (-25052] 


* We shall give the solution graphically and you can 
verify it algebraically. 


* Draw the curves of the two functions f (X)» g CO» 
the X - coordinate of the intersection point of the 
1wo curves represents the S.S. 


(1) [xI24 ^f0-Ixi:sgO024 


From the graph : The S.S.» (4 ,-4} 
Род =1Х| sg (9 7-2 


From the graph : The S.S. = Ø 
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(3)7|X*2122. wf (XM) =|X+215200=2 


From the graph : The 5.5.= [0 ,-4} 


(4) e Jix-2* =3 


*fQosIx-2/:g00-3 


А1Х-2|1-3 


From the graph : The S.S,= {5 +- 1] 
(5):/1Х-3|1-5-Х 
31(Х)-1Х43|1: (Х)-5-Х 


х... 


94445453449 


" 


From the graph : The S.S. [1] 


(69700-1Х-2| 8(0-3Х-4 
у, 


i tol = eh aw 


From the graph : The 8.5. = {1 | 


(7) f 09 -21Х»2|5809-1-Х 


From the graph : The 5.5. = [-1 »-5] 


х+5|,800=х-4 
у 


From the graph : The SS.=@ 


(9) 009) =1х+21,8 009 =1х-31 
Y 


From the graph : The SS.= {4} 
(10)-1Х-2|1--1Х-1| 
:100-1Х-2|»8(Х)7--1Х-1| 
У, 


From the graph : The S.S. = Ø 


ПАЛ” Ло"! 


From the graph : The 5.5.= [-4 2} 
(12) f (Х=|х-4|,#(9=4=Х 
y, 


From the graph : The 8.8.-1- +4] 
(13) (йС0д-1Х42|1эЕС09-Х-2 


From the graph : The 5.5. = [-2 ›%[ 
(14) 2 |х-3|=|х+2|+5 


У 
From the graph : The S.S. = ]- ›-2] 


34 | 


From the graph : The S.S. = [-1 +3] 
a6 /09-1х42|. (5) -х7-2 


From the graph : The S.S. = (0 » 1] 


fcx—B 12 


i-xisz^ [xen ^! 00 
л, The function is even. 
7f0922 

= [1+2 =6 
/.Х==4 


From the graph : 
* The range = [- 3 44 
* The function is decreasing on ]- = . 5. 


and increasing on ] 55 »s9[ 
* The SS. 2 (-1 .-4] 
* The algebraic solution : 
:12Х45|-3 42X€5253 
/.2Х+5=3 then Х=-1 
or2 X+5=-3 sthen Х=-4 
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a 
р 
ANUS 
From the graph : и БА! (1)-5sx-3«5 ^-2sXs8 
* The range = ]- eo ; 1] y г. The SS. = [2 +8] 
* The function is increasing оп ]- e» ›0[ (2)X-325 then X28 
and decreasing on |0 ,=[ 4 orX-35s-—5;thenXx-2 
* The function is even because it is symmetric about +, The SS. 2 R— 2 5 8| 
the y-axis 
* The S.S. (-252) (3)2X+5>3 then X»-1 
» you can verify algebraically. ог2Х-5«-3 thenX«-4 
^ The S.S,=B - [-4 ,-1] 
"a | |<7 7 
1-1-Х1.1- (4) /1Х-3|« -7«Х-3«17 
Ха агт ын Па =700 
х-4«Х«10 7. The 5.5.= ]-4 = 10[ 
^. The function is even, 
Ах 1 _ 2-45Х-354 
= =! . 
5-1Х57 ^ The S.S.=[-1 +7] 
(6)]3X42|«-1 ^ The 5.5. =@ 
55243 512Х-5|44. 
(7) 7 ix „12х 5153 
LI 4. 1 
-352Х-55 3 
From the graph : The 5.5.= [-1 +1} s4$s2xssl 21х34 
п »712X-5|-0 when x= $ 
2X 5» Ха! 
= «T1. 5 
£0) 2 > X«1 те55.= [7 F -13) 
From the graph : (831 5 55 ЖЕЕ 
* Tho mange = [2 +] * -issx«l -daxsi 
* The function is 5 3 5 13 
constant оп = ]- е » 1[ y 1[3X|20 when x20 
isi i 2 : s Lil. 
er: 1 ^ The SS. - [- 5 5] - (0) 
* The S.S. 215 A 1 : x $ 
2) (9) "nx? 42 3155 
4 -344 $$ 1 
y ex -2<2х 3«- +5 <2Х<5 
» X«0 exe} 
эт |2X—3]=0 when x= 3 
К 2 TE UE 3 
From the graph : The 5.5.= [21 51} У = The SS.=]3 »F[-{3} 
[35 | 


(10) |2x-3|>4 22х-3>4 
sthen X» 1 or2X-3«-4 then x«- 1. 
^ Tess.-- [- 1. 2] 


01) -(0х-17 54 


лХ-124 sthenxX25 


41Х-1124 


orX-13s-4 sthen Xs-3 
^. The SS.- X — ]- 3 .5[ 


2) /1(2х-37 <9 212х-3|=9 
л-9=2х-359 л-6<2хх12 
2 -3=Х=6 г. The $5. = [-3 +6] 
(13)21Х-2|1«6 А1Х-21«ч3 
г. -3<Х-2<3 г. -1<Х<5 


г. The 5.5.= ]-1,5[ 
(4)]3x-2|«2x2|3x-2|2 20 
-5|3x-2|z20 

43xX-2z4 

sthenX22 or 3Х- 

5 The SS.=R-]= , 
a5|x-2|«2]x*2|26 


213Х-2|24 


4 sthenx s- 2 


25- 
4 
43|x42|26 /.1х+2[=2 
2 Х+2=2 sthen X25 

or X+2<~2 then X 5-4 


^ The S.S. 2 I — ]- 4 s 0[ 


(1э-450| 


ш 

‘The following is the graphically solution: verify 
algebraically by yourself : 

(13103) -1Х-11э8(Х)-2 


(2)Е-1-185|  (331-5»-1| 


From the graph : The S.S. = ]-1 ›3[ 


EJ 


(2)f0022|x- 31,800 =2 


3 


From the graph ; The 8.5. = - ]3 Fl 


(3) Y4x?=12x49 2 x-3y =|2x-3] 


^ f00212x-3|221x- 21580075 


From the graph : The S.S. =й — [-1 ›4] 
(49700 =|Х+3| э(СХ) --Х 


From the graph : The S.S.= }- e +- 3[ 


(5)f00-|x-21sg oo = x46 


* 


еек 


From the graph : The S.S. ]-6 ›6[ 


— Functions of a real variable and drawing curves | 


(6)-21Х-31»5-1Х-4| 
х1(Х)-1Х-3|э8(3Х)-5-1Х-4| 


From the graph : The S.S. =R- [1 $6] 


(1)7-4sXs4 21х14 


(2) 0«X«6 yadding (3) to the terms 


of the inequality и. -3<х-3<3 
21х-31<3 
(3) Xs-2orXz2 ^ IxIz2 


(4): x€&&- [2 ,6] 
+. X>6 +X <-2 » adding (22) to the terms 
of the inequality 


^ Х-2>4,х-2<-4 ®\х-2|>4 


(1) Let the mark of the student be X 
^, 60 « X < 100 , adding (—80) to the terms of 
the inequality 
--20«X-80«20  .|x-80|«20 
(2) Let the temperature = X degree 
7.35 < X < 42 s adding (-38.5) to the terms of 
the inequality 
2-3,5 <Х-38.5 <35 г. |Х-38.5|<3.5 
(3) Let the depth that the green algae live in be X 
metres 
5 0s X 530 s adding (-15) to the terms of 
the inequality 
д -5$хХ- 15515 +. |Х-151515 


(1)1а1х1-1=0 


2111 
Хэ. 
2. The domain = R- {1 5-1] 
(2) Let|X|+1=0 2. |X| =—1 (contradiction) 
^. The domain = R 
(3)Let| X -2]-520 
А Х-2=5 then X77 
огх-2=-5 ythen X =-3 
7. The domain =й — {7 ›-3} 


(4)Let5-| X|z0 21х15 
2-55Хх55 г. The domain = [-5 ›5] 
(S)Let|X|- 520 „ixlas 


2Хьк5огХкЕ-5 
7. The domain =R- ]-5 + 5[ 

(6)Let 5-|X|» 0 21х55 
n-5«X«5 г. The domain = 1-5 »5| 


ш 
(1141-Х)--Х1-Х15--ХЇХЇ5--103) 

7. The function is odd. 
(2)1-3)--Х71-Х1-1-Х2(х1-1-100) 
2. The function is even. 
11-Х14114Х1 _ 
ЇГ-Х1-114Х1 

^ The function is odd. 


(СХ)? cos (2.9 _ X^ cos2x 
541-2Х| 5412хХ| 
^ The function is even. 

(5) f (-3022|- Хап (- 2) +2 (- X) | tan (-Х)| 
22|x|(- tan 3) - 2 X|- tan x| 
=—2|X|tan x-2Xx|tan X] 2 - f 00 

7. The function is odd. 

(6) f c3) -23I-x1« C9 -4Ixl-x 
#700-300 
^. The function is neither even nor odd. 


[37] 


(3)7(-х) = -100 


(4) 1-х)- =f 


4743549249) 


y 
7. Area of the included region between the two 
curves f » g = area of АВС 
- 4-х4х2-4 square units. 
(29100--1Х-2143 Y 
+8 (X) = zero | 


2. Area of the included region between the two 
curves f +g = area of АВС 


= L x 6 x 3 =9 square units. 


(3)fCc0-1Ix-2|-15g0925-1|x-2| 


^. Area of the included region between the two 
curves f › & = area of the square ABCD 


-4(8о7-4х6 


= 18 square units. 


ш 
Рх) ===) 
2. The function is even. 


[зв] 


Graphically : 
Pug(X)22x-2 

From the graph : X = 1.8 
7 The SS. = {18} 
Algebraicaily : ~ f (39-24 
When Х» 0: L 


“Зүсэл nd 
AYyti-2X-2 Ах 
A&lezx'-ax (32 


3219-4х2х-1 „3 


S > 


tb 9Х»0 
x 


rad »X«0 


22 X — 3 (multiply by X) 


1-3Х-1-0 


3417 
4 


МХ-18Є 10 .«| ог x«-034]o rf 
УлсаХ-0:2--41-2Х-2 


“3 =2Х-3 (multiply by 
n =2х*-3Х 
^ (2X-1)(X-1)=0 


x) 


2 2x7-3.x+1=0 


aw x=téL~ 501 or Х=1@]-=›0[ 

7. The SS. = {1.8} 

Higher skills 

Е 

(1)(d (2)(d (3)@ (4)() (5)(d) 
(6) (а) (7)9 (8)c (9) Ф) 


Instructions to solve KB : 
(2): 1 P 12 x 3| 
< Х+1=0а14 30 X= 
In the same time 2 X 43 
18 contradiction 
^ SS.=Ø 


0 
1 
=0 and so X = —2. this 


(2) ~ X- D (x-3121x-3| 
А1Х-11|/Х-31-1Х-31-0 
А1Х-314Х-11-1)-0 
+. |X-3|=OandsoX=3 or |Х-11-1 


.Х-1|=&®1апйзоХ=0 or 2 
= SS.= {0,2,3} 
(3) + [Xl +lylelxe+y] 
Р Ixielyl. | 
Э Тх+уї 
7. The smallest value of the expression Gu 
isl 
(4) 7 32«61 <64 та 25227 
45«X«6 
sIx-6|2-x46 » |х-5|=х-5 
А1Х-6|41Х-5|--Х464Х-5-1 
(5) a b»0 ^. b is positive 
зус 0 7. ais negative 


„Ta =lal=-a › t? -|bI-b 


2а? + b? -(b-a) =-a+b-—b+a=zero 


(6): -4=Х=6 г. -1654Х=24 
2-2454Х-8416 г.0514Х-8|524 
=zero » b=24 .а+Ь=24 


(0) x*-3|x|-1020. 21х8-31х1-10-0 
-(xi-50x|«220 
+ | X|=Sands0X=45 
or | X|=—2 (Refused) 
4. The roots of the equation are + 5 
л. The product of the roots equals — 25 


| (8) 3«|X|«8 43«X«8 
z2455565701-8«X«-3 
SX2-45-55-65-7 
2. The number of integer values of X is 8 
(9) ~ (gof) Q0 =3 58000) =3 
д 12х-51+1|=3 .12х-5|+1=+3 
212Х-5|=+3-1 
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2125-5 |=-4 (Refused) 
ог|2Х-5|1-2 
A2x-5222 A2x2£245 


^ 2X=7 andso X= 


or2X=3andsoX= 


юй» ы 


Л The solution set = { $ zi 


(13 (c1 (xI- 0+ $ = zero 
When X20: 7. Ge) x70) 120 


лх2-14-4-0 


20 «X41 


(2) ||12х+3|-8|=5 
А12Х43|-8-25 
:М12Х43|-345 

212х+31=13 ог 12Х-3|1-3 
д2х+3==13 2Х-3-23 
2X2-3213 2. 2X=-323 
“^ X=-Bor5 2 X= zero or—3 
2. The solution set = (- 8 95 » zero »—3} 


(3) 7 2. «| x| 23 "multiply by | x |" 


ixi 
х1хГ-3|х|-2-0 
х04Хх1-2)(1Х1-1)-0 
^ [X|22 sthenX2£20r|X| 21 sthen X21 
^ The SS. = (25-2 515-1) 


[39 | 


UNIT 


n 


orx«L--2 s henX^-2x4120 


ASQ -0 5-Х8-1 
г The SS. — {1 5-1] 
(5) Ix?-3]e — 2-3 
Ix*-3| 
212-3 -31х2-3|+2=0 
г. (х?-3|-04х*-3|-2)=0 


21? -31-1=0 or |Х?-3|-2=0 
х1х7-31-1 

дх*-3==1 

2 Х*=3 1 АХ? =3+2 
хх1-3а1 д Х? =5 аа 50 Х=+#\[5 


^X! =4 and so х==2 
or X* =2 and so Хэ 2 or X^ = | and so X241 


2 SS.= {2-2 2-2 1.15.45] 


10 


(6)Ix-4|*|x-2 


at X> 4 
^ 2X-6=10 
Г. X=8 (verified) 


satx<2 


46-2x210 

^ X=- 2 (verified) 
at2«X«4 

7. 2 = 10 (contradiction) 


2. The solution set = {8 »— 2} 


(40 | 


(7) (2x-3|]-502x-3|*-5)» И 
212 х-3Р-25>И 212Х-3Г8»36 
212х-3|>6 22 Х-3>бапізо X» 
012 Х-3<-баміѕо X « =È 


(1)У(10) =8 x 10 = 80 cmJsec. 
(2) У (150) = 80 cmJsec. 
(3) v (210) 2—4 х 210 + 880 = 40 ст. /вес. 


Р()-41 
(1) P(3)=4 x3 = 12 length unit. 


(2)P(43)=4x E = 15 length unit, 


А(0=л12 


CJA (2) = 4 7 square unit. 
(2)А (5) = 25 Л square unit. 


rhe 


o 

(11341009 -03х«8х7 

(2) Yes • the function is one-to-one. 
because : let a » b € the domain of the function f 
эм f а)-03а-8х7 
»f(b)z03b-8x7 
эрш f (a) = f (b) 
503a-8x7203b8x7 


703 а=03Ъ nasb 
a 
100-50х y 
asp 
х0 
1 


3 


=vxt 


=3 тіп. 


зу = 30 m/min, 
л0=3х 30= 90 


званий 


г. v varies inversely with respect to t 


++ = when v = 45 m/min. 


‚ 45-20. 
s4527 


(1) * The point (0 + 3) belongs to the curve of the 
function 
2. (0 › 3) satisfies the equation of the function 
ҒО) =а(х-20 +4 
-2a(0-2Y +4 


4324244 
1 


л4в=-1 ^am 
| (2) ^ The point of the vertex of the curve is (2 54) 
4. The maximum height of the gate = 4 m. 


(3) The width of the gate = 2 4 2-4 m. 


о 
(1) From the drawing 
(=4 length unit 
›®= 4 length unit x 
-41:-4хах4 


ийг ! square unit. 


ja l 


( 2) The required area 
= 
-3 (1x42) 


= E square unit. 


— Functions of o real variable and drawing curves | 


оп 
fo92|x-3|-2 
'g0023 


77 Length of the unit = 8 metres. 

17 ВС = 10 units. 

-. length of the base = 10 x 8 = 80 metres. 
»' АБ = 5 units. 


2. Ares of the land = area of A ABC 


л. The height = 5 x 8 = 40 metres. 


= 4 x 80 x 40 = 1600 square meters. 


[10] 

The two ways intersect when : 

fo0-g09 А1Х-51-5-3 х 
»whenXz5:x-5-5-2 x 

12 x=10 2х=66([5,=[ 

» when X«5 n-Xe525-2 x 
з 4x=0 2 xX=0E]-~55[ 
17f(60216-5|21 


^. A (6 5 1) is the point of intersection of the two curves. 
sf (0)=|0-5|=5 

~<- B (0 +5) is the point of intersection of the two curves. 
ЛАВ =Й(6-0Ў «(0-59 «2413. 


> 77 the unit of length represent 5 km. 


хАВ-5х2113-10113 236 km 
ш 


Let the length of the applicant = X cm. 


^ 178 =Х 5 192 s adding (- 185) to the terms of 
the inequality 

^A—7€X-18537 

21-185 |=7 


[41] 


UNIT 


[12 | (3) 8|t-5|«8 a |t-S|<1 
(1) After two seconds : d=8|5—2|=24em. > 2 -1<1-5<1 14<1<6 
[in the motion direction from A to В] ЕЙ ol 
safter 8 seconds : d = 8 | 5—8 |= 24 ст. 1131 
[in the motion direction from B to C] 28-84) 
(2) ~ 8|5-tl=16 ~. |t-5|=2 3/8 =418-5|=4 
^ 1-5=-2 sthent=3 2. B lies "a the curve of the function ў 
[in the motion direction from A to B] +. The black ball will be fall in the pocket В 
ort—5=2 sthent- 7 
[in the motion direction from B to C] 


га) 


| (Exercise 1 


Multiple choice questions 


(1)b (2)4 (3)b (4)e (5)b (6)c 

(7)b (8)с (9)b (10a Че (12d 

ü3)b (4d (15)с (16)с (Ме (18)b 

9)b Q0b (21)4 (22)с (23)а (24)а 

QSc Oa (27) (28)с (29)а (30)4 

Q1)b 462): Q3) (34b QGS5b (36)4 
| (37)с (38) (39a (40a (40а (42d 
| (43)c (44d (45а (49c 

Essay questions 

п 


@лу?х(а2у _ BY? х(зу* х (227 
QS 
16 х (81) ^ 2 х3) 


3x2 2.244 
“ae aS 
| Е 


4п+2+1-в-3в-6 


=2 


д1 2-20 Gitte ghe 


gast xs xy 


2 377x275 
SP aa 


(3) 


=3#"+2-#а-1-1+а „ 54-4n-Ae4n 


=3°х2%=1х1=1 


(4) 125 x (15) x (25) 

(75)" х (5)'*2" 
pas k 

= Jxsyxsti 
Sassy 

- 3х лж 


-3 +2n-2o-n- -3» 
= 53+" -3+2 +21 -20-п-20 y 4n-3-n 


254, 
-5)х3 = 37 


Exponents, logarithms and their applications | 


n 3 4 
(5) (182 x (12)? x 
Q9 


1 uL. 4$ 3 1 
223x(3)2x31x(2)2x i 
ead 


3 4 
2 


i 3 e а 
=22х3х32 x2 x22 x32 


1 3 
2230-3 313-1. 32-36 


( 6) The expression = 
а 
Gy 
(1)LHS.- 
Gr 'x3 
E 3 
25 347-4 3 


-377-1-4у44-593 „ уу+3-5+у-2у+2 
=32х7-32-= 


-4 2 + 
(зунд, Ў xay" 
(7х2) 


22)9Х-1-6х „06х+2-6х-2 4-1, 90 
zT x2 -7 x2 
= Биты 
ТТ 


(3)LHS.- sx х23 53 
ex x23 343151 


3 1 o 
5х24х25х59 


EPUM 


3 


1 3 3 3 
29-1-1 x21-1-d d, 313 


= 52х20 39=25х1х1=25 


3x2*32,3932. 277041) 


(4) LES. S T2 oF зу 


X42 22 


25 xz 085 
ын 259 


x1 


4 
)3- 


Х-1-053-2-8 


(5)(x-1) 
2 Х=9 2 $S.={9} 

3 
(6)2Х43-4(393:2Х43-527 
22X-224 ог2Х--30 
C 12 огХ=- 15 


^ SS. {123-15} 


(7)х+ 1 =(327 il 


2 Х+1=2 
~ SS= {i} 
(8)X'-5x«9- 853 a x2-5x49=9 
-5Х-0 ^ Х(Х-5)=0 
2 X=Oorx=5 ^ SS.-(055] 
(»[x «229 А(х-7 
2. Х=49 ^ 535. = {49} 


2 2 
(10) (x3—1) (Х5- 4)-0 
-Х3-1 э еп X=+1 


Meis 4 sthen х= (23-232 

+ SS.={1 9-1 5323-32} 
anot- 1) od - 9)-0 

axel хХ-а! 

orx3=9 Бетани" ЖИР 

Ф 27,-21) 
(12) (X81) -2)=0 

=Í хХ-1 
ox? =2 2 X= (2 =4 
^ SS.={1 24} 


(13) x-8Yx + 1520 
з) ([x- 5) =0 
a VX 23 s then x «9 
or x = 5 s then x «25 
7. $5.= [9525] 
(14) -х3-25х1-54-0 
xt+20d-2=0 21-17 


+ 55. = {19683 ,—8] 


3 3 3 
(15) XF-X6-6=0 :(Х6-3)(х5-2)-0 


5 5 
"X623 SX23$237 
3 
or Х® = — 2 (refused) 
.5.5.= {3.7} 


4 2 
(16) Х5-3 Х5-4=0 
2 2 
2 (X34+1) (5-4) =0 


5. 


= 1 (refused) or Х5-4 


2838. = {32 5-32} 
5 5 2 5 
(17) Multiply by {x ~» (Ух) -37x+2=0 
1 1 
2. (Х5-1)(Х5-2)-0 
1 
л X3=1 sthenX=1 
А 
or X5=2 » then X = 32 


2 SS.={1 232} 


,2Х--2 г. Х=-1 
г. The S.S. — ti 
(2)5®**?=х**? 
^ ЕйегХ=5 or X+2=0 
s a2 +. The SS.2 (-255] 


7Х=+3 
^ The SS.- {3 ,-3} 

(ax 5 342 25 

+. BitherX=+3 or Х*-25=0 

2 Х==#5 

^ TheSS.2 (3,-3555-5] 


26)" 


ИХ==2 


х!-25 


м\х\=2 
> The S.S.= {2 ,-2} 
“ate lu get М13Х-4|-4Х-4 
»when X2 4 4n3X-424X-A 


©. X = 0 (doesn't satisfy) 


> when x< $ х-3ХУ4-4Х-4 
47x28 ^ X= $ (satisfies) 
A Tess.» {E} 

(7)2x4*? ered 
n4) =4 Х+3=-3 
^ Х=-6 The S.S.= (-6] 


/. Х=2 
(995! 71-х E 1 Teh (3) 
х-1 2 
AGG +x- 
x=3 7. The S.S.= {3} 
NM 
2х-2-2ҳ 


—— Ефопеги. logarithms and their applications | 


123-149 
1825 х 41x-2 
. I PT c хэм 1 co aM. 
* (2537175 х (2215-1 


a1) 


29 


| Pr- yax- y 


я 


32х+*2 


БЕРГ 


3х-1+1х+2- -4-2х-4х+4 
23 х+2-4х у 96x X-4x44_9 


^ Х+2=6 
^ The S.S,= {4} 


202-55-0 
o Х=0огХ= 5 


Meet 1 
^ X(X-5)20 
^ The SS.- [055] 


age 557-33 16 


1 
625 


^ 10000 
29-9554 Lx! sxcca 
-5Х44-0 :(Х-1)(Х-4)-0 
Х-ЇїогХ-4  .TheSS.- (154) 


(15 5X =25**4 52х+8 


1X7 =2х+8 „Жы 
2(Х42)(Х-4)- 
1Хэ--20Х-4 


2Х-8-0 


a93* 
Х1-42--х «X 

2 (X= 6) (X47) 20 
^ X-620 ен) 
orX+7=0 sthen X=-7 

^ The 5.5.= (65-7) 


an(fry" ee аг 


-6 


л1Х42|1-4 n X+2=24 
л Either X+2=4 sthen X=2 
orX-*2-2-4 then X-—6 


^ The SS.» {2 »-6} 


(48) 


UNIT 
— 
(18) 325-3 79-452] PRI TREND | |(5)25429:5-12 
2x- 3 А " 
„= EIE + 2*4 5e 12 (multiplying by 2”) 
хэ 2498*7 .2x-3-0 2 P*432= 12 %2* 
х= 3 ^Tess.- (3) a PX 12%2*432=0 


x хөр a (2*—4) (2*-8)=0 
(19),]9*—2x3**' «9-24 " 
5 2*24 y then X 2201272852 
sag ax3x3*e9 =24 
39 =A 1135-31-24 


43*-32-24 =. 3% =~21 (refused) 

or 3*-3=24 43*u27 

s3*2$3 д Х=3 

^ The SS.={3} | 


(20) 52-2. 2 x 5*41 = 124 


паа зет cim 
1-1) 124 ,.]5*-!—1|=124 


251 -1=-124 2. 5*7 =- 123 (refused) | (7)4* *2**' =8 222*+2(2)*-8=0 
ог535-1-1-124 2.5%! =125=5 д @*+4) (2*-2)=0 
г Х-1=3 SX 2.2% =-4 (refused) or 2*=2 
7. The 55. = {4} m э The $S.={1} 
B (8)27**!-33(2)* « 1620 
xel sti . 55 s ш 
(1)5 он =26 :.5*(5+5')=26 207-330) 741620 
25% 226 :.5%=5 x x 
5 д (2(2)*- 1) 2*—- 16) =0 
“X=1 ^ The S.S.= {1} i 
: 2 Either2(2)*=1 2257-2 
x+3 x+2_ -3Х(33 4h _ 
(2)3 тыд =162 нта ЕО nm 
>3*=9 23% =3 
or2*- 16 Aa di 
X22 ^ The S.S. = {2} 
MX-4 ^s The S.S.={-1 4} 


(3)7-*.T*-50  sT*(741-50 
MT*x50950  273-1 
X=0 ^ The S.S.= {0} 


(9)525-2 6 (5)! +5=0 
251979. 6(5)*-! +5=0 


2(577 _ х1 бус 
(4)5'*425226x5* .5'.26x5* 42520 ЭР DG 9*0 


^ 6-25) (5*-1)=0 
2 5%=25=5° ›{һепХ=2 
or5*=1 › тей Х=0 “X-1=1 хХхь2 
^ The SS. = {2 50} 2. The SS. - [152] 


(46 | 


1. Either 5*7! «1 
&X-120  »Xz1 or5*^! 25 


= — Ехропепіѕ, logarithms and their applications I 


10)9*^-! 36 9)*" 43-0 
3 
хус -9-236 Х7-13-0 
—- хи 
1 «y -4)* 4320 
«G9 7299-1 320 
^ Either3* 7! 21 


и =б ых 


7 Ын 
хх-а2 
АТ е855.-(1)-19(2»-12| 


s. 10%- 4; (10)* = 950 (multiplying by 20) 
<. 20 (10)*— (10)* = 20 x 950 

7. 19 (10)* = 20 x 950 2 10* = 1000 
X23 


5 у= 05i =2*=256 
3 3 
э2-2Х3-2х2 2Х-(2)5-2-8 


15 Х+2у=5 х8+2 х 256 =40 + 512 = 552 


(2) x?=27 nx-20552329 


33-2 ху1-9 
is, у= (323 ==27 
2 Х+у=9+27=36 
orX+y=9-27=-18 
(3) x3=34 2 x=4Ohte227 
х9у3-н 
ху3-9-23 лузі 
хуза683 ху! 


1 
+27 
a l2xyl=|2x 2x (s4 )l=2 


п 
2 
(1) Error because (-9)2 (79) 
There's a common factor between the numerator 
and denominator in the power. 


( 2) Error because Х= +3 
Such that the power is even. 


a 
(1): 22593727 2х+2у=7 0) 
ээл 5Х-23-Эдү Х-2у-3 (2) 
By adding (1) and (2): 
3x-10 
By substituting in (1) : 
2-7 = 10 1 
^ The SS.={(42 ,1)} 
(2)3*x5%=75 0) 


13 x 5*-45 (2) 
Dividing (1) by (2): (3) х(3)- a 


«(7$ ху-Хь1 o 
Multiplying (1) by (2): 2. (15)* x (15) 275 x 45 
a (15)®*? = 15 2Х+у=3 (4) 
By adding (3) and (4): <. 2y 24 
By substituting in (3) : 2. X=1 
^ The SS. = {(1 52)) 


(3)3*x3 «3 4 3**3.3! 


/. X+y=3 =3-x 

ээл 3%43%=12 23%+3-*=12 
Multiplying by 35: г. 32% +27 = 12 (3)* 
a 32% 12 (3)*+27=0 

д (3-3) (3*-9)=0 


г. Either3*=3 2. X=1 лу=2 
or3*=9 2 3%=3? X22 
хул! 


^ Тве$.5.= (052 5050] 


Гат) 


u n xd20mndsox=0 or 1-x*-0 


„ох за аж ас 3 
s9**!-(3*7435 4320 and so Х5-1 
429*x9-3* (3 41) 4320 ЦХхь1 

х9х3 -28х3"-3-0 2. The solution set = {0 +1} 


A 9хз*-1)(3*-3)=0 3 
edge (зэ 2 „з[1хзхз. (8 
2 9x3*%—-1=0 sthen3*= 4 T3 "үзө" з 
‚3Х -2 Хэ 

weeny i NE da (ay аа ~{1} 
0r3*-320 sthen 3*=3 X=] 3 3 ds 

т) x= „Х=аї= 
“The SS.={-251} (7) 5 at=( а) 
= 7. a must be greater than or equal to zero 

Le. ei U {0} 


raised both sides to the power of 6 


ELTE] Higher skits 4x3 seem m=12 
33 (9) ax аат хай а Ва 
(139 (2) @) (3) (©) ET 
(4) (©) (5) (©) (6) (©) Ё 
(7) 6) (8) d) owo |а m 
Instructions to solve  : s5*? x x*-*51 
(1) 358 =| x [5 х (because x < 0) 5 осад 
A3 =x A TheS S. = {5 +2} 
{#-2х+1=Й](х-1Й=|х-1|=1-х | (2). ЗЫ a Bihex-520 
; (because 0-0) sthen X250rX-321 sthen X24 
do) oe 58-2 x 181 or X—3 =- | (If the exponent is even) 
ш-Х-Х-(1-Х)41--Х > then X = 2 [(refused) for the exponent in this 
PEE case (2 — 5) will be odd] 
(2) гүй ^ The SS.= {5,4} 
^. (a5) = <4; is a rational number (3) (х-3)5-9-1 


-. Either X - 670 s then X 26 
7 X-3z1sthenX-4 
(3) (©) is not always true because (37 у® = | Х у? | i = 
2 3 23 or X -3 —— | (If the exponent is even) 
ыма. -х3-х1-0 3 then X — 2 (satisfies » for the exponent (2-6) 
хх (1-х in this case will be even). 


^ The $.S. = {6 +4 52} 
[48 ] 


24, 
2287 is a rational number. 
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a 
7f (2X—-1) + f, OC 1) 2 756 
Е] мичре choice questions ЕЭ-ТРРЭЭЛЭР” 
1 1)d 4 
(04 (304. (38. (0b. (Se (6)е | хаана) „н coge 
(7)е (8)с (9)a (0c (Da (12c " 3 = 
(350 (4c (5c (9a 074 (8с |”) "7952 хааг: 
(19)4 (20)с (21)с (2a (23)а Q4b 3°*= 34 2Х-4 
(25) (26)с (27)с (28)b (29)4 (0b х-2 
Gib (32c (334 (34)с (35)а (9d 
Gab (38b (39b 
Essay questions 
| п [6] 
(1) Notexponential. tits- 32х+2,32х-1 : 32%-1 34.1) 
2x 2х-1 2Х-1 
(2) Exponential function + its base = 5 59577-03 з= 8х3-7) 
»its power =X -2-1 
( 3) Not exponential. 22 
(4) Not exponential. п 
З ghé yga 
( 5) Exponential function » its base = = LHS— 00 
»its power = X- 1 А 3 
3х-2 3xes 
( 6) Not exponential. a es se SET RP SCARE 
yx 
а — =3* a fog 
L(X+4)-F (X43) _ sXe xe? "D 
1(Х--5)-1(Х-4) 5х5 дхта ж жа А " 
| | a 73 
wEo eas aR А 
sx" s 
| a Е шин 
АТК! (1449) = 20 
vfQx-Def(x-2)-50 4 
| NUN LT 2х-1=-2 
E - nee 
zT 4 7*7! = 50 (multiplying by 7) кюу 
1.7% P*47*-350=0 Е 
< (1x7*+50 (75-7) =0 
ity ) -МР 2200-0 уха 
57x 775020 s then 7* 2 7? (refused) 2*- 0-1) 
or7*=7=0 27%=7 22Х-2:1 
ХХь1 


(ini Vee / ut Herd) АЫ tery e, уа | 49 | 


UNIT 

ш 

“ 2х 729 3-2х-1+х-1 36 
Sewers n 

2-Х-2-6 Х--8 

^ The S.S. = (- 8) 

с 


s 3** 4 3577 = 30 (multiplying by 3777) 

2 3°*437-10x3x3*"'=0 

2. 3*—1) 3*-9)=0 
2х=0 


АЗ 10х3*+9=0 


^AXz22 


20-2) (25-4) =0 


© 


.Х=1 or 2*=4 ^x 


^ The S.S. 2 (152) 


[14] 


wmm 
= 3*+31=12 


x 1 
Put 32 =y гу +y-12=0 


2 (у+4) (у-3)=0 4 у=- 4 (refused) огу=3 


х 
‚3 = «Xe 
A3? 23 2 1 
nXe2 ^ The S.S. = {2} 
[15] 
+ ](Х-2)=3* 109 =3**? 


nfGxepD-fGx-10)224 


2393 39371224. х FFP 92-1) 224 


13991! «8224 n3 23 х3Х4141 
43x20 4 X20 

[15] 

(1) Figure (7) (2)Figue(2) (3) Figure (5) 
(4) Figure (1) (5) Figure (6)  (6)Figure (3) 
(7) Figure (4) (8) Figure (8) 

150 | 


(1) 0) -35 


\- нео ERE 


х 
N 


The domain = В ; the range = 8° 


s the function is increasing on its domain, 


(2)f092(1)* 


The domain = Ж + the range = R* 
+ the function is decreasing on its domain. 


(3) f 2) =-3 (2)* 


‘The domain = Їй > ће range = В 


s the function is decreasing on its domain. 


(4)f00227*! «1 


+} f 

4 

3 

A 

„т-н 
1333432330 EESE 

» 
The domain = Ж » the range = ]1 ›=[ 


» the function is increasing ou its domain. 


(53 109-(4)“7 


The domain = № » the range = 


» the function is decreasing on its domain. 


(6)fG022(3) +1 


"| 
м 
y 


The domain = № » the range = |1 »«[ 


> the function is decreasing on its domain. 


Exponents, logarithms and their applications | 


(0f09--(1)^ «à 


The domain = t » the range = ]-  « 3[ 


s the function is increasing on its domain 


ш 


(1) From the graphical representation of the two 


functions: f: f 00722" sg: g 00 


ЭЭ y 
г. TheSS.2 (-1) 
(2 ) From the graphical representation of the two 
functions : 


f:f O)=2* se: 2°00) =8 


^ The 55. = {3} 


( 3) From the graphical representation of the two 


( 6 ) From the graphical representation of the two 
functions functions : 
f:fOO=3* sere (X)=4-x ү:1(Х)-45"! зв: (Х=4-Х 
y 


=. The SS.» {1} А "The $ 
(4) From the graphical representation of the two (7 ) From the graphical representation of the two 
functions 


functions : f : f 0072 2* »g : g (X) 
f:f0923*? sg: 


2x 


^ The S 


2) 


(5) From the graphical representation of the two 
functions 


y 

~ The S.S.= {1,2} 

y ( 8) From the graphical representation of the two 
functions : f: f 0022" »g:g 00 23^! 


RIE 
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(9) From the graphical representation of the twi 3 х 
Бийр graphic: Hoe ion à ко Bl ro =2* 100-2 
functions : f : f (030 22 э8:8(Х)-3 
»Xz0 х<0 
х 10 (12 JOA -2 | -3] 
го|:|214|181Ф(21418| 
y 
| x їй х 
| 1 92245] 1 ПЕ 
+ Thess.={1} ^ 
à + The range = [1 + <>] 
119 | + The function is decreasing on |-- == 50| 
»increasing on Jo sef 
x 214190 | l 2 3 
t | : Ss » The function is even because it is symmetric 
3 1 1 3 
00| т |з | 3 i | * 9 about y-axis. 
x x 
83 5 (x - (1) 109 = (1) 
when Х=0 when X «0 
x m 1.1/2 3100 |-1|-2|-3 


я 4j 4 
Ф|21318| 


х 
ral 
al 
of 


From the graph : 
(1)1(3)=17 
(2) When 3*7' 2 74. «then x= 


From the graph : 


&e » The range = Jo » 1] 
+ The function is increasing on |- › 0] 
and decreasing on [0 .=[ 
= The function is even because it is symmetric 
about y-axis. 


| From the graph : | 


| + The domain = » the range 


se $1] 51+ 0х 


55 (54.57) 226 


| + The function is increasing оп ]- = 5 0[ 


tre и sinX= 1 
and decreasing on JO » = = 
n X= +27 п where n EZ 


(53 ] 


g [29] 


а 46» req 004 


The expression = —1 
P 2+1 


1 


(1) The exponential growth function after t years 


"Za im заза 24.6 (1 004) 

2. The value of the expression = 1 = 4.6 (1.04) million people. 

Whatever the value of X (2) After 5 years : 
[25] ES | 1 The number of population = 4.6 (1.04)* 
+: The acount function is c (t) =a (1 +r) = 5.6 million people. 
л The total acount after 10 years & э 

10 

= 80000 (1 + 10-5) 22254 › r2 3. 005 +t =9 years 

= 80000 (1.105) = L.E. 217126 А The exponential decay function is f (Ù =a (1—r)' 
& = 254 (1 — 0.05) = 254 (0.95) 


2. The production of the mine in the 9" year 


( 1) The number of population 
= 254 (0.95)? = 160 kg. 


after n years since 2000 =a (14 r)" 


=433 (1445) ЕП 


2433 (1.015) а= 2000 гу =0.07 

( 2) In 2020 + the number af years » the time interval = 11 hours 

will be = 2020 — 2000 = 20 years /. The exponential growth function is 

-. The number of population f (0-a(1-r) = 2000 (1 + 0.07) = 2000 (1.07) 

7433 (1015) = 58.3 million people. <- The number of bacterium after 11 hours 
шоо = 2000 (1.07) =4210 bacterium. 
a=36400 » r- 5, 70.04 EB 
t= the number of matches By using the relation А- Р (1 + +) = 
з the numbers of fans (y) =a (1 — r)' ( 1 ) The interest is compounded annually ~, n=1 
= 36400 (1 —0.04)' 


C = 5000 (1 +0.08)" = L.E. 10794.62 


> ' 

" SIMO (096) (2) The interest is compounded quarter annually 

s in the 10" match : —— 
The numbers of fans (y) = 36400 (0.96) кр 


ox 
C - 5000 (1 4228) 75 = LE. 110402 


= 24200 fans. 
e (3 ) The interest is compounded monthly л. п= 12 
0,08) 10 = 12 
22305 г= LS - o8 C= 5000 (1 +555)" 2 LE. 110982 
{ =4 years. 
3 Higher skills 
^. The number of cows = a (1 +1)' uu a 
+ фе number of cows after 4 years (1) (d) (2)(6) (3) (9) (4) (c) 
=80 (1+0.18)* = 155 cows. (5) (d) (6) (а) (7) (4) (8) (а) 
[54 
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Instructions solving : 
(1) * The function is decreasing if 0 «2a < 1 
50«a«d лаЕ dT 


E (2) 
m 
“gel 


The function is increasing 
ха»3 
(3) ~ f (X) = (а – 2)* is an exponential function 
2а-220 > a-241 
ла»2 ,as3 
^ Е]? » eof - {3} 
(4) The curve intersects the X-axis at y = 0 
by substitute f (X) = 0 in the given functions 
»no values can be obtained for X except in case (c) 
3*-1=0 
391 X20 
i.e. The curve intersects X-axis at the point (0 »0) 
(5) By solving the two equations y = 8 
у= 2 together 
^ Х = 3 and by solving the two equations y = 8 
»y 7 (1) together г. Х=-3 
ГА (3 +8) ›В (-3 +8) 
2. The length of AB = 6 units. 


( 6 ) The reflection of the curve of the function 
f (X) = 3” on y-axis gives the curve of the 
function f (X) = 3^ * «then shift 5 units upwards 
gives the curve f Q0 =5 +37 


eu dm PC SONT 
| «евон еи СН 
(8) feos at 
2f -x) o a5 (multiply by $) 
afd- TET. 
Рожа = +2 284201 


эн ч 


Multiple choice questions 


(tye (2)d (3)d (4)c (5)с (6)b 

(7)е (8)b (9)e афь (I)e (12b 

3)b (14) (1555 (6c (7c (18)с 

19) (20)5 (21)с (22)4 (23)с (24)а 

(25)а (26)b (27)с (28)а (29)а (0a 

Essay questions 

п 

а ЕЛЕ ЕТЕЛ 

(f^ = {02 51) 9G +2) › (4 3)} 

(3) Putting X=2y+5 у= 5 
.4-1 .X-5 
Mf == 

(4) Putting x= d y «4 у=2х-8 
417100-2Х-8 

(5) Putting X 7 5 += $-x-5 
“эж «fos 4 
“yes A0 

(6) Putting X 2 8 y - 1 8y =x+1 
sy-loen у= Үхэл 
«foo ix 

(7) Putting x fy &1 syslex! 
лу=х?-1 sf'oosx-1 

(8) Putting х= {ау 4-y=x? 
хуз4-Х af 0924-x! 

55 | 


UNIT 
2 _ 
£9) у=2+[3-хХ where X53 зуг2 
» exchanging the two variables 
^ х=2+үз-у 
wherey 83» Xz2 Үз-у=х-2 
n3-ys(x-2y хуз3-(х-2) 


317100-3-(Х-2) for every Хэ 2 
(10) y=x? »where X20 уг 0 
» exchanging the two variables 
xay 


nya x 


(1) ys (c 2 


+ where y z0»Xz0 
^f^ од =X for every X20 
> where Xs-25yz0 
» by exchanging the two variables 
n Х=(у +2)? where ys-2+X20 
хуж2--х хуз-ҮХ-2 
лр Qo =-YX -2 for every X20 
(12) + ye (x- 1*2 


»y £2 s by exchanging the two variables 


s where X> 1 


»whereyzl153X2z2 


лу-1=үх-2 
«f 00=үх2 +1 


Mnysx-241 

for every X2 2 
(3): ye X* «8X 472 (X«4y-9 

» where Xz —4 »y z—9 sby exchanging the 


two variables 

nX-yea8ys7 swhereyz—4 X 2-9 
=y'+8y+16-9 

хХх-(уж4/-9 Mrd =х+9 

лу+4=х+9 хул х»9-4 

sf oue [x «9—4tarevery Хэ -9 


(14) + yst[9-x? 


0 =у <3 » by exchanging the two variables 


»where-3s X «0 


n X=Y9-y? ,-3=у=0 


105X23 2 X?=9-y? 
ду =9-х? ху--(9-х3 


517100--19-х forevery0 s x «3 
[56 | 


(15) © ye 9-х2 »whereü0s X «3 
»0sy <3 sby exchanging the two variables 
дХ=9-у? ,0=у=3 

'0<Х53 nx5a29-y 
ay=9-x? лу=ү9-х? 
a f Qo = 9х2 for every 0< x «3 


pyd + 1 
09 гут ХЄЖЭУЄ .4[ 


» Бу exchanging the two variables 


(1 ) has an inverse function. 
( 2) has not an inverse function. 
(3 ) has not an inverse function. 


( 4 ) has not an inverse function. 


(1) (ов) =F (200) 


=1(2$3)=2(%33)-2 
=х+3-3=х 
»(go 0 = в (f 09) =в 2 x-3) 
-Өх-вээ € 
+. Each of f and g is an inverse function of the 
other. 

(2) (ов) =F (800) f (x-4) 
=({x-4) +4 
=Х-4+4=х 

++ (во Л =g (10) =g GC +4) 
= +4~-4=7X* =|x| 
52х20 2 of) (=X 


«<. Each of f and g is an inverse function of the 
other. 


5Х-2 


xs 2 8(Х)-5-42- 
(3)аСО 200 5 


^ (og =F (8 00) 


Х-5 
=5+Х-5=Х 


г. Each of f and g is an inverse function of the 


other. 


Xo 09 -g(roo)-s( 


“(їзх) _„, 


(23171 (b) -2/71(с)-3-2х4-11 
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У 

u 

(1)4-100-2Х лу=2ҳ 
» by exchanging the two variables 


sysix 


sf'oco-lxefpoo 

л. The inverse fonction of f is not itself. 
(2)-1009--Х хуз-Х 

» by exchanging the two variables 

хХх--у хуз-Х 

a f =-= 


2. The inverse of f is itself. 


E =2 лу= 2. 
(з) 70) x y x 

» by exchanging the two variables 

2 2 

kes йа 

== 

2. The inverse of f is itself. 
(4)4100-7-хХ зуз7-Х 

» by exchanging the two variables 

2Х-7-у хуз7-Х 


(58 


sf'ü09-21-x-f00 
^. The inverse of f is itself. 


(5). f= 3*5 


+ by exchanging the two variables 


* — 
ший! 3*5 


af eos r0 


2. The inverse of f is not itself 


Pos 
(6) 700) e + 


» by exchanging the two variables 
1 


We EE 
"y-k 
' 1 
г. х= к= f (X 
f oo r 


^. The inverse of f is itself. 


Rana's answer is the correct answer 


for: f 09+ TA as in Wael's answer. 
п 
(1) + f =x? 


2. f is not one-to-one function on its domain R 
and is one - to -one if XE [0 +f 
orx€]- e 0] 

^. The domain at which the function has an 
inverse function = [0 з = or ]- <= +0] 

(2) feos x? 

7. f is one - to - one function on its domain I 

^. The domain at which the function has an 
inverse = IR. 

(3)-100-4 х 

2. f is one - to - one on its domain R 

^. The domain at which the function has an 
inverse = IR 
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хХуж5Х-у-1 
гуу(Х-1)--5Х-1 


„f (уун: 3Хх-1 
ЭРЭ m 


vTfO)22X-*a 


лу=2Х+а 


з by exchanging the two variables 


&Х=2у+а 

nf" 00-4Х-4 

ч17100-8(Х) 

bud: - 

absz $23 

ПШ] Higher skilts 

(1)(3) (2) (©) (3) (а) (4) (а) 
(5 ) (с) (6) (4) (7) (09) (8) (а) 
Instructions to solve : 

(ых! 09)=3 


7. The point (3 »9) Ethe curve of the function 
‚Г! 6) =2 
2. The point (2 » 5) Ethe curve of the function 


О) =ах+Ь 2. За+Ь=9 (1) 
э2а+6=5 (2) 
By solving the two equations (1) › (2) : 
ла=4 > b=-3 
^4axbz4x-3-2-12 

(2) ~ g092x-3 ДВ (00 =Х+3 


»vg(foo)egoc 2 x*-3 
ха(700)-871 co 
АХ?-3=Х+3 

2. (X+2)(X-3)=0 
2Х=-2 or X23 
z SS.= [3.-2) 


sx'-x-620 


(3) Put f (X) = 3 and left find the value of X 


2х-10041 за1. 4 
2-10) 2-3 
1-4) =3 af '@=-4 


(4) The domain R- {1} +. b=1 


- =aX+3_,,3+8 
af QO= хар т 


From the rule of the function » the point of 
symmetry of the curve is (1 > а) 


And from the domain and codomain » ће point 
of symmetry of the curve is (1 +3) 
22353 


ao f= шин by replacing the two variables 


AXy-X23y43 


(5)-fQ99 E! —5 s» by replacing the two variables 


дх-Ху-5 лу= 2+5 

af =s 

+ @о/7!)090=в (77 00) =в00+5) 
=2(x°+5)-7 
22x43 

(6) f (X)=3 X-4 sby replacing the two variables 

2Х=3у-4 ху? 

er EY 

ын i 3 х+244 X+6 

261 „Х+2+4_Х+ 

ef (x«227——7 E 


(7) ро) =Х+3 +3 Х+1 
з-0371)4(3Х7-3Х) 
=(X+ 1) OC -x 1) 3 X C 0) 
=(х+1)(х2-х+1+3х) 
21) 2 X 1) 
=(X+1) (X D^» (1 


» by replacing the two variables 
3 
x= sys x-1 
3 
figo x-1 


(8) >: The curve of f~' passes through the two 


points (- 2 +0) $(-3 5-2) 
o£'C2=0 2Р0) =-2 
Éf'c39-2-2 | А|6-2)--3 


5 (f o f) (zero) = f (f (zero)) = f (-2)=-3 


Exercise (10 


Multiple choice questions 


(1)b (2)b (3)е (4)b (5)а (6)d 
(7)4 (8)а (9)a (10e (i)a (12b 
a3)d (14)с (15a (бс (17)с (18)b 
(9)b (20) Q)b (Q2d Q3b Q4b 
(25) (26)4 (27)а (28)с (29)а (30)ь 
(31)с Gc (33b (34)с (35)а (36b 
Gha (88)с (39a (40a (41)4 (42)b 
(d3)a (44e (45)d 
Essay questions 
oa 
(1)2? = 128 (2)(2) =# 

5 
(3)23-4*2 
а 


(1) юр, 1 = zero 


(3) 08,:12--3 


а 

(1) Let log, 162 X 25-16 
5 2-1 X4 
^. log, 1624 


(2) Letiog, 1-Х 


> X=0 
(3) Let log 0.00001 = X 10* = 0.00001 
E E X ay 
10"= ооо 10* = 10 
X=-5 2. log 0.00001 =-5 


(4) Let logy 128 = 


«Qy-gy 


7. log, 128 2 7 
2 
(5) Letlog, $ =X 
22223 
^ dog, $ 2-3 


(6)Letlog 812-Х 
2 


is 


262) =в12- 02у 


ХХ-7 


(7) Let log, {27=х 
was i 
4 
+. log, 127 


(8) Let log, cos 45° = log, 


(2)5" 

(3)3*=x? 
A 

(4)(81)5-Х 


(5)27 х" 
(6)2=log, X 
(7)322x-5 
(883-248 
лв x? +48 
(9) 108,(х2-2 х) =3 
Arex -ik 
д (X-4)(X+2)=0 
(10)5=12х+1| 
2Х41:-5 or 
>Х=2 ог 


-(14)-128-27 


4X2 
m E 
Fad 
DET] 


Х=+9 
х-32 
лх-3 
х=+4 
nx!-2x-820 
г. X=4orx=-2 


2Х41--5 
Х--4 


(11) 21 2 x Gc 6) 

г: (Х-2)(Х+8)=0 
(122) 3=х?-2х 

/. (X-3)(X4+1)=0 
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SX +6Х-16=0 
л X=2orx=-8 


(13) (log, X — 4) (log, Х-5)-0 


+. log, X=4 

or log, Х=5 
(14) 35-35-22? 

БХ даг" 

лх=2 

toy +125) 

(153 “4° дал 

хХ»125-4! 


(16) log, X-2232 
s dog, X24 


» 


or log, X 
/.Х=1 


a 
(1) x?=125=5% 
7, The $.5. = {5} 


(2)х 


(з)х 


(590-0) = 81=3* 
^. Х=- 3 (and the positive solution is refused) 
г. The 5.5.= {-3} 

(6)(x-1! 22723 
= Х-4 


(73(Х-17-7-х 
nxÓ-x-620 


& meSs.- [32] 


1 
3 


(and negative solution is refused) 


24 
д Х =(10?у 3 = 10000 


хХ-183 

^ The SS.= {4} 
2Хх1-2Х41-1-х 
2. (X+2)(X-3)=0 


z^ X=—2 (refused) or X=3 


х The S.S.= {3} 


-3 Р" 

(8)(2) =64 ^ ($) => 
«сэн - 
aged x=8 
^ The SS, = {8} 

(9) x7=5x 2 x?-5xX=0 
/. Х(Х-5)=0 2. Х = 0 (refused) 
огХ-5 ^ The S.S.= {5} 

(10) x?* = x* 

2 X= (noticing that хе! - {1} 
В -Jó 
^ The ss.={$} 

T. ` эе 

(11) log, log, 27-9" -1 < log, 27-3 

X23 


sX'-x-1220 
200—4) (0+3) =0 
4 Х=4 ог Х=- 3 (refused) 


х The S.S. = {4} 


А(Х-2)(Х-3)-0 
. The $5. = {2,3} 


(14) (log, X)°—8 log, X+ 15 =0 


7. (log, X —5) (log, X - 3) =0 
7. log, X25 or log, X23 

2 Х=3= 243 от x 233227 
л. The S.S. = {243 ,27] 


(15) Let log, (X-2) =k Х-2-3 () 
slog, (Х-2)-у 
ХХ-2-297-37 0) 


From (1) and (2): л. 3y=k 
1 


іе. log, (Х-2) 


хХ-29 ^. The S.S. = {29} 


ГЕТ] 


(2) (5). = 6255 = (s 
хх =9 
(3) 3)" =0.09 = (03 


1, 


"X 


nj 


(4) log, (2*-4)=5-x 
. 95-х 


-2* — 4 (multiplying by 27) 
23* 4x2* 
х225-4х25-32-0 
205-8) (2% +4) =0 

2* =-4 (refused) 


2 
x 


^AX23 


(5) 4 = 13 + log, (Х-1) 7. log, (X- 1) =3 


3 


-Х-1 д Х=9 

"E sa „д a 
(6)32,3 nX'-6x«49-20 

+. (5-3 =0 >Х=3 
(1)04983 (2)4:7549 (3)-2.1893 
п 
(1)17159 (2) 25.8226 (3)0.5012 
(1) log 162 y ^nx'-16 

» from first equation 

д 16=5X-4 a xk=4 

2. log, 16=y S4 21624 

му=2 г. The SS. = {04 ›2)} 
(2):log, 9=1 лу=9 

E log. log, log, 9-0 

log, log, 9— 
2108,9=2 sx'-9 


^, X = 3 (and the negative solution is refused) 
^ The 55. = {(3 9} 


[82] 


2. (16) = 49 
д = sat 


7225 


=? x4-25x4-10 


EJ 
(1)2х+1>0 хх»-1 
T = E. d 
л. The domain = 1-4 »«[ 
(2)x»0 г. The domain = 10 544 


(3) The function is defined for every X 
5 Xia @ 
tisfyin, 
satisfying | m 1 
ie. The domain = |0 5441-11) 


| (4 ) The function is defined for every X 


х»0 х»0 
satisfying 4 X -2» 0 ie.4X>2 
x-2#1 | хез 


ie. The domain = ]2 ›==[- {3} 


( 5 ) The function is defined for every X 


x>0 x>0 
satisfying 4 2-x>0 det x<2 
2-X*1 Ха! 


i.e. The domain = ]0 s 2[- {1} 


( 6 ) The function is defined for every X 


Х-3»0 х»3 
satisfying 4 5~x>0 ied х<5 
5-Х41 Х#4 


i.e.The domain = ]3 ›5[- {4} 


(7 ) The function is defined for every X 


x?>0 x!'»0 
satisfying 4 Х-3»0 ie4x»23 
x-3#1 хаа 


Le. The domain = ]3 эе-14) 


( 8) The function is defined for every X 


3X+1>0 X» 
satisfying 4 х+2>0 12.1 X>- 
Х+2=1 Х#-1 


ie. The domain = H E 


( 9 ) The function is defined for every X satisfying 
(3—X)(X+1)>0 


Le. The domain = ]-1 »3[ 
(10) The function is defined for every X 


(3-х)(Х+1)>0 
satisfying 4 х>0 
ха! 


Le. The domain = Jo »3[- {1} 


B 

“+ The curve of the function passes through (81 54) 
2. 4= log, 81 sa e 8l 

г. а = 3 (and the negative solution is refused) 


From the graph : 

* The domain =№* › the range = E 

* The function is increasing on its domain 

* The intersection point with the X-axis is (1 » 0) 
9 log, 521.5 
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13) 


77 The curve of the function passes through (+ , 3) 


1 
2 


юр- 


87 = 


From the graph : 


* The range 
* The function is decreasing on its domain. 
* The intersection point with the X-axis is (1 50) 


*log, 34 =-18 
2 


(1) The curve of the function g is the same curve of 
the function f with vertical translation 2 units in 


the direction of Oy 


From the graph : 
The domain = ]o saf » the range =È 


» the function is decreasing on its domain. 


(2) The curve of the function { is the same curve of 
the function f with horizontal translation 1 units 


in the direction of OX 


From the graph : 
The domain = ]- 1 5 | 5 the range =R 
э the function is decreasing on its domain. 


(3) The curve of the function h is the same curve of 
the function f with reflection in the X-axis. 


From the graph : 
The domain = ]O + sef s the range = 
> the function is increasing on its domain. 


(1) The curve of the function l is the same curve of 
the function f with horizontal translation 


2 units in the direction of OX 


From the graph : 
The domain = ]2 уе | 5 the range = ® 
> the function is increasing on its domain. 


[64 | 


( 2) The curve of the function t is the same curve of 
the function f with vertical translation 1 unit in 


the direction of Oy 


From the graph : 
The domain = ]0 ›е=[ »the range =E 
s the function is increasing on its domain. 


( 3) The curve of the function h is the same curve of 
the function f with reflection in the X-axis. 


From the graph : 
The domain = [0 » e«[ › the range = IR 
» the function is decreasing on its domain. 


(4) The curve of the function g is the same curve of 
the function f with reflection in the y-axis. 


From the graph : 
The domain = ]- е ›0[ >the range = 


» the function is decreasing on its domain. 
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[16] М|\х-1|+5|=8 — —Ix-1|45228 
2| X- 112-13 (Refused) or | X-1|=3 
4 “ X-L=23 7 X=143 
| X24 or Х=-2 
| 7. The solution set = [-2 $4) 
1 (6) +» The curve of the function passes through 
(11 +3) + (4 50) 
R д 14) =0 7. log, ($ + b) = zero 
From the "T sthe SS. - {4} Бодлын SEES 
— ——— #@ййї)=з ^. log, (114b) 23 
ы ж 11+Ь=а? r= лах2 
^jf09-1og,(X-3) г/(7)-108,(7-3)-2 
Ios х10)4Г1(2)-9 
(7) To identify the domain of the function 
f (X)=log| x? -9| » put X? - 91» 0 
12.1(Х-3)(х-3)|»0 
From the graph » the S.S. = {3} a XER—{3 »-3} 
Higher skills 2. The domain of the function f = - {3 5-3} 
(1) (гэ) (3) (а) (43 (8 ) To identify the domain of the function 
(8) — (6) (730) (8) @) eps eT», M RC. 
Instructions solving : X 43x42 (Х+1)(Х+2) 
(уг бн = 1(4)-5 5. Х+3>0 MAX 
2 log, @х14+4)=5 шийд жиз 
4 <. The domain = ]- 3 »e[- {-1›-2} 
ʻa =32 saz? 
(2)7f' («3232 =. 132) =а+3 
2+3 
< dog, 32=а+3 E ШЙ Muitipie РР 77 
| ма ыг 72284625 
| zd (1)а (2)е (3)b (4)a (5)с (6)d 
| кийи. (Tye (8)b (9)e (0) (шь (12c 
(3)G 08) 10) f (810) =F) «10g, 8-3 ae (дс (ус (бс (7b (18)b 
(4) log (X- 5)» vbro (9d (206 (21)с (22а (Q3b Q4b 
с-з») 4X6 QSc Q6b (27)с (28)a (29)4 (Qc 
(5) * log, log, ||x - 1] 8| 2 1 (уа (32)4 (33a (349a (354 (36а 
^ log, ||х-1|+5|=3 Ge (384 (394 (40b 


cin Г увяз | HY Телу eal kane cA эф, за | 65 | 


UNIT 


2 


| Second | Essay questions 
АЗ 


(1) log 2 + log 5 = Іор (2 х 5) = Іор 10 = 1 


(2) log, 15—1og, 3 = log, 15 -108,5-1 
1085 02 

3)log,5 2 = 085 „№82 _ 

(3)log, 5 x log, 2 = PES x PEs 


(4) log, 81 x log, 3 


15х14 
js =192=1 


(6 ) log 54-3 1053 – 


(5) log, 


log 2. 
= log 54— log 27 — log 2 
- * = - 
=1ов z= 108! 0 


(7) log, log, log, 2? = log, log, 2 = log, 1-0 


(8) 1 + 1023 ~ log 2—log 15 
= 1 
= 1+ log (5 ix) 1 log 75 
=1+log (10)' 21-120 


(9 ) log 0.009 — log 21 + tog 15 $ log 5 


purge qune log 1-0 


i 


7 3: 
(10) logi, 170 logi; 3 * 108 69 d 36 


Е 7 18, JT 
"hi^ 35 * 36 


= 108 р Tp 15 = logi (100у' 2—1 


(11) 2 log 25 + log (4 + 4)+21og 3 —tog 30 
= log 625 + log В + log 9 — log 30 


= log (625 х & 15 *9* 3)= log 100 =2 
log 8 x log 16 
log 64 
31og2 x4log2 
61og2 
= log 25 + 2 log 2 = log 25 + log 4 
= log (25 x 4) = log 100 =2 
log, (25 x 4) 


(12) log 25 + 


= log 25 + 


log, 25+ log, 4 


(13) = 
30 – ов, 3 30 
log, E, log, 20 
Pt 100 2108, 10 
log, 10 log, 10 =: 


(ве) 


=log, 3* x log, 91-4х 4 = 


2 


аа (log 3У7-Тюв 3° NIE 9 
Jog 3-10 100. log 3—2 log 10 
log 3 (log 3—2) 
^ биз 0 087 
3 
log, 3 - log, 2 3 
(15) log, 8543-5635 са 22 =log, 5 =-1 


log, a+ 1 log, 542 rec log, 3c* 


+ z 
= log, а? + log, pi + log, c“ —log, 1 ab 
- (log, 3 + log, c?) 
= log, Ya * log, qo * log, e- log, ab 
- log, 3- log, e 


= log, Jab —log, Y'ab — 1 =-1 


1 1 1 
9): E 
a9 o 08, 12 * jog, 12 


=log,, 2 + log, 8 + log,, 


9= log, (2 x 8x9) 


= log,, 144 — log, (127 =2 log,, 122 


[2] 
asy Ч 
(1) LH. = log > <7 = tog, 3 = log, (43) 
=2log, 13 
dS eiue 33297 a 
(2) LAS. = log, 7 og 21087 7 
3x297 x T 1 
=fog, 33297 x7. шүр, 1..1 
БЛТТЭТ 22 
(3) L.H.S. = (log 10 —log 5) (log 100 — log 25) 
(log 2) (log 4) 
= (log 2) (2 log 2) = 2 (log 2} 
" " 
(4)LHS ES, 
log 3 —log 2 
_Slog3-Glog2 6(log3-iog2) _ 
210g3-21og2 2(lg3-log2) 
(5)LHS.- 0957-2105 
1025-2 
(log 5) Gog 5-2) 
= E = log 5 
log 5-2 
»R.HS. = log 10— log 2 log № = tog 5 


^LHS.RHS. 
log, log, log, 3* 
ба: 
log, log, log, 2 


а 
(1) Xlog 5 = юв 13 
хо: 
log 5 
(2) (X+ 2) log 3 = log 6 
_ log 6—2 log 3 
= wg C 
(3) (7-2 X log 3 «log 13.4 
_ Tlog3- log 134 
x= Fos 


(4) (X 1) log 7 2 (X-2) log 3 


1.59 


-037 


2232 


^ X (log 7 —1og 3) 2 2 log 3 ~ log 7 
_ -21og3-log7 
E ICE =- 4.89 
(5)(2X-3)log3-(1 - X)log И 
2. X (2 log 3 + log 11) 231og 3+ log 11 


log 3 + log 11 
2log 3+ log ll = 


13 
(6)х3=945 vB юр1Х1-10р945 


s log | x | = 98945 


3 
5 


51606945 
s |Хх|-10:57-41747 


х Хэж1717 
(7) 5-4 J 2Xlog 10= log 5 
„аще | NN 
л2Х-1084 + X= 4 log $ --007 
(8) 7 (72+ 1)=300 2. 79 =6 
^ (Х- 1) log 7 = log 6 
_ log 6+ log? 
ыт“! 
(9) By dividingon3**! 2. (2) =2х3 
ххюв2-Ююв6 2 E NETTO 
log $ 
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(10) log 3 +(X- 11) log 2= log 8 + (5 X- 1) log 6 
х X (log 2—5 log 6) 
= log 8—log3 + 11 log 2—log 6 


_ log 8—log3+ 11 062-086 — 0 


82 
log 2-5 log 6 


(11) 5% -27 x 5* 5020 ~ (5% 25) (55-2) 40 


n5 585 4X22 

or5* 22 ^ Xlog 5=log2 
log2 

x= SE 20.43 


~ log S 
2 X=2orx=043 
(12) (3-5 X) log 8- (4 + X) log 7 = log 2 
7. X(-5log 8 —log 7) = log 2 —3 log 8 +4 log 7 


..log2- 3log 8 +4 log ? 


X= -0. 
ы -5 log 8 - log 7 B 


(13) log, (4**")=x-2 — ;4**'a sn 
^ (X+ 1) 108 4= (X 2) log 5 

^ Xlog 4+ log 4=X log 5-2 log 5 
2 X (log 4— log 5)=- 


y 084 +2 lox 5 
^ Tog 5 log 4 


log 4-2 log 5 


= 20.64 


а 
(1) log, 15 = log, 5+108, 3 = 1.465 + 1 =2.465 
(2) log, 135 = log, 27 + log, 5 =3 log, 3 + log, 5 
=3+1.465 = 4.465 
(3) log, 2 =log, 5—log, 9 = log, 5~2 log, 3 
21465-2--0535 


a 
(1)108 6 = log 2+ log 3=X+y 
log 12_ log 4 + log 3 


2= = 
(2) logis 12 = тк 7 log 2+ log 9 
_ 2log2+log3 _2X+y 
“їр 242юв3 X+2y 


(1) (False) Correction : log. X*- x Y XE &' - {1} 
(2) (False) Correction : log X" =n log X V X € RÝ 
(3) (False) Correction : log, X y = log, X+ log, y 


[er] 


E _ AM __ m 


(4) (False) Correction : log, X y = log, X+log, y 2 =2 
(5) (True) шан 
(6) (True) (7) (True) ^AX*222x-2 2х=4 
(8) (False) Correction : ов, x* = 4 log, | Х| 2 The 5,5. = {4} 
(10) log (8 -3) (X-6) =0 .14х-х?-48=1 

EB Я x хХХ!-14Х449-0 s(x-7)-0 
(1) log, (2+6) log, X = Хэ б-х” RR 

2х -х-6=0 2 (X+2)(X-3)=0 1. The 5.8. = {7} 

^ Х=-2 (refused) or X=3 

2. The SS.={3} anit” jai 10 — log 2 

5 " ^ log (X  —4) = log 5" = log 5 

Русско S oF aX 6X 359—455 5x29 

®с#6Х-64=0 ^ X=3 or = -3 (refused) 

д Х=-3 [73 or x 2 3 —[73 (refused) ^TheSS.- (3) 


= The $$. = (34473 


(12) log 7 x log 3° = 1og7" x log X^ 


^. 3log. = 
(3)log, X =3 намь шин 2. 6 log 7 log 3 =6 log 7 log X 
dog X= 1 ume ^ log 3 = log X .X=3 
^. The S.S.= {3} 2. The solution set = {3} 
(4) log, (X-1) (X + 1) = log, 8 Е 4 
ов, ( ( )= log, А (13) log; X *6X49 сүр stag 
2 X7=1=8 nX?’ =g 6.22. 
А +6х+9 _ 
5 X=3 or Х=- 3 (refused) UU Web т 
2. SS.= {3} aX? -10Х+25=0 2 (Х- 5) = ею 
X+8 X48 s 
5 235. 22223210 .X-5 
(53 log =F =1 pl 


«Једне LIXAR а 2. The solution set = {5} 


^ Thes. = [2] (14) log x = RED Е 
(6) log, X= log, 4- log, (Х-3) ШЕР 

ts log, Х= log, =*= axes (15) (log X) - log x! -3-0 

^X -3х-4=0 (Х41)(Х-4)-0 2. (log X -2 log X-3 =0 

М X 2-1 (refused) or X=4 2 (log X+ 1) (log X-3) 20 

л The 55. = {4} ^ logX--lorlogg X=3 
(7)10g, 2 X? = log, 18 4 X2 0.1 or X= 1000 

axed А X=43 ^. The S.S. = {0.1 » 1000} 

2 The SS. = {3 5-3} (16) (log ХУ +2 log X + 1 = (log 5 
(8) log, (7 X3 — 4) = log, (Хх? x 3) х og X+ 1? (log 5) 

272 -4=3х ng =A 7106 Х+1= 21085 

X= Vor X=—1 абвод) + Jog X= log 5—1 = log 5—log 10 = log 4 

2 The S.S.= {1} х= 


[88 | 


or log X=- log 5 – 1 = – log 5 -log 10 
= – log 50 = log (50)* 

х=. 
«X= 59 
: s... 
+ The SS.={> > 50} 

4x14 E 

(17) log. 2; =3 log, X «log. 7 = log, (Х x7) 


56 sx 
F sx. 


xed + The Ss.={2} 


3 
(18) log (Үз x—1 x2 ) = log 20— log 10 
x 
2. log VG х-1)(х-2 =log2 
= (3х-1)0с-2)-2 


a (3 X-1)(x-2)=2° 
.3x'-7x-620 
х(Х2)/(Х-3)-0 

^ X= (refused) огХ-3 


7. The $5. = {3} 


..leeX  log9 ‚ loggX 21083 
“log? log4 ~ 162 21082 
+: log X=log 3 3 

^ The SS.= {3} 


(2) Taking logarithms of the two sides 
2. log 3®* = log 287 
7. log X log 3 = log 3 log 2 
7. log X= log 2 


2 


^ The S.S. - {2} 


( 3) Taking logarithms of the two sides 
^dogX'**-log10 .logXlogX-1 
2. (log XP 21 
^ log X= l orlogx=-] 
2 X=10 0r X=0.1 
^ The S.S.={10 0.1} 


2. (log ХУ = (log 3) 


7. log X = log 3 then X=3 
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or log X=- log 3 = log 3"! then x= d 


^. The $5. - (3 23 
(5)x/"*-291ogl0 — =O 
<. X=3 or X =—3 (refused) 
^ The SS. = {3} 
| (6) 485 х 5°8*— 8000 л 20/°** 8000 
| а2065-20 slog x=3 
“ X= 1000 г. The S.S. = {1000} 


(7) 208" „25 _ lec 
2. (log X)! «62 5log X 
^ (log Xy! —5 log X-- 6-0 
7. (log X - 2) (log X -3) =0 
7. log X22 sthen X = 100 
or log X = 3 sthen X = 1000 
2. The S.S. = (100 « 1000} 


(8) Multiplying by 2 log X 


2.2 (log X) —3 log X- 


+. log X+ 1) (log X-2) 20 


r log X= 


à. 
k 
ф-17-0 k=1 
log, X= x=2 
The S.S. = {2 
(10) Let log X= k s log. 02d 


^ dogX-2log, 107 1 


sk- ted 
50-2. 


n (К+1)(К—2)=0 


Ak=-iork=2 
7 log X=— 1 or log X=2 
2 X=10'= sh or x= 107 = 100 


0 
^ The 8.5.= [45 +100} 


or log X =-1 s 
* The 55. = (20,02 
(12) (log ХУ =9 log X 
^ (log X? -91og X=0 
^ log X (og xy -9) 0 
^ log X (log X - 3) (log X - 3) = 


Лю Х-0 axet 
orlogX-23 х= 1000 
orlog X 2-3 5 X=0,001 


г The 5.5. = (151000 › 0.001} 
(13) Taking logarithms of two sides 
^. log X log X = log (100 X) 
$ (log X)" = log 100 + log X 
^. (log 3)! -log x-2-0 
-. (log X - 2) (log Xx+ 1) 20 
22 ан ог юЕХ--1 
= 1000г X= 10 
585.» [100 5 i; 
(14) (log "S a 100) » 
^. (log X + 2) (log X-2)-5 


2 (logg3)!-425 2 (log Xy 29 
^ log X=3 X= 1000 
or log X=-3 4^ Х=0.001 


г. The S.S. = {1000 5 0.001} 
log X орх? 4350 


5 1053: +0697 

2 юЕХ 2logX _ 

^ gi 210 3 =~? 

‚ 2№ЕХ _ 

* Togs z-3 

^. log X = log ył log 

зүз 
x= ^ The S5.={ —— 
зүз зүз 

(16) EX log (X+ 6) .logX _ log (X+ 6) 

lg2^ 1064 7 1082 = 21og2 

2210р X= log (X + 6) 

д х?=х+6 лх?-х-6=0 


л 00-3) (0+2) =0 


[76] 


4 X23 or X=- 2 (refused) 


^ The $.S.= {3} 

log X , log X _ ,lgX, lgx -3 
07 (627 10:45 то 18221062” 3 

‚ Blog x «ex | 

^ Ziog2 = 2 710822 

53 log X=log7' : 

+ The sS.={4} 


(18) flog, x - log, Їх by squaring 
di log, X= log, ҮХ x log, Tx 
= log, xix log, X 
x: log, X= 1 (108, ху 
2. (log, X) — 4 log, Х=0 
+, log, X (log, X 4) = 
23 log, X20 or log, X24 
4s X225 81 or Х=2* = 16 
тва +16} 


(19) By squaring X р = 100 taking the logarithms 
of the two sides 


“ log x log Х-2 
^ 4 (og х) =2 
^ log X=2 or log X= 


л (log xy-4 
2 


Х= 100 orX-4l5 


аан E 


(21) log 1 —log (2* + X — 1) = X (log 5 — log 10) 
-log(2*«x— 1)=xlog 4 


^ —log (2*+X-1)=-Xlog2 

7. log (2*+X-1)=log2* 

s2*.x-122* Х-1-0 
х=1 ^ The 5.5. = {1} 


(1) From the figure geometry : 


log 49 
log 7 


log X_ 
log 6 = 


2210 6- 


.lgx. 
'lg6 = 


2 X26 =36 


2107 
log 7 


log X 


4 
(2) MD = log, 243 = log,, (81)7= 


Exponents, logarithrns and their applications | 


5 =5 
3 1081 81 = 4 


уу мр-4АР 2Ар= 15 ,Ар= 5 ВС 
4 BC22x 1 =75ст 
3)m(Z A)  90* ADL BC 
2. (ACY = CD х CB 
5 (513) = log, 27 x og, 27 + log, 3) 
2. 75 log, 27 x log, 81 
^ 7523log, 3x log, 3 
- 2 
= 12 (log, 3) 
s(t, 
x=(4)5=06 
AH CA CD 
(4) AD bisects Z А “SB = De 
10,5  logb _ dg, ogb 
^ Tog, X ^ Tog b* ~ Tog, X ^ 2logb 
-2log,5-log,X ~ log, 25 = log, X 
.log25 log X 219825  logx 
` Tog? ^ 1084 * Tog2 21062 
^. log X=2 log 25 = log 625 
д X=625 
[10] 
(1) log y! =3 108 125 


2. log у? = log 1000 — log 125 = log me- 


^ y-8 у=? 


эл юЕХу-1-1085 
By substituting by y = 2 
^log2X-21-log5- 


log 10 - log 5= 


log8 


log2 


42x22 2 X=1 
A SS.={(1 ›2)} 
(2) ~ log, (X y) +2=2 + log, 9 
г. log, (Xy)=log,9 г. Ху=9 
+e X=10-y ^ (0-y)y=9 
sy -10ys«9-0 -9)(у-1)-0 


лу=9 then X=1 
огу= 1 sthen X=9 
2. 3.3. = {А +9) 950) 


u) 
(2) 


(3) 
>2log X-3logy 53 
Multiply (1) by 3 and (2) by 2 › then adding 
л 13 log X 2 39 2 log x 23 
^ X = 1000 > from (1) 
2.3 log 1000 + 21og y= 11 

л юву-1 


3 log X4 2 log y= 11 


594210 у-11 
лу=10 
2.55. = ((1000 › 10)} 


u » 


(1)LHS. - 1g, “2 


=log, xty= log, (X у) 
=2 log, Ху=2 log, 9*3 
5 


221g, 31-5 
(2) ZI 
газа! 
1 
Ч 
лаве хо 
(3): log= Xy- 4 tog xy = log xy)! 


Xy = (хуу! (Squaring the two sides) 


24+у2+2ху=9ху 
227 X y (Dividing by Xy) 


k 
(4) 73% 


* * 2 a taking the logarithms of the two 
sides to the base a 

+. log, Xlog, 3=1 

7. log, X is the multiplicative inverse of the 


number log, 3 » when az 9 
nA | 


vlog, Xlog,3=1 2. log, xlog, 92 
og, X=1 <. log X=2 


2; logb' 2logb_ logb 
(5)log; b "rc > 67 - 


Іова? 
г. log, Б? + log, b* = log, Б 4-р, b^ = log, b* 
-4 log, b 


— 
(6) E 2186 = log X? у? = log 36 


36 -6 


ax’ y= 
х= 

y 
(7)21og (X+ у) = log (x+y)? 
= log (x?+2xy+y) 
=log (10 X y) 
= log 10 log X+ log y 


=1+logX+logy 
(8) log (x+y) = 4 log (X y) + log 2 
^ log (X y)—log 2 = 4 log (x y) 
х log X2 = tog (xy)? 
Ex X+Y = хз, «Ву squaring» 


x+y +2 Ху=4Ху 


хх!-2Хужу!-0 s(x-yyz0 
г. Х-у=0 г. Х=у 
(9) v logXy =1 дху=ю 
„х= a 
y 9 j 
»vlogx!y-1 х?у=10 
уот (1): 7. MP x y= 10 
40. 
Y i 
д y=105 


s from (1): X = 10$ 
1 
7 log Ху = log (10 5 x 103) 


3.3 ad 
= log 105 = 5 log 10=5 


1 =_1 .hgx*. 
89- адуу A 
х? Torx 
ov log, X+3 log 3-4 


[72] 


Let log, X =k 32 ны 
л +3=4к 2-4к+3=0 
200-1) (К-3)=0 2Кк-1огк-3 
+ log, Х= 1 or log, Х=3 
+ X=3 ог X=27 
^ S$S.={3 527} 
к "E 
1) v lg, YT x 
"E. 80 LX 
T Tog у * Tog, y 3195 


7.4log X+7 log, z=3 log z 
By Y у 


3 
z 


SXx*xz SX xz*-1l 
ХХ: 1 

(12) лужах 
Taking the logarithms of base a to two sides. 
< log, y = log, X log, a 
5 log, y=log, X 
2321959 asd, 49877 


лу=х 


(14) Let log, а= X 


^ Xlog 6 = log a 
: = loge 
ловат 
: 2 1 1 
SEHS log а log, Б * log, a+ log, b 
MI 1 
ы — ЗЕЕ 
141085 |. loge 
loga logb 
„oga ,„__ logh 
loga +logb * Toga + 08 b 
= logatlogh _ у 
= jogs + log b = 
15) log, 25554 0 Aab 
(15) log, (a by (a e by 
“(a+b =4ab 
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ха -245-17-485 ла -2ab+b=0 
< (a-b) =0 ла-Ь=0 


(16) x? *t* x x? = 10° 

s log (x7 55 x x?) = 510g 10 

^ dog X?" 4 log x^ 25 

^. 2 log Xlog X+ 3 log X=5 
^. 2 (log X + 3 log X-5=0 
. (2 log X +5) (log X- 1) =0 


X2103 
X210 
any-3--1 y-y-120 
цуг 12 1-4х1х60, 1315 
ын 2x1 2 
i5 
2 


(The negative solution is refused) 


08) f (+1) + f (Х-1)= / (3) 
^ log (X+ 1Y + log (X—1)* = log 32 
2 log (X+ 1 (X- 1) = log 9 
д (x?-1%=9 
Хх? -1=ЗогХ? - 1 = – 3 (refused) 
ax?’ =s хХ-а2 
2 SS.= {2 »-2} 


(19) - f CO = 08 (58 «1- x) 
»f CX) = (o «1 x) 


e (ре +1-х)" 
нк 


«^ The function is odd. 
(20) ~ log 4" 4283 4.28 < log 47 «29 
2. log 107 < log 477 «log 10° 
- 107 <4” <10” 


2. The number of digits of the number 4°” 
is 29 digits. 


Higher skilis 


п 
(1) (а) {2) (4) (3) (<) (4) (4) 
(5) 09) (6) (c) (7) ©) (8) (©) 
(9) (а) (10) (d) (11) (d) (12) (d) 
(13) (c) (14) (c) (15) (©) 
Instructions to solve KBB : 
(1) log X=z+ logy 

< log X log y=z + log = 

- = (10)" y x (10) 

(2) The expression = EORR 


" 1 
log c-log a+ log b 
Р 1 
log, a+ log, b+ log, c 
1 1 1 


"og авс ^ log, abc + Tog, abe 
=log,,. b+ logy, с log, 8 
=log, abe = 1 
) +> Q5)*- 12 x (5) +27 =0 
5*-9) (5*-3)=0 
5'-9-0 andso5*=9 
^ Х=108, 9 
or5*-3-0 andso5*=3 


-log, 3 

2. The sum of the two roots = log. 9 + log, 3 

= log, 27 
(4) Put 3^** = y (Take log to both sides) 

^. log X log 3 = log y 

ie. log 3 log X= log y 

Лор Хору 1X 

E ү аа 


(5) ~ log, log, log, a® = log, log, (37108, a) 

= log, log, b* 

= log, (c log, b) 2 log ¢ = 1 
(6) b*-2b*21 2. b**=b*-2=0 


х (5 + 1) 07-2)-0 
b* =~ 1 (Refused) or b* = 2 and so X= log, 2 


(73 | 


UNIT 
53 1 1 1 (13) > f C9 = log 2" 2) (Х)-Хїон2 
(7) Tog, "log X орх bg, X ^ eg Y | f s 
7. f 00 is a linear function represented by 
7. log, 2 + log, 4+ log, 84log, 16 =5 а straight line whose slope log 2 
we log. (2х4х8х16)-5 7. The answer is (c) 
+ log, 1024 -5 ^ Х° = 1024 2 4* а / 
© Х=4 (1) The expression 
(8) log 1 = zero › 108 1021 » Ji 1,2 3 30. 
g (2x 2х Эх... х 80. 
ээ loga EJo + 1[ лає] »10[ i ulli 8) 
log, (17) 210g, 37*- 4 
(9 ) Draw the curve of the function f (a) = log, a * 108, (вт) =108,7 = 
you can find that if a Є]0 +9) ( 2) The expression 
s then log, аЕ]- e 52] = log tan 1? + log tan 2° + --- + log tan 45° + 
(19) .. 27549 , зет) т Bee tat ge ЕТТ 
Sons? на = log (tan 1° tan 2° ... tan 45°... tan 88° tan 899) 
MOOR) +(Х+5)=5 75 25 5 49 = log (tan 1° tan 2° ... tan 45° ... cot 2° cot 1°) 
22х+9= 49 „2 Х=40 = Іор tan 45° = log 1 = 0 
= X=20 2838; = (3) The expression 
T x ^ = = log tan 1° x log tan 2° x -« x log tan 45° 
(11) / log, X=log y “^ log, X= kx 23 x 10g хээ log x 
" x log tan 73* 
=. (log, 3) =1 Р өв наа = log tan 1° x log tan 2? x --. x log 1 x ++ 
“Xay ec Xay sy x log tan 73° 2 0 
^. The two answers (a) апа (b) are true - - 
> (d) is the answer. а 
2 
(12) ~ 2.01053 = log 5 w logy x. x. 
= PEG =log,5 ovsar маг 
" „8.1087 _ logs X^ a logx _ 
nae clog7 54851065 log, 7 , ES ов? 
= log, 5 + log, 7 = log, 35 and so оп >... 
v z ».logX' nlogx вх 
(13) * log, X+ log, X+ log, X= 11 log, x" = lg nigb Юй = log, X 
,logX , log x ЕХ || 
771082 log4 log8 7. log, X+ loga X^ + logs X? +... logs X^ 
я log xX | lgx | lgxX гүр 
71082 + 21082 + 3lg2 = = log, X + log, X+ log, X+ ... + log, X 
. Slog X+3 log X * 2log X z a 
TE он и =nlog, X log, X 
ade OER Answers of Life Applications on Unit Two 
~“ log X= 6 log 2 = log 2° = log 64 
X= 64 п 
(14) ~ log, 3 x log, 4 x log, 5 x ... log, (п+1)=10 The increase in the length of the radius 
, Jog3 1084, logs х ЮЕ (1+1) _ 10 
7 log "log 3 1084 " "^ Togn = (223602 yk ( зэ2 ээр 
7. log (п + 1) = 10 log 2 +. log (п + 1) 10827 
“n+ 1 = 1024 лоп = 1023 = (27)$~(g) $= 1 length unit. 
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Exponents, logarithms and their applications | 


а о 
N=10° aay 
(1) S,, (The sum of the first 10 numbers) 
22(29-1)-2' -2- 2046 (1)1n2015: 
(2)S, = 131070 42 (27— 1) = 131070 The number of the population N = 10° (1.3)? 20^ 
д 2" -1=65535 ~ 2" =65536 = 371293 people. 
52" 2215 10:16 (2) When the number of the population 1.4 million 
| ^, Number of terms = 16 terms. . people 
1А x 105 = 10° (1.3) 779 
a азу 9" 14 
(1) f (0 2 70— 41og, 1=70 marks. Taking the logarithms to the both sides. 
| (2) (0) 9 10-4105, 8 = 58 marks. / (12010) log 1.3 = Jog 14 
а ^. t-2010 « 10 7. te 2020 
(1) f (0) 285 —25 log 1= 85% а 
2 -85- 4691 
(2) f 3) = 85 - 25 log 4 = 69.0596 "n 
(3) f (12) = 85 – 25 log 13 = 57.15% Я 
s Msi s 101, = tog (1.5 x 10262 
[5 | а ^ Я э 5 
(1970600) = -pg х 3600 = 360 pounds. їе. The earthquake scale on richter scale = 6.2 
(2) f (8000) = 1% 8000 + 100 log (8000 —4999) | (2) When the magnitude of the earthquake (M) = 8 
= 1147.7266 pounds. EET log + я. i =10° 
8 
[5] 710i, 
(1) (РН) = -log 107? =3 log 1053 Le. The earthquake intensity = 10" times its 
( 2) When the (PH) = 9 reference intensity. 
у. 92—log (H*) ^ log(H*) 2-9 т = 
2 H*=10°° 
й „ | k=, 0.9)" ^o k, =k, 0-9)" 
ѓе, The concentration of the hydrogen = 10 л 4 Ы 
саа 20А = (0.9) 
п Taking the logarithms to the both sides. 
(1) ais the initial number of the population +n is ће | +. п log 0.9 = log 0.4 ^ne = La =9 years 


number of years. - 
<. The number of the population after п years ш 
ss (1 Ad. y =a(1.07)" Let the primary sey of the machine A, 
хАА,0-т 7 


^. The number of the population & А 
After 1 year = а (1.07) When the machine stops working 
n ВА, =А, 0.95)" 
( 2) When the population is doubled 7100 ^, 7 ^, V^ 
^ 2a=a(107)" s 2=(1.07)" 2 0.6 = (0.95) 
Taking the logarithms to the both sides. Taking the logarithms to the both sides 
-. n log 1.07 = log 2 г. n log 0.95 = log 0.6 
^ n= 10 years. <. næ 10 years. 
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| Answers of "Unit Three 


Limits and continuity | 


Numerically : 


r 


| х Eoi Eom од —[o — | 0001 | 001 | 01 
Exercise (17 [rox] tee өрд iom — -2| — ime] iem -1.99 
5 ды 2-2)=-2 
Multiple choice questions ро) 
(1)е (2)а (3)d (4)c [3 | 
(S)First:a Second:c Third:d —Fourth:d'| ( 1) undefined (2)3 
(6)First:a Second:b Third:d Fourth:b | (355 (Adoos табай 
Fifth:d Sixth:b — Eeventh:a 
(7)Firsi:c Second:d ‘Third:d  Fourth:c ш 
Fifth: d Sixth:b Seventh: b Eighth:b | (1)! (2)2 
Ninth:c Tenth:d (з)! ( 4 ) does not exist 
Essay questions [5] 
[1] (1)2 (231 (3)1 
[x [isis [i59 [ — [2 [—— [200 [201 | 2 (40) (5315 ($213 
[rooliss [iss [13995 | — | 4 Бан 161 
^pimfoo-n (1)1 (2)-1 
Е 3)3 ( 4 ) does not exist 
L2] 
(1) Graphically : п 
"Ва -325=-3 (1)2 (21 (3)1 (4)1 
u 
( 1 ) undefined (2) = (3) = (4) == 
a 
Numerically : (1 ) undefined (2)9 
x [19 [199 [1999 | — [2 | — [2001 [201] 24 || 327 (4) does siat exist 
1oo|-42|-491-4997|— 5 --|-5003|-503|-531| ET) 
a pim (I-399—-5 ayı (2)1 (3)4 
(4) does not exist (5 ) undefined (6)3 
(2) Graphically : 
2 Lim (x?-2)=-2 (7)3 (8)3 
х-0 
І Higher skilis 
MO (2)(0 (3)@ (4) (а) 
у (5) (6)m (7) 


UNIT 


Instructions solving : 

(1) Notice that each of the figures (a) » (b) and (d) 
contains a jump at X — 3 therefore the limit of 
the function at X = 3 is not exist 
But at figure (c) there is an open dot at X = 3 


therefore the limit of the function at X — 3 is exist. 


(2)Atx— 0 
^; The chord AB — length of the diameter (2 1) 
Le. y — 10 

(3) Ara— Ж ху-- 008007 


be. y— 1012 


(4) -: The curve intersects the X-axis at X — 3 
=. The curve passes through the point (3 50) 
» 77 the function is polynomial 
Lim f 09 = zero 

(5) ^ The curve intersects the y-axis at y = 3 
7. The curve passes through the point (0 + 3) 
s 77 the function is polynomial 
2 him sog=3 

(6): Lim год = Lim, ro Lim f(x) 
"12z-24a а=3 

(0) Lim feos Lim ух) + Lim у(х) 


іт /(х)--3-1--2 


2 All values of a E} 1 +3] 


satisfies Lim 1(Х)--2 


7, The greatest value of a is 3 


| Exercise | 


Multiple choice questions 


(1)c (2)b (3)c (4)a (5)е (6)b 
(7)b (8)b (9)b (10b (i)a (12d 
3b (4c (5d (169b (7с (18)b 
(19)с (20)с (20 (2b (23)4 (24)с 
(25)а (26)а (27)а (28)с Q9)b (30)4 
(Зра (32a (33b (34)с (35а 


Essay questions 
[1] 


(1) Lim &-9 G5 _ Lim 


pim So = Elm +5) =10 


im @=3) 65-5) |; -— 
Е CON mess 


" x? Lus 1 
(33 15 dao xc 


Lim 50-2) 
5—2 40-2) 


--41 
2 


(4) 


=5 
4 


400-4) (X4) 
(x-4) 
2(Х-4) 2 


i 2 
(6) 6 xL xu 


(5) Lim 


х—-4 


=Lim 4(x+4)=32 


x—á 


(7) Lim C*30* D. pig x«t 
x——3(X-3)(3) X—-3x-3 


ү х(х-2) х 2 
8) Lim — — = Lim -2 
( ) f & Deep х-2Х-1) 3 
(9) Lim X-90 D. pig x-4. 5 
х---1 (Х-2)(Х41) x—-i1x-2 3 
Lim 2Х-1)(Х-2) Lim. 5. 3 
dorm aD хе (X-D=-F 
(Lim. -X-9 __ Lim =) 201 
x—9(x-9)X«9) *—?x«9 18 
(12) Lim GX*4(X-D. Lim 3X44_ 7 
*— духаа) =r Xl F 
Lim 4X-3(4X*3 Lim 4Х-3 4 
03) 2-4 2(4Х-3)  х-1 3 
(14) Lim GX* D(X-9 Lim 2X41 _7 
x—70x43)X-3) Х-533 2Х-3 9 
(15) Lim (X-3(X*5) _ Lim Хэ5 _4 
*—35(X-3)X«3 7*—35(x«3) 15 
x-2) 2x4) 
Lim — ——— — 7 
(16) rim 3(X-2)( X42) 
=Lim Х2+2х+4 _ 
х—2 3(X«2) 
(X*2-2)(X*2*2) Lim X+4_ 
со Lim X(X«1) Tx xer t 


-4X _ Lim 3X(X- 0 
шшш э 5x 


Q2 «0 [x+ - Cx 2) « 1] 


(4) Lim 
SOS 2Х(Х-3) 
= Lim (®+2Ў7-(х+2)+1_ 
жээ 2x 


(5) Lim GC -49 9855) 


х—2 x-2 


= Lim &-2 289 
x-2 


= Lim (x42) (X? 5) 236 
c» 


(6) Lim (x-2y (x 2 
nin (х-2) 


= Lim (x-2)(x+2)?= 


(7) bin АЕ 
x (x-1P +2(X-1) 
abima М — 
77! (х-1у[(х-1#+2] 
= Lim = - 
“ЖЭ гарааг. 
(8) Lim, CERES 
(X2) (X -2) 4) 
= Lim 1 521 
шык = 22 
(9) an d a Lim Үх+4 7 
е9 (їх- 3) х х+3) ^ i: х+3 9 
(10) Lim m 12802320. Lim эн... эв 
ох 2Q«X *—92xQ«X» 
Lim | -! 


= х—0 242^ 


(1) Lim Х%(Х-2)-6(х-2) 
Wee (Х-2)(Х-3) 


= Lim X-207-0. 


(6-2) X -9. Lim х?- 
x—2 (X-2)(X+3) 


(OX—317X«43 


att аа ла 
az Lim 34 Lim Sy 8 +3 A 
Lim X!-3X-4 Lim (X*D(X-4 
аз) tim, = FD GC D 


Lim X-4 
Sx XT =$ 


Limits and continuity | 


-—— 3——) 
(х-1)(Х?+Х +1) 
( х?+»х+1-3 ) 
(х-1)(Х?+х +1) 
(Х-1)(Х+2) ) 
(х-1)(Х%+Хх+1) 
im. X*2 
E харх 


Li 


x} 


8 


pur 


* We use the long division or the synthetic division 
in each of the following. We divide each of the 
numerator and denominator by the factor which 
gives zero » we get: 


(1)Lim &- 4) (х*+4х+1) 
шан х-4 


= іт (x?«4x41)233 


(2) Lim (x= 1) (x72 +x=1) 
х—1 (X= 1) 4 2) 


= Lim X*ex- 
Я X42 


»- 


im X(X-4)(X7+4X-5) 
сз) Lim a 


- Lim х(х?+4 x—5)- 108 


(4) Lim (х+2)(2х?-Х+2) 
х—-2 (Х+2у(х?-2Х+4) 


LUE риа 
X-3)(X42) ?*—-2x-3 5 
(6) Lim &- D'X-3. Lim X232-2 


EU ой ях 


EP im (5-3)((5-3) 

9 x-9 (Yx +3) 
Lim | X-9 -alim 21 
"7? корз) 9 {х+з 
Lim 01-2) ([x-1«2) 
(x-5) ([х-1+2) 


Lim Х-1-4 
5 (х-5/(х-142) 


=М l 2.1 
T ф-т: 5 


1 
6 


к 


= Lim &+) @х+з+2) 


x—-17  X45-4 00 
= Lim, [+5 +2) =4 
({з-2х-үз)({з-1х+үз) 


(4) Lim 
= х(үз-2х+үз) 
-Lim — 6-20-3 
x—9 х |үз-2х+ўз 


= Lim =: 


x—9 ¥3-2x043 i э 
([2х+9-3) (/2х+9+3) 


(5) Lim 
U^ хүхжи((2х +943) 
» Lim 2x49-9 
imde х(х+1)({2х+э +3) 
2 


„п EET 
A7 x+n ([2х+9+3) 3 


= Lim x (fx 23) 230 


5H (х-3) (x+2) (5х-6+3) 
ЭГЭЭ ([sx-6-3)([sx-6«3) 

(x-3) (¢+2) ([5х-6+3) 

z= ^ 3X-6-0 


im (Х-3)Х+2)({зх-6 +3) 


ды 5(Х-3) 


(+2) ([5х-6+3) 
5 


(a) Lim ИЕ)» ix) 


TT ах(Ї1ех«ү1-х) 
= Lim -06Х)-01-х) 
T7? эх(Їехэү1-х) 


ОНЕ — 
1 - 


1 
759 Niexefi-x 2 


(9) Lim . 1) (3x-2 +x) _ 
x * ({зх-2-Үх)({зх-2+{х) 
„лш GX-D(f5x-2«dx) 


x—1 


$x-2-x 
= Lim C-D(f5x-144x) 
wes 2(Х-1) 
= Lim Хэх-т+үх _, 
—( 2 
ao Lim, E it 
+1 {хї +з +з 


= Lim, X748-9 
хөл (22 +3) 
Lim 0+0 5-1) 
е9 (xen (+8 +3) 
= Bim, 31-24 
Т8 +3 3 
ац Lim a-v (2+8 +3) | 
ON (23583) (2+ {хї+з) 
a 29 (2+ 33253) 
a о 
Lim 9-20 (2+ 1233) 


c7 0-303 


=х 


Lim 


= 


(1-2) (I1 2) (2+1) 


ҮЭ (еза) (fer 52) (8-5 т) 
m Gri x21) 


ТЭ (х—2-1у({х+1 +2) 
ЖЭ 1x -241 n 

ЖЭ Хэр: 4 2 
(24-5х-2) (24 5x2) (8x5) 
(3x5) (5x8) ([24 5x +2) 
эгч Q4-5x-4 (3x +5) 
*7* g-x-s([2:-5x +2) 
= 5@-х)(3+{х +5) 
775 ч-х) ([24-5х +2) 
s(se x +5) 
TM {24-5х «2 


(13) Lim 


275 


Limits and continuity | 


EIE ESO Higher акна 
э (х-/х+6) (хх) u 
«fin epe) (119 (28 (32 (4) 
x-x-6 
_ Lim G-3(x«Yx«6) Instructions to solve KB : 
cos Е 
5 «X392 
: ) x(roo*1)2 109 x? 
= Шт Х+{х+6 „6 2 
xX—3 фа 5 XP OO+X=f (x) +x? 
n ИМ -«XfQx-foosx?- 
а у 
Lim LM = | (has an existance) ^(®-1)/09=х(Х-1) 
/@-5=0 «fes арор ХО 0 x where x 1 
Lim f 00=/ 0) = Lim fog=1 
2 г Lim 
= [3] А (2): Lim Imx*k-3. exist and equals 2 
Het 5 £00 =X?(g бо) : 
LÀ › 7 the denominator = 0 at X — 0 
(1) Lim /(0)-0 
x 7. The numerator =O atX=0 /|К-3:К-9 
2) Lim 709. Lim x (oo) 
(2) xo x 7x—0 Xx — же Lim EE 
= Lim x(g( 
Hy x(e 5) ‚_ ((тхх9-3) (fmx+9+3) 
= Lim xx Lim р(х) =0х5=0 Баж 
айыы ЗИ ({mx+9+3) 
[1] : 
Lim. тХ»9-9 .5 
Qe n (x-a) i Е 
Jim, PROP на. s Him (х-а)=4 “ГЭ (Гато +з 
can ams хт т „у .m.5 
Tong п х+9+3 $ 
єр х?+ах+ь т=12 m.p. 
= эмн 2 5—1 cists and equals 5 k M 3 
» ‘© the denominator = zero at X = 1 Gys 2 Lim fog-s Lim goo a) 
^, The numerator = zero at X = 1 Lim уд + Lim goos6 (2) 
^^ 1+а+Ь=0 b Itiplying (2 х 
2 * iti " 
„ Lim Х?+ах-а y multiplying (2) by 
Жэн = 5 Lim у(х)-5 Lim рх) = 30 (3) 
. Lim 02-0 +(а x-a) _ 
“xl 5-1 x +» solving (1) and (3) : 2. 7 Lim у(х) = 40 
я (X= 1) (X41) *a(X - 0) 
s bim 0-1) =з ABI rope 
im X-D GC La) ine i я » =2 
х Lim Бин эхийн + substituting in (2): Lim g(x =6~ 39 = 2 
;. 2+а=5 ^, в = Запі hence b =-4 у; гоо Lim у(х) а 
- a Lim ш--1---ысүг20 
x EGO Li 
E Lim, орх? +40 X+ 150) = 6150 pounds. 209 Lin sun 4 


DIDIT | Ael) cad ou ct ot, wn | 81 


UNIT 


Lim 2X^-n90 «8-8 


х= x-2 


: 
Lim 2Х--800. 
(4) x. 


x—2 


= Lim 2(Х-2)(Х-2) 


Lim 200-8 


x—2 7—2 x-2 


(x-2) 


mE Fee im 2100-8 — = 
+) pin Sy 8-7а1 


(1) Lim 


(X—5)(X+1) 72 
Em | 


(х-5)(Х-1) 


-Lim[ 


х—5 


mT- 


(4) Multiply cach of the nymerator and denominator 


by (- X?) уме get: 


= Lim (X- DO X^ 5x5) 
17! (x-0D6X«4X41) 


= Lim 7X74+5X+5_ (7 


зээлээ хэл 9» 


(5) Lim (tan X—3) (tan X +1) 
100—3 (tan X— 3) (tan X— 1) 


= Lim unX41., 
~ aX —=3 tan X—1 


(6) Lim (cos X— 1) (cos X~4) 


Xx—*0 — (cos X+ 1) (cos X — 1) 


= Ы м онх 4.5 
X—9-(oX«Dn 2 
X-8 .Lim Х-8 1 


Lim 
(7) Im. r 


са 


= xes X8) x 16 


Lim X?*3-4-2(x?- x3) 
“ОЧ! atas (583-2) 
-Lim -(х-1)# 
x(x-1) (YF +3-2) 
„ты 000) (хэзээ 
77! х(фа+з-2) 4333322 


-(х-1)({хї+з+2) 


(8) 


х(х?-1) 
= Lim — (122+ +2) 
V хи 
Ехег 
СЕ Multiple choice questions 
(1)4 (2)d (3)d (4)a (5)а (6)d 
(7)а (8)c (9)b (10b 198. (2c 
аза (4)c (5c (19e (12d (8d 
(19)с (20)4 (21)Ь (22)ь Q3b (24а 
(2555 (29a (27)b (28)4 (29)4 (30а 
Gb (32)b 
Essay questions 
a 
2-7 _ ža 
227555 agan 
(2) Lim X*-C9* ас 58-1- хор 
xs 0Х-(-5) 1 ч 
(3) im 


" 
(T) xim, 2-264 
x—-2 3(x42) 


x—--1 


-4х6х(-27--6 


- Limits and continuity | 


. 
(9)-1x Lim X -(-1)х 
Voted 


QxP-CcC1) s 


(10 Lim ———— =2 


2х---1 (2Х9-(-17 6 


x-a 


a) Him 85 


(2) Lim 
£m 


--10y*- 


(2x) -ea — 


9 q49-- 
я” = 


16 2—1 3x-1 


x9 29 
1 MN A So 
09) Lim x 3-7 


ш1х10(2/-5120 


Lim 57-07 
со (3 Х45)(Х-1) 


a+" -0)^ _ 10 (3. 10 
qm Em, (exy-üy T qued 
Lim (X-5'-ü» 


270527 
G-51— 1 (x-5)- (0) ay 


(2) 


UNIT 
| 3 z ян 
| 
ї X43) -a»* 
(3), Lim StD -U 25 (14-5 
| 12:25 (x«3)-() Su 
5 5 
(4) Lim 0+2 =5(2)*=80 
zl Lim (3+0) -3* 3 
ais 4 x4 apa 
(6)4 Lim (+4 (1) 
— 4h 
=4 Lim О) зе 


esni (1+4) - (1) 


0) 2 Lim (1-27-15 


-2Х 
Lim (1-2xX-r 
1-231 —1 (1-239-1 


3b -x* 


3h 


| (8)3 Lim 


3. Lim (X+3h)-x 
(x*3h—x (X*3h)-X 


15х* 


23x5x*z 


-2 Lim (X-28"-x". 


cs bim. „520-2 


Gx«2/!-c1 
Gx«2) 


3 
lim Yi+3x-1 


х-0 3x 


Lim 


axe2—-1i 


(10) 3 


(11) 


(01432 
a 


Lim 


(143% —1 


" 
27 


Ш 
EM 
x 


E 
26+х-3 


(12) Lim 77 


—1 26+х- 


1 4 
(26+ Ху) -(27)3 


(26 + х) – (27) 


Lim 
| 7 Q6*x—n 


(3) Lim (х+25)%- (эз)% _ 


2 x16 
zx 


-3х9(-1/-27 


-1 1 


i 
i 
x—3 7 (Х425)-32 10» 


Lim Q- -C 
-a —-2 (x-4) - (2) 


[84] 


(14) х 


= (5) xa =80 


m .(Х437-1 
—-?2 (X= 2) (X+2) 


(15) 


x Lim +3*=1 


= Lim те ——— 
(к+зу——1 (Х+3)-1 


х---2Х- 


x5x(D*--3 


(16) Lim 
x} x 
ГЭ? 8 (yt 
sLim X— (0, pig X*-O* 
pause] х-1 х—! X- 


=19 (54 8 (1)! 227 


an! Lim X +1+х?+1 


-1 х! 
s Lim XEY ү, 
ХОС: Xo tiim 


=7(-1)°+9(- 18 = 


з 
(18) Lim Үх-1+{х-1 
хоо 


х-1 

igi twt 
=Lim 093 -(D. 4 Lim 69-1) 
х—! x-1 х—! x-1 


$ (271416 
QD Lim Жүгү ce 2) 
42 (2х3) –(-3)* 


3- 


Lim 
(2х-3)-»-3 (22 


2-bx2x5(-3f--135 


Limits and continuity 1 


NS $ 
Beni xi-q х3-0) 
a pax. 15 (- 02 15 (Typi эр 


ixi-4& 
15 +хү_ 
(8) іт z (155) Ч 
хо ow [G 1+х) 


0 


rex)" | 
=1x Lim 21-Х 
х—0 1+хү oa 
1-х 
х---0 SEX La 


| (9) Lim 


х—1 


Lim — 
x—1 (x-Do^«n 


=Lim —l 
х—=1 x*41 


Lim (Х®-1Ў#_ |, x?-1 
(4) лт 60-17 x ) 


H "Hz 
3120) =6 


5 
ай : (224 Ю х А 
(6) Lim [XS x жле. TX s T qeny-i 
—31* (х?-8) 
2$ Lim 9450-00 
Tussy—i (052-1 
x Lim (572-1 


047xI—1 (14739) C" 


2: 


-40007х40)7-3 


2 ____ 2 


А -œn -at 
1 Х58-2 сүх х apis ©* 0-а 
(3) гіа x xin (0+ 32—243 к=з * 


1 n 
(x«0)* -a»* 


4 
= Lim («93-0 - Lim 
(x*8)— 8 (Х48)-8 


x Lim .(€*9-3 
(x*3)—3 (x43 -3 


l9 з у 


2 i Gx-5-1 


x2 (10) 
3 вх-9-41 вх-54-1 4 
= 4 x yt су? 
= 10)? «2 3-40 - ene = 02 
$0" MFRS we Sahin, 0с-1)-10 
bool 
(х1-37-1 А 0-0 5 1.1 
(5) bim хуя 0*2 ЗИ 76-00) E5879 
“ЭР, 
= Lim (D Lim 3-9, 
ix-3 —1 х—1 Х-1 
и п 
=5 (1) x4-20 + Lim К 149422 


Lim 4X+5)°-1+7X+7 Lim x*«x-105-x*4x*-16 
5—2 X41 Ga “хэр 7-2 


(6) 


= Lim 6X*5'-1 
жж X41 


= іт х|ёа5 41, Lim X*- 16 
x—2 x-2 x—2 x-2 
" 
=4 Lim X15 -1 + Lim 7 (X41 
4 х—--1 


m ЕЕ FT = (Lim x*) ( Lim 002-0) 


x—2 х-1--1 (X-D-1 


5 i (4 X45 -u EE E 
m m (4Х-5)- n * Lim X 2 
x—2 x-2 
aa! 5 5 
SERED RIS 216x6() +4 (2) = 128 
(7) Lim @Х-®°-1 , Lim 4-4 
Ын. 


1 x—1 


x i б6х-4)9%-(1)® iig 4-0 
SP бх-0-0) "E np 


= OT NA К. 
хань лийн =(Lim x) (13m, 2295-0) 
ын 
(8) Lim х+1- 


Үхэї-1 pin Чхэл-1 


2Lim z bis ——*— 22x х(8)3-1+2х5х25-1 = 162 2 


(86 ] 
—M AR течение | 


=  Q;dáéq 


Multiple choice questions 


(1)d (2)b (3)d (4)d (5)а (6)c 
(7)d (8)c (9)s OOc (Dc (12)с 
(13)b (14)4 (15a (19d (72a (18)с 
9d (уь (2)b Q2b Q3d (24)с 
(25)с (26)с (27)b (28)а (29)а (39d 
Gib (3285 Ge Bc 
Essay questions 
п 
(1) By dividing both of numerator and denominator 
byx 2 i ; 
Lim -2 
=— 3.4 3 


by x? 


Бух 


(4) By dividing both of numerator and denominator 


4 
4-2 
х 22 


т” 3 


by X » we get : 


x= 3- 


( 5) By dividing both of numerator and denominator 


5-6-3 
Буд? swe get: Lim - X „-3 
x—- 324.144 2 


(6) АХ — w 
A ae 
x—- Х?+1 


By dividing both of numerator and denominator 


+then | X|—— X 


2 
l= sy 

Бух? > we get: Lim zl 
ещ ba 


Limits and continuity | 


(7 ) By dividing both of numerator and denominator 


6 
A -4 
by X? »we get: Lim x =it=4 
хон $- 1 
(8) By dividing both of numerator and denominator 
4+5. 
by X? » we get: Lim Tm -4-4 
* ga 22% 
x x 
(9 ) By dividing both of numerator and denominator 
La 
3 
by X? swe get: Lim | =e 
x—7 4--54 = 
х 2 


(10) By dividing both of numerator and denominator 


(13) Lim 
x—- 


(14) At X ——— > » then |2 12 —— (2 30? 
. Lim 5-40 «2 
Ux 25x83 
By dividing both of numerator and denominator 
5-4 +2. 
ах 5 
x—- 7 8 
+48 
x ЭХ 
05) Lim (х7-5Х141)- өө E mcm 


(16) Lim [Vx «sxe Tex] 07 + 
Хорь 


ал) Lim (5+Х-Х?у=5+=-® 
= unspecified quantity 


by X? » we get : 
хэ 


шэөх-1--ө 


( 1 ) By dividing both of numerator and denominator 


by X? ‚ме get: 
TA 3+5) (2+2) эхэ. 
СУДЫ 


Lim 


by X? swe get: | 


(3) By dividing both of numerator and denominator 
5 


by X? „мере: Lim Х 


= EVE) 


(4) By dividing both of numerator and denominator 


by X? swe рег: Lim 


x 
аж 
(6 ) By dividing both of numerator and denominator 
5 
2 4- — 
by X? ме get: Lim xn 
шин (8-35) (5-3) 
E PE ENNE AOA 
(+ 36-90- 
1 (1+) 8-1) 
(8 ) By dividing both of numerator and denominator 


by x= (х? 


5 


Lim 


x—- 


we get : 


«s 


(1) (3+1) 


we get : Lim b Me CM -i 
хэс» 4-3 
х 
(9 ) By dividing both of numerator and denominator by X ? » 
6 3-4y 
we get : TP X х = 69 =2 


(10) By dividing both of numerator and denominator by X › 


21 


weget: Lim 
— 3(1+ 
Px-2 2 
C3xT 3 


(11) By dividing both of numerator and denominator 
by xí 2 (x? , 


22: 


E 


( 2.) By dividing both of numerator and denominator 


"Em 
by X we get: Lim == 
Lid 


( 3 ) By dividing both of numerator and denominator 


— А 
Бух= үх? swe get: Lim * o -£-l 
За: 
“хх? 


x=) x »weget: Lim — 


х=» 


(7 ) By dividing both of numerator and denominator 


вух= =, 


by а =, 


we get: Lim 
x—- 


(9) By dividing both of numerator and denominator | 


by х-(х-Үх , 


m 
we get: Lim 
х= 432+ 4, 


(10) By dividing both of numerator and denominator 


by үү, 


з 


we get: Lim 


х. 6 


(11) By dividing both of numerator and denominator 
by үх , 


we get : 


Lim 
x 


(12) By dividing both of numerator and denominator 
by х=, 


4.3 


we get; Lim —*=$ 
x—- 2 


by үх =e 


Lim 


х=» 


we get : 


(14) By dividing both of numerator and denominator 
һух?=хүх?, 


we get: Lim 
х 


Lirnits and continuity | 


(1) Lim 7+ Lim ——; 


x—- x—e (X 


(3) Lim $- Lim 
ах 


35372 «ухх 


Lim .X*-2 
na. 
ара: 
xm уха +{хї+х UT +х 
52-1 
= Lia — = 
x—- 
1- xi хү» х 


(7) Lim {зх?+1-{хї+1 
х=» x 


= Lim =?! 


x—- 1 


(8) Lim (3 *5x-x) («sx +x) 


=1 


сэн, ({хї+зх +x) 

im Xis5x-X!. pi 5x 
-Lim = іт 
х—=={хї+зх+х X= үх2+5х +x 
niis Е: ТА 
Lm 1+1 i 


[es | 


(9) Lim Х@#х?+1-эх) (fax*«1«2x) 
(ax? «1«2x) 

Lig MX 14x x(4X^«1-4x?) 

= Li 


х—= (faxerenx) 


x—- 


(10) By dividing both of numerator and denominator 
by x 2 x5) (X3 (Хх?) x55 › we get: 


ay ax ^ 


*xr 
xr 
хз (2- iyxx"( 2:3) 
x7 (1+ 1)хх"(1-32:) 


(2-4) ee 


суха» 


* The limit is exist and equals 3 
+ The degree of numerator = the degree of denominator 


. Lim 4аХ?-4х+5 _ 
x—- 3-9x«8x? 
By dividing both of numerator and denominator 


20.2 


by X? » we get: 


и 


im 
ae, eet ES Ly (1- 


SY аха? 
=32 


(11) By multiplying both of numerator and 
denominator by their conjugates : 


@х+ї-{х-ї)({х+т«{х-1) (хех) 
HER (fixe ax (cen t) fnt i) 
(х+1-х+1)({4х+1+{зх-1) 


= іт 

777 axei-axen(qfxereyx-1) 
= Lim Ї#х+1+{%х-1 

x—9 уху 


By dividing both of numerator and denominator by 


4X swe get: 


(1) By dividing both of numerator and denominator 


Lim ({ax?+3bx+5- Gax?esoxes-2x) 
news 
„Чах*+зьх+5 42x) usas 
x esp xS +140 *3bX4542x) 


= Lim &X^*3bx45-4x? 


Rm fax 243 bx4542xX 


* The greatest degree at denominator is 1 


=3 


2. The degree of the numerator = 1 
хах?-а4х!-0 ла=4 
3bX+5 


Lim =3 


х—= fax? +3bX4+542x 


By dividing both of numerator and denominator by X 


39.3 
х 


384 
Lim -2-ах2 2 
х— = 3-bxex? 
а=-5 
m 
3 
29560-22 7420-10 1542 
3+25+(-2) 
Lim P+ 1—(aX+b)(X+ 1) у 
хэээ Хаф == 
Хх?ї-ах?-(а+ь)Хх+1- 
хөр 00 


+ 7 the limit is exist and equals 2 
2. The degree of the numerator 

= the degree of the denominator 
2 Х?-аХ?=0 ла=1 


:a4b-2-2 


^" The limit = «e 


2. The degree of the numerator is greater than the 
degree of the denominator. 


с a@+1=zero 


»7-1 zero 


Higher skills 


(1) By dividing both of numerator and denominator by 


"EL 
x7? »we got: Lim Хш -l =4 
ey? 

x 


Limits and continuity | 


= Lim =405 


оз ( 
(4) Multiplying by the conjugate » we get : 


Lim. (5953-2) (BT) (f) 


TOM х2+2+х 
soo 2- xS ((х741) 
2 ——— o 
== 4x22 «x 


" 


( 6) By dividing both of numerator and denominator 
by х{х={ xs 
54-16 -341-4. 

* ДУ | x zi 


weget: Lim 


x—- 


(1). (2)а (3)а (4)b (5)b (6)c 
(7)d (8)a (9)a (10b (Dc (12c 
3c (14b (15b (6c (17c (а 
ad (20d (21)Ы (22)4 (23)а (24b 
(25)с (29b (22a (28)а QS)b (30b 
Gnb (32a (33e (34)с (3554 (36е 
(37)b (382 (39a (40a (4D)b (422 
(43)а (44)с (45)b 


ETE Essay questions 


(9) Lim 
x—-o 


09:15 - 


(11) By dividing both of numerator and denominator 


4 lcos X 1+1 

Хэм : Lim ——.——— 

By X wo get х—-0 sinX «cox 1х1 
x 


xa sin 3X 


: х 3 
Lim ——*+ = 0+) „3 
аз xum Scos2X > 5 


(14) Lim 
x— 


Lim 
(x-3) — 0 


(18) 


(19) By dividing both of numerator and denominator 


sin 24 X 
CX o x*056x 


by weg: Lim тылу 
x 


Cy хоов2А Х 


— ———— Limits and continuity | 


sin? X 
xi (13) Lim 
(3) Lim а) 
*—0 tan 2X 
x 
( sn y (14) Lim 
= 
= ie EX -4 i 
(2525) 05) Lim ( 2 -65 
Xsin2X 
Xxx 
(4) Lim sax пая (16 (Lim 
x x Em 
(17) Lim ( 
x0 
+ Lim 
х—0 
(18) Lim зах 
eO» 
x Lim 
x 
ma6X  sin(-3 
: Ж x 8--3 _ 9 
09) Lim сизая = 141 3 
Q0) Lim sin x (Yx «2 +2) 
em 


(9) Lim 


х—0 


(10) Lim 
х—0 


„ыш sexcxezre n 


х—0 (x«2-2) _ 
PS BP «Lis (brenda) 
242 


Lim 80-9 , 
(х-2—0 Х-3 


(21) 


3 (1 - cos X) 


x =3х0=0 


(1) Lim 
х—0 


: - (1 -cos X) x^. = 
(2) Lim (ЖЕЗ «2 )ндэ1)30 


(3) Lig 


im (1-с663Х cox 4X 
(4) pim (E, Ss) 
= Lim 3/1799320), Li 1-оз4Х 
sims 3x )+ dim a 4х 
=0+0=0 
Lim ( sinX, 1-cosx)_ = 
(5) Lim (555, 1:25Х) 1«0z0 
(6) Lim Х@ cos x) 
T9 a 3:56 
( 2 1-cos X 
=L х -4х0- 
на: х ppes 
Lim зийзх _ 9 
(7) x ӨВ. 
ї 2 
(8) 1455 4-16 
inl x 
(9) Lim 30-со 43) | Lim Зах 
TN) ax? uu зл 
23 Lim (хү 3 = 
-3Н5 (miu peces 
Lim tnx _ Li xy 
ao) fim SX = Lim (нах) 
Lim ( (1009 Х) | (14 cos 3) 
an Eis ( x о) 
ac l~ cos? x 1 
= Lim (IE) 
= Lim SX y vim 1 ра 
хэ 2 EE eax 125 
$ 40-со8Х) x? 
(12) Lim (20-689), 
Lim ( x) 
= Lim (40-999, їжснх „_Х? ) 
em P 1+е®Х sin? 3 x 
i Asin x 1 x? 
= Lim — 
Es x) тех даах) 
=4х1х1=2 
4х 3х9 =5 
im (1с602Х ,, 1+с082х 
13) Li а А. 
3) Lim ( xi ^ pecs2X Хз) 
2 
= Lim (1592X , 122233) 
х—0 x? 1+сз2Х ” tan 2X 
X3 sin!2x 1 х 
= Lim ( x? sax mix) 
ye eee: В 
=4х2х7=1 


) 


(14) Lim 19832 
= Lim (1-983 X 1зөнзх) 
xo um 2x 1 #0083 X 
e" 
zLi зї 3Х 1 
изя) 
$a 
27 8 
sin 5 x 
Lim sinSxX = Li Xx 4 
(1222 зл" ЕН asx 73 
x 
(2) 238 х 
=Lim 
х--0 


(4) 


(5) 


(6) 


(7) 


(8) 


Lim ——94— 
*—540 sin2 Xx tan X 
x 


6 
*Sin2x * 


Lim _sinx 
х—0 sing X 


Lim X 
x9 


FEJ 


Lim Xsin3X _ 
<9 23022 
9 tan? 2X 


Lim 
-go 


Lim заХ i 54 
a9 Ч big шээх” 
x 


(1) 


Lim  sinu—29 
(-x)—0 -0t- X) 


8 — |o |,—  — 


— Limits and continuity | 


Lim ша(Х-7) 
02) око xz) =! Higher skitis 
п 


(1)(d (2)(с) (3)(4) (4)(0 (5) 0) 
Instructions to solve KB: 


| 
(1) It is possible to use the given values of "a" to 


deduce that the limit = | ata=3 


= Lim (—хсзсх) 


as Lim sin (1-70) 


T-X 
= Lim 50170-0 д А 
шахаж 1-х 2 "Multiplying numerator and 
(16) Lim —2 x denominator by cos 27 
x*«n—o +1 х 
(ре) _ Lim  (osX-sm3) | Lim 1! .4; 
= lá =: x— 4 cosX(cosX—sinX) *—-Fosx < 
«к+—0 эш Ж (1+Х) х А " : : 
——— (4) Lim sin 7-5) _ Lim < =) 
-tan (-7 x?) 
ai a> лол 
алташ Ч x cat ( F 2 x) 


a | (5 ) Dividing each of numerator and denominator by X 


(1)Lim НАХ: (2) Lim BX =2 sin X , sin2xX | , sin l0 x 
= ыс. xax X ещ x x x 
Bi i ; Lim 26 
sinx 0 *—79 шах, tn2X , tan3 X, үши0х 
(3) Xa. “ЭР e peo x x X e x 
[5] a 
(1) Lim 5-9 а 


45, (х-5)(Х +5) : 1 
(1) By dividing both of numerator and denominator 


- Lim xis* Lim IgE ний | by tan2x » we get: 
гэ», Цэ, (56659 рат din, ний. 
(3) Lim [x-5x ui (2) Jim MEE Cm 
= Lim (Х-5)х мо Кы EN NL a 
-0x1-0 x pim r2 *(3)5-8 


(95 | 
MEME a ea a a 


sin 3 

+—* ]=4+3=7 
1 

3 х 


= Lim [— 


10 


(4) ыт, E 1-4 


(5) „да, 1 


Li tan (tan 5 X), ша5 X 
(6) Lim ( ton 5X - ax) 


= Lim 5am(un$3), pig 1805 Х 
tm3x—0 {ап5Х х--0 4х 


=їхД = 3 


2unX. )= 1 


4 
(7) Lim ( x 22-20 


— sin X) (1 + sin X) 
a ox 20) (1 + sin X) 


(9) Lim 


= Lim cos? X x 1 
х—1 -2(2-х) 1 +sin X 


¥-*)—0 -a(&-3y “T+ sin x 


| Exercise 1 


EE монро choice questions 
(1)First:b Second : а Third : d 


(2)с (3)с (4)b (5)b (6)c 

(7)c (8)b (9)a (10a Gc (12)b 
ü3)c (4)b (5b (164 (7a (18)а 
9)b (20)а (21)а Q2c Q3c (24)4 
(25)d (26)с (27)с 


Essay questions 
oa 


Lim 700= GP «1-10 
Lim 709 =3(3)+1=10 


2169-1069 5 Lim J= 


fG)- Lim fQ9-2x3-7--1 


y= Lim BIX- _ 
fG)= Lim P7269 „__| 
#13) =/ 8%) =-1 


> Lim f@)=-1 

а 

f()- Lim f= 
f) Lim 700-1 
7797) +30 

«. Lim f (X) does not exist. 


п 
f(0)- Lim f 09-1 


ы 5X+tan2x 
f)» pin, вах 


= м = 5+2 | 
Ow бах бэ! 
~fO=FfOM)=1 2 Lim 7001 


(1) Lim /(Х)-0-2--2 
xe 


Lim f= 
ч f 0e f (0%) 
E Lim f (X) does not exist. 

(2) f (1) = f (1*) = 12 = 1 (has the same definition) 
2 Lim /00-1 

(3)fQ)* Lim x^-4 


1(2*) = Lim 2x=4 
x? 


1 (27) =1(2*) ^ Lim f (924 
a 
(37) = 7 (3%) =0 ^ Lim 70 =0 
LEER 
m IM -—-———— 
XO т хетт 
х(х+1+ 1) 
и 
= Lim (Үх+1+1)=2 
97 (07) Lim -2Х -2 


x—0 sin X 


7f (05) = f (07) 


В, Lim f0022 


(Х-37-1. 


Mos жс "wan 
14) = Lim (X+2)=6 
x 
#14) =1 (4) ^ Lim f 09-6 
п 


7 Lim 709 =7 
re Г) =4+3т=7 
»vfQs10-k27 


ш 
м1(0)-1(0)-2 


210) =а=2 


— Limits and continuity | 


Y Lim|3x42]-14 ^|3a42|2 14 


23а42-14 


Lim 3x 


^x z’) шах -(3 үз 


) does not exist. 


х Lim у (х) оез not exist. 
x—XA 
3 
(294(2 )-3с-2-34 
of (= `) does not exist. 


Lim f (X) does not exist. 
= 


(3)f(7)» Lim £023 


v f022f(095-3 ^ Lim 709 =3 
[13] 
2, 1х2-6х+9 5 |Х-3| 
1(х)-Х == =Х°*+ хол 
Xi.) » X>3 
f= 
x?-1 + x«3 


1 (37) = Lim (x^41) 210 
x} 


2 


£@G)= Lim (x*- 1)-8 


> 18) #1 (37) « Lim f (X) does not exist. 


2X *21x| 
JEn 
1 
шин (x50 
feos 
»X«0 
X(X+2) .х»0 
” х 
(| xe-2 ‚х<0 
x 
x42 >X>0 
x-2 »X«0 


(Vieh | Yee Lap т | coded) OW me coy, вЫ | 97 


10:)-0-2--2-./(0)-0-2-2 


г (07у f (0*) s Lim f (20 does not exist. 
x1 


100- 


-X^*2 + X«0 


2 + X>0 


f (O°) = Lim (- X42 
хо 


: rz fiot : S 
г 10) = f0) > Lim 700=2 
I св 

1009-4277 


6Х-3т +X>1 
-(Х-1) «Х«1 


6X-3m › Х»| 


" Lim f CO exists. 
д ИГ) =” г-141-1)-6(1)-3шт лш=2 


(+ (0) = 


?-3x43 Xe! 


2х2-5х+4 »X«1 


(+a) (I= Lim (х2-3Х-3) 1 


Ug) Lim (2х?-5х+4)=1 
“+ 04720012 

х Lim [+в 00] =1 

ш 

w The function has а limit when Х=0 
of (*) = f (07) 


Р t ax = si 
Spa E E 

. ax Yx+4+2)_ з 
B Hs Lao E * 


ш 
(1)/(5%= Lim Үх-5-0 

f (57) does not exist, 

x Lim J (X) does not exist. 
(2) f (3*) does not exist 

3)= Li -X= 
Шер] Lim 3-Х-0 
ds Lim f (X) does not exist 


(3) f (- 1*) does not exist 


f= Lim 4х"-1-0 


x— en 
5 Lim f (X) does not exist 


120 


f(it)= Lim үх? 
xy 
f (17) does not exist 


A Lim J (X) does not exist. 


(4) f (- 27) does not exist 


f(-2*)= Lim (4-х7-0 
x (2 

5 Lim f (X) does not exist. 

f (2*) does not exist 


f(2)= Lim 4-x?=0 


л Lim f (X) does not exist. 


»f(0)- Lim ———7* — 
5—0" 1- (sin X+ cos ХУ 
= п — 8 V. 
X— 0 | (1+2 «in X cos X) 
= Lim Dx 26 


х—0' —2 sin X cos X 


17 f(0)2f(0)26 8 Lim 700=6 


1 *cos 


uar Tne! 
x} gmax ^ 14608 x 


sin? x 
—i sin? ЭХ 


x Lim 
х= 


1+ 605 X 


4 x? cos 6 x cot? 3 x 
x—o 2 


707) = 7 (0% = 
1 


= dig fite 


» X20 


* X«0 


Lim sin|X|_ Lim sinX 
xX- x 7х х 


„Lim silX| _ Lim СХ 
A^ x ХОС x 


2. The right limit е left limit. 


(1) 


cos | X | 

2) Lim coslX 
(02-58 TX 

„Lim cos|XI _ 
ЗЭЭР хал 


Lim 6056-Х) 
XN xa] 


2. The right limit = the left limit = 1 


Lim cos |X] | 
== Жр 


e 
Lim Тзес x-1 


Lim Мао XI 
X—- у 


Lim 
х—0 


x—0 


Tix 4 
х 


tan X20 


г: 
шах + 


1 
does not exist. 


Limits and continuity | 


[23] 


Lim (reo +200) 
= Lim (700) + Lim (609) =4+14=18 
s Lim (700 +8 00) = Lim (709) 
+ Lim (800) 
28410718 


^ Lim (/ 00 +в 00) = Lim (/ 00 +00) 


^ Lim (700 +800) =18 


(2)* 
(з) 
$ Lim f (X) does not exist. 
ШЫ (,xX*29 , зєхх-э 
-(Х42) 
Од = ++ охо 
(X2) 
2Х-1 »0«Хх«3 
1-х »-3«Х«-2 
=11+х »-2«Х«0 
2Х-1 »0«Хх«3 


(1) Lim f (X) does not exist. 
Lim, £074 


* Lim f (X) does not exist. 


EJ 


(2) Lim 1009-1-0(-2)-3 
Lim 1/(Х)-14(-2)--1 
хо 
5 Lim f (X) does not exist. 

(3) Lim 709 =1 
x 
Lim /(Х)-1 . Lim f 0021 
x—egt x—0 


(4 


Lim f (X%)=2(3)+1=7 
Lim, f (2) does not exist. 


22 Lim f (X) does not exist. 


{ (2%) = Lim 
cM 
2 
=$ Lim [ 
=2 
=з ai 
x Li 
(1х-5)-1 
såst 
373 
* 7 the function has a limit when X= 2 
2] @*)= / 2 
«40: zd: 
^» =2k ekz 9 


‘~ The function has a limit when X =3 
sfG)sfan 


2 
х Lim X *3X*b 12 
x—3 (X-3(X-1) 


з 17 ће denominator = 0 when X = 3 


-. The numerator = 0 when X = 
GP +а(3)+5=0 д =-За-9 


xen 
„ Lim &&-9 +3 +a) үр 

x—3 Qe3U-10 
х 83812 7a-185bz-63 


Higher skills 


(1) 
(6) 


(5) (с) 
(10) (d) 


(2)(5 
(7) 9) 


(3) (а) 
(8) (d) 


(c) 
(d) 


(4) (с) 
(9) (©) 


Instructions to solve : 


(1) 


(5) 


sox? х1(100)-(х2) 


^ bim (гоо) = Lim x*z2*« 16 


x—2 


+ Lim ro927 
7 The curve either passes through the point (3 » 7) 
or has an open dot at this point 


*/ f is an odd function 


^. The curve either passes through the point 


(—3 »— 7) or has an open dot at this point 


109 =-7 


=. The curve either passes through the point (2 +5) 


or has an open dot at this point 


*/ f is an even function 


+ The curve either passes through the point 
(-2 +5) or has an open dot at this point 

+ Lim, poges 

эс f is в polynomial function and. Lim Го) =3 

^. Curve of the function passes through (2 » 3) 


2. Curve of f ! passes through (3 » 2) 


л Lim 0922 


“х——у 


Curve of f (X + 1) is the same as the curve 
У (X) by translation one unit in direction 


of OX 


у Limf (X) =5 at Xx —+2 


5^ Lim f (X+1)=Satx— 1 


ie. Lim fixe 125 


, 
Lim 1700] -64 
xum, 


6) v id 
ee ? 09-4 
"Notice that : at X ——-—2 

* then f (X) ——= f CD) ie. f (X) —- 4" 


А 
_ tim 69] - 4 _ TN 
= Lim. pw = 304) = 48 


(7 ) From the graph we find that f (X) 2 X 1 
rg(X=-X41 


; Lim £09 _ Lim X-1 
Х-0168(Х) *—!-X«I 


(8) Lim уху = Lim [р (х) +в 09] 
х— 1* х—[ 


= Lim һ(ху+ Lim g(x) 
х1 


х—1* 


=-1+1 = 20го 
» Lim f oo» Lim [h 09 +800] 
хэ} x} 


= Lim һ(ху+ Lim р(х) 
rm 


x—1 


=2+(-2)=zer0 


г. Lim f (x) = zero 


^nm 

( 9 ) Notice that : Curve 
of |f (X)| is the same 
curve of f (X) by 
reflection of the part 
below X-axis as the 
opposite graph > from 
the graph : 


~ Lim |fogl=1 


* x—1 


(10) «+ f (X)= $ +4 »by exchanging the variables 


z% s xm ВЕ i 
=фу+а лу= 3(0-4= 5 х-3 
17100-4х-3 

4 

+х+4 
Lim 2%. pig 3 =16 
х е) x—-ix-3 9 


——— Limits and continuity | 


(Exercise 18 


Multiple choice questions 


(1)b (2)а (3)d (4)a (5)4 (6)b 
(7)a (8)с (9)с (10)с (ec (12)Ь 
(13)а (14) с 1595 Uc (7с (18)а 
(19) с (20) а (21)а Q2a Q3a (24)4 
(25) (26b (27)с Q8d QS)a (30)а 

| З0е (32) е (33) с (346 (35b (36)d 
(374 (Gab 


Essay questions 


(1) f C)» Lim (x? «x-3»-3 


л. The function f is continuous at X=- 1 


(2): 709) = Lim үх 
. The function f is continuous at X — 9 
га) = Lim №24 _ 
(3)-f()- pim 2-3 
.. The function f is continuous at X = 1 
» f (2) is undefined 
. The function f is not continuous at X 2 
(4) у G)= Lim (5-1х-3) =5 
^. The function f is continuous at X = 3 
(5) ~ fée Lim (1х-41+1х+21)=6 
^. The function f is continuous at X = 4 
refid= Lim, (1х-41+1х+2))=6 
-. The function f is continuous at X =—2 
(Е) == 
сч 


f(x) 


4(ф)-, Lim 6-234 


= Lim (4x?43)-4 
х—} 


2. The function f is continuous at X = 


ы 


101 


(0) Р hs Lim 2x=-2 
2. The function f is continuous at X =- 1 
› 7 the function f is undefined at X = 1 
2. The function f is not continuous at X = 1 
(8)*AtX--2 
fcC-221sfc2*)21 


ету EI 


aferez) 


4. The function f is not continuous at X 2 — 2 


*AtX--1 
10-1)--243-153/(-17)-1 
sere, bim exeat 
ег) =) 


<. The function f is continuous at X = — 1 


(9) fit) =4 


fans Lim (2+3) =4 
3.2x-3 

1 

= Lim ©-0 6+3) _ 
xr X-A —— 


э О) = (1) = 0) 


л The function f is continuous at X = 1 


füs- Lim 


х--р 


4 


x! ,. x>0 
(10) f 09212 » Х-0 
-X? , X«0 


sf O)=2 sfs Lim х1-05/(07) 
Li 2 
| 2m (-Х2)=0 
хо) = LIM ух) 


х--0 


^. The function f is not continuous at Х = 0 


1 > х»3 
| (10109 =12 » Х-3 
-1 * X«3 


13) =2»{(3*)=151 (37)--1 
+ / (3) # | (3*) # (37) 


<. The function f is not continuous at X 2 3 


102 


+ X«2 
azs; x-? 
3 ‚ X22 
(X-2G40 , хоо 
= (x-2) 

3 | X22 
Х41 » X«2 
3 » X22 


sfasa Lim 
£s Lim (х+1)=3 
»IOfQn-f0) 
2. The function f is continuous at X — 2 
(13) f (2)=3х4+2=14 
Zlo- 14 


X—12 4.23 


„Lim род = Lim X7 


x—2 


5 1(2)- Lim px 


x—2 

2. The function f is continuous at X = 2 
(4) f (0) 20 «f 07) 22 LIM sinx=0 

у Lim 1-с06Х _ 

rf 0521-2550 

2. РО) = f (07) f (09) 

2. The function f is continuous at х= 0 
Lim (1 


x—2 


05) 27 0)= 1,709) = 


in(X-2 
го) = Lim 580-2) 


х—2 


~ ffe 
7. The function f is continuous at X = 2 


-X!44 » Ха0 
(16) f 00 = 
4 > X>0 


10)-4 
5707) = Em (x? 44) =4,f 0") =4 
^ f @)= [ (0°) = f (07) 


^. The function f is continuous at Х = () 


Limits and continuity і 


= 1) (X43) 
| TONEN хє-3 
[xesp ^o 
| ‚ х=-3 
| 
Х-1 +» X»-3 
={2 ‚ х=—3 
-х+1 5 Х«-3 


*ALX--3 
| fc322;fo3)- Li (x-1) 


рез) = Li. (-ха1)-4 


vfa er) 
/. The function f is not continuous at Х = – 3 
*АХ=1 


10) -05 Lim (х-1)-0 
«жау! pog 


7. The function f is continuous at X = 1 


-Х-3 ч X«-3 
(18) f (=) х+3 » -3=Х=2 
И-ЗХ » Х»2 
*Atx=-3 
f(-3)=0 


L ё 

sf) IM (-Х-3)-0 

сз = Lim (х+3)=0 

м1(-3)-1(-3:)-10-3") 

2. The function f is continuous at X =—3 
“АХ-2 

1(2)-5 

»у(27)- ium. (Х+3)=5 

10%) = Lim (01-33)-5 

А70) = 307) = (2°) 

2. The function f is continuous at Х= 2 

(19) f (00 23 


. x43 
£05) Lim Кыз 


Lim 5x2+sin?2x 


к хиазх 
sin2x ү 
-Lim 5*V x ) 1554.4 
x0 7 шзх 3 
х 


ээ 1(0)-1(0")-1(07) 
^ The function f is continuous at Х = 0 


(20) f (x) = 1 » Lim roos Lim sin X 


rm PUR pox 
2 Lim sagt». 
ия x 


д о = Lim у(х) 
/. The function f is continuous at Х = л 


(1)f(-3)2-3*2a 


Lim (Х+3)(х-1)__„ 
x—-3 X43. —— 


,Lim J= 


х—-у 


эл? the function f is continuous at X=- 3 


2-3жа--4 саж-1 
(Х-2)(Х-3) 
(2)Lim foo» Lim ——— — 
(х-2)(Х°+2Х+4) 
= Lim x-3 ac 
*—? х2+2х+4 12 


fO 
lal 


з 77 the function f is continuous at X= 2 


-2 


= 21а1=24 ^ саза24 
12 
(3)f (=k 
{х+з-2 4х+3+2 
Lim oos Lim [0272 „тее 
"c ud H х+3+2 
=Lim X43-4 
xm — 
(x+ px- (рез +2) 
= Lim 1 zd 
w (Yx+3 +2) 
г The function f is continuous at X = 1 
skad 
akeg 
(4) 7 (0) =а+1 
15 
Lim lim SE 2X, 
эд f 09 x—0 Xun3X 
(22%) 
= Lim + s 
х—0 tan3X 3 
x 


~ The function f is continuous at X = 0 
ха-4 
nasg 


А =$ 
ла+1= 3 


103 


(5)fC2)2-8 
2) = Lim (x45) 22b 
“+ The function f is continuous at Х =—2 
Ц-2848--8 a) 
705) = 13,757) = Lim (ах+ьу)=5а+Ь 
* The function f is continuous at X=5 
A 5а+ь=13 (2) 
3sb=-2 


From (1) and (2): , 


(6)1(2)-3 
rf 7)- Lim (а+ьх)=а+2Ь 


x—r 


Gs Lim e-axt)eb-4a 


77 The function f is continuous at X = 2 

^a*2bz-23 a) 
sb-4a=3 (2) 
From (1) and (2) : ~ 


(7)/(0)-к 
im (5062Х-1 еж X 1 
Enroo- Lu х? хаа) 


1 
Кеш аши 
тх] 


=_ Lim (шахү, 1.22 
2 


х—*0 
+* the function f is continuous at X = 0 
skz-2 

(8)/(c7)22-c f (c*)ec 
*/ The function f is continuous at X =c 
®2-сФ=с га 1жс-2-0 

М(с-1)(с»2)-0 


x “c=1 or c=-2 
(9)1(0)=0 


ї i 1-cos X 1 
Буд = Lim “SX „оу 


* 7 the function f is continuous at X = 0 


^ i*0-0 when k ER- {0} 


B 
im X^-X-6 | Lim (X42 (X-3) _ 
() Lim AS pig Seas 


3x42 


= Lim (Х-1)(Х?+х+1) _ 
(Х-1)(Х-2) — 


х—-1 


Redefine : f 09 =] x ica 
-3 > X=1 
(3) у= Lim (094.229 =3 
эт гу Lim sx-pza 
Tfü*)efq) 
~. The function cannot redefine to be continuous 
их=1 


(4) 12°) = Lim (х2+1)=5 


х— 


- i (X ~ 2) (X + 2) 
fa» Lim анха. 


x—r 

sv }(2*)# { (27) 

7. The function cannot redefine to be continuous 
atx-2 

Lim 3Х+ 1 -со X 


x— 


(5) 1 (05 = 


5 
= Lim 3соёХ 3 Lim xd 
07) Tad: FOES 
3Х41-с8Х | yg 
5x 
Redefine : f (X) = i + Х=0 
3 cos x »X«0 
x-3 
x3 *”Х>”З [1 + х3 
(6) 109 = (x. 
9-3, хоз |-0o хез 


af (3*)=1,1(3`)=-1,/(3*) ] (37) 
7. The function cannot redefine to be continuous 
atX=3 


64 _ Lim х?-8? 
x— 
* xb ві 


-2х3х82-1-192 


(7) Lim 


х—% Nx-2 


x'-64 
зааг он NES лол 
192» х-8 
ын s» X250 [2 › x50 
(8)/ 0 зэх, za lo eu 


f(*)225f(0)20 
= fOe) 
7. The function cannot redefine to be continuous 


atx=0 
Limp 2.12 -- 
G5 55 (Х-5)(Х-1) 


_ Lim 2(Х+1)-12 Lim 2х-10 
А-Я X—5(X-5) 01) 


„шіт 2(—9 1 
х—+5 (Х=5у(Х+1) 3 
Redefine : 
Хаг + X25 
f= i. micas 
3 + Х=5 
(10) f (х) = d. үс 
(Хх) = : 
мах s x<0 


рожу Lim snx. 

s f(r) Lim вах. 
0). bim 28x „| 
vf()e f (07) 


«^. The functior cannot redefine to be continuous 
atXz0 


(1) *s The function is polynomial 


2. f is continuous on IR. 
77 The function is polynomial 


2. f is continuous on Ж 


(3) 
^X23 
г. The function f is continuous on ~ {3} 

(4) 
2. (Х-3)(Х-2)=0 
д f is continuous on IE — [2 ›3} 

(575 
х(х3-9)(х2-4)-0 
лХ=+3 or Х=+2 


(6) 


(14) 


(15) -. 


77 The function is rational » 
хх(х1-1)-0 
2. f is continuous on -10515-1) 


7X-2»20 


7, f is continuous |2 » of 


Limits and continuity | 


The function is rational » Х-3=0 


The function is rational › X?—5 2+6=0 
= Х=3 or X22 


The function is rational » X*— 13 X?4 3620 


2. f is continuous on R—{3 ,—3 52 += 2] 
< The function is rational » Х2+ X4 1-0 
2. There are no zeroes for the denominator. 


г. f is continuous on R 


С-х-0 
и х=0 or x 


^2 The function is in the form of absolute of 


polynomial 


л, f is continuous on È 


ч Each of the two functions X? and sin 2 X is 


continuous on IR. 


7. f is continuous on Ж 


(10) ~ 


Each of the two functions sin X and 
3 cos (X + 1) is continuous on Ж 


г. f is continuous on È 


(1) 7 


Each of the two functions (3 X + 4)? and 
sin 2 X is continuous on @ 


л, f is continuous on R 
(12) ~ 
5x22 


The function is rational 5| Х|-2-0 
&Х=®2 


2. f is continuous on R- {2 ,—2} 
(13) 
+. |X|=— 1 (refused) 


The function is rational +| X|* 1 20 
2, f is continuous on R 


ХлХх»2 


The function X? » (X+ 1) and sin 3 X are 


continuous on Ж 


^, f is continuous on R- {- 1} 


(105. 


(16) -Х-420  —.Xz4 z XE[4 ve (29) ~ tan X is continuous оп 

д f is continuous on the interval [4 + =[ — {6} n-[x:x- Xeon = .х3-9-0 
07)-Х-32:0  .Xz3 БРЧЕҮС! хХхээ3 

^, f is continuous on ^ f is continuous on IE — {3 -3 rope n x} 

the interval [3 +| - (2 ,-2} when n EZ 

i.e. f is continuous on the interval [3 + ef 
(08): Х+2>0 Х»-2  .x€]25»- | (1) First: 

2. f is continuous on the interval ]-2 » =[ - {0} vf O) =X? + 1 is polynomial 


(19): х+2=0 Х-2 7. f is continuous on | =е + 1[ 


sxe|2:[x-21 2Хк-1 
2. f i$ continuous on the interval [-2 sef ~ [- 1} 


» f (X) 22 X is polynomial 

2. f is continuous on ]1 » | 

Second : 

^f 22:fü022 Lim (x74 1) =2 
fts Lim 2x23 
м1(-103-1019 

^. f is continuous at X = 1 


(20) х+220  -.xz-2 n xef ef 
3-X20 32x sx&]--.3] 
+. f is continuous on the interval [-2 +3] 


(21) 5 25-Х2>0 .х?<25 


Ыы Бо 7. f is continuous on Їй 
2. f is continuos n the interval ]- 5 55| (аута: 
(22) = 5-|х|=0 1%155 л-5=Х5=5 “+ f OQ = X? is polynomial 
7. f is continuous on the interval [-5 +5] z. f is continuous on ]- s + 3[ 
Q3)-sinX-0 — whenX-Xn v f O05 X-4 is polynomial 
2. f is continuous on R- {Х: X2 t n» n EZ} +» f is continuous оп ]3 »=[ 


Second : 
18) =и sf @)= Lim x229 
f= Lim (5 x-4 =u 


(24) > cos X=0 when X= e zn 
=T ла, ez} 


^^. f is continuous on ff — {х : 


(25) ` Each of the two functions sin 3 X and cos 5 X 


А А 7. f is not continuous at X = 3 
is continuous on Е 


2. f is continuous on È — [3 
+% 1l-cos Х=0 /. 605 X=) d {3} 


ХХ-230 
2. f is continuous on В - (X : X2 2zn »n EZ} 


(3) First : 
Год =х?- 3 X42 is polynomial 
2. f is continuous on ]— 2 + 3| 
(26) - 1sinX-0 ^sinxe-l ээ f 00 =2 is polynomial 
хха ав +2пи +. fis continuous on 2. f is continuous on ]3 + 4[ 
v f0926-X? is polynomial 


m-{x:x=22+2nnnez} 
$ 2. f is continuous on ]4 5 s| 


(27) *- Each of the two functions sin? X and cos X is 


Second : 
continuous on В = Lim " 
vox ead T nf8)e2;f(7)s Lim (x? 3x42)-2 
ge ee + cda +f (3*)=2 
7. f is continuous on ® — [3 ,-3} sfOsfaefan 


4, " — ee | 
(28) f is continuous on I — [x: Х-5-ал» ^ f is continuous at X 2 3 


106. 


Am 


Third : 
м1(4)-24/(47)-2 


70%) = Lim (6-х2)--10 

| “fA ef) 
2. f is not continuous at X=4 
2. f is continuous on & {4} 

(4) First : 
w f(X) = 1 + sin X is continuous on р “| 
s f (X) = 1 — cos 2 X js continuous on Е sal 
Second : 
f0)=1 +f (0)= 
270) = f (05) 
7. f is continuous from the right at X = 0 


Lim (1 +sinx)=1 


Third : 
(5) =2 „(у= Lim a +sin X)=2 
f Ш —t 


x" ү; 
(E )= Lim, а-евя2 № =2 


ЭРЭ 


" х 
+. f is continuous at X = — 


2. f is continuous on the interval [0 » =f 


(5) First: 
эл 


f (20 = sin X is continuous оп FE rm 


+ f (X) = cos X is continuous on ри ‚2 x 

| Second : 
"(e 

—л+ А 

sf (= )= L 


х—( 


DE) 


2. f is continuous from right at X=- Ж 
Third : 

3X 
19) 

зл* n 

X". L Pob X 
Е ) Nr es 


405)- UB. ‚чех 


-105)-102) 


^ f is not continuous at X = 


эл 
EN 


Limits and continuity | 


Fourth : 
fQ2:521 
Гот) = LIM соёх-1 


~ f(m=f (2x7) 
2. f is continuous from the left at X= 27 
^. f is continuous on 
x эл 
the interval [- 2 >22] - {5} 


(6) First : 
шах 
м100- -Хїшхээнг3Х. is continuous 
5x^ 
л 
оп 1 »o[ 


cos 2 X is continuous on Jo E z[ 


tan X чазхр 
Bux [euo 
х 149 22 


+f0*)= Lim (2 сов2 х) =2 


х—0 
70") = 7 (07) = f (0) 
^. f is continuous at Х= 0 


2. f is continuous on + z x. 


4 
3)*- 
(7уу(ху- €*3Y -8! i continuous on |< + Of 
and |0 ,=[ 
+f (0) = 108 
x 
«E rop» bin 


хо = Lim roo 
7. f is continuous at X — 0 
^. f is continuous on ЇЕ, 
(8) -: гөө-| 937 > Х=0 
5 » х»0 
f 0025 X? is polynomial 
and continuous on ]- < ›0[ 
f (X) = 5 is polynomial and continuous on |0 ««e[ 
:f£()255/(0*)255f(0)25 
2] (0)= } (07) = Ј (07) 
2. f is continuous at X=0 


^ f is continuous on IR 


(707) 


- f is continuous on |-л » x] 


z^. f is continuous at X 20 2707) = (0%) 
= Lim 
= xg (Х+Ю 
k sk ike6 
77 f is continuous on IÈ 
^. f is continuous at X = —1 
А7) =) 
. Lim „= Lim 
= etm (axe I (ах+Ь) 
„-4=-а+Ь (1) 
+ f is continuous at X=3 
= f ()=f (3*) 
« Lim үд = Lim 
"xu @Х+5)= „2%, (2) 
За+ь=-6 (2) 
From (1) and 2): 2. а= »b=- 2 


п 
| is continuous on Ж 
f (X) has à limit at X 2 9 

+ '2 the denominator = 0 when X =9 

-(9-а-1-0 2 

Lim уох) = r9) 
Lim ВСВ! 
1—9 хз 


[== 
Үх 


9-а-1 


=9-b 


Lim 


xo 


Higher skills 
и 


(1) First: x41 > X«1 
М1(9-13Х-1 + 1єХ<2 
Ax-x? + x»2 


^f O0 =X + 1 is polynomial 

and continuous on ]-«e s 1[ 
+700) 23 X- 1 is polynomial and continuous on ]1 »2[ 
+f 0 24 X- X? is polynomial and 
continuous on |2 + sef 
Second : 
f0)225fü07)2 Lim (x4 022 
fas Lim 8х-1)-2 
= лат а) =) 


^. f is continuous at X = | 


Third : 
10)-55)(2:)- Lim (зх-1)-5 


Та) = Lim (4х-х?)=4 


Г) +707) 
г. f is not continuous at X 2 2 


2. f is continuous on Ж ~ {2} 


х1-2Х , x«-2 
(2) Co=\44-x? , -2=Х=2 
х?+2х , x»2 
First : 


f Q0 = X?4 2 X is polynomial and continuous 


on |= .—2[ 

+f 09 = [4 x? is continuous on ]- 2 »2[ 
+f (07 X? +2 X is polynomial and 
continuous on р * “| 

Second : 


Lim (x742x)=0 


х—-1 


0 


f-2)-0 +f (-2*) = Lim 


"#62 


| 21(-2)-1(-2))-5-2) 
| г. f is continuous at X 2 —2 
| Third : 


vfQs0.fos Lim 


х—1 


fans Lim (х?+2х)=8 
7027) #707) 
^. f is not continuous at X = 2 


+, f is continuous on Ж ~ {2} 
The function is continuous on IE. 


л, The equation (x? +a X +9 = 0) has no solution 


in ik 

2_41с<0 4x1x9«0 

?«36 -dal«6 
д-6<а<6 длаЕ 6 +6[ 


*/ The function is continuous on Ж 


^, The equation (X? + 6 X + а = 0) has no solution in IÈ 


252 -4ас<0 436-4x1xa«0 
;. -4а<- 36 a> лає] sof 
u 
F* > X«0 
f= 
ü ‚ х>0 


s fO=1 FO 7= LIM (1у=1 


= Lim A= 
sf O)= a0» 


f (07) = f (07) 
The function f is discontinuous at X = 0 
x<0 


x20 


- ‚= |! " 
v 2 00 Ix | 


-1(0)-05/(07- Lim (х)-0 


Lim (1)1 


+f (00 f0 


—о 
л, The function g іх not continuous at X = 0 
[ > X«0 
> X20 


VERTET i 
‚0000 
өс, 


(Г.в) (0) = zero «(f .g) (0) = Lim (ху = zero 


х—0' 


| 54003 


Limits and continuity ! 
T (- X) = zero 
>.) 00%) = (7. в) (09) =(/. к) (0) 


2. The function (f . g) is continuous at X = 0 


Ofl Lim fos] 


se 14) ж Lim у(х) 


х—4 
г. f is not continuous at X =4 
(2)54)- 
"Гат р(х) = Lim (4х- 10) =6 


gie Lim goo 
^ g is not continuous at X = 4 


(3) Putting : В (X) = f OO . g (X) 
-4Х-10 5» Х#4 


6 + X24 


»vh(4-2-6 

Lim в с = Lim (-4Х+ 10) =-6 
Ув) = Lim hog 

+. his continuous at X 24 


bos 
(4) Putting п00=17001=| 


52004) = Lim р(х) = 1 
х—4 
n is continuous at X = 4 


(5) Putting: т (X) = g (X) - 6 f (X) 


jeg , 
“Тай > Х=4 


x24 


sv т (4) = 12+ Lim (х) = 12 

уулт (4уж Lin moo 

-. m is not continuous at X —4 

хаа 


-м, 
(6) Putting : k =z (f 00) = bibis: 


se k@4)=-6> іт к) = 14 
sv К) ж Lim ko 


7. k is not continuous at X=4 


[108] 


[| Answers of "Unit Fou 


| Exercise (19 


Multiple choice questions 


(1)е (2)е (3)a (4)a (5)4 (6)a 
(7)e (8)a (9)b (10а (IDb (12)с 
(13)а (1495 (15b (169b (17)с (18)а 
9)àa (20b (20c Q2c (23)b (24)с 
(25)4 Q6a (25b (28)4 (29)4 (30c 
(Gib (32b (3d (34b (35а (36a 
(37)4 (38a (39) (40b (4ї)с (42)d 
(43)b (44)b (45d (46b 47а 
Essay questions 
п 

w m(Z Z) = 180° - (80° + 60°) = 40° 

x ЖЕМЕ, ЖЕНИ. | 

7 sin 80° sin 60° эт 40° 

+ Х= 054080", 4 
ха -15cm. 
L2] 

m(Z C) = 180* — (112? + 33*) = 35° 
5.2.19 

зїп 33° sin35* 

ъ= 19 хіп 335 Ш) 
“b= sin 35” = 1804 cm. ,2г FTXLU 
=) 165 

“T= Fein ase = 1636 cm. 


т (4. L) = 180" — (100° + 40°) = 40° 


3441 2 684 
'sin40* sin 100° 
rib en 68.4 sin 40° 
sin 100° 
2r= 684 
(2)2r sin 100* 
(3) Area of A LMN =} l m sin N 


— = 44.64 ст. 


= 981.34 cm? 


J 


(110 


s 7= 34.73 om, 


4 х 44.64 х 68.4 sin 40° 


т(2 M) = 180° — (18° 52 + 44° 17) = 116° 5] 
мч 1м 5 
“sin 18° 52 віп 44% 17 sin 16851 
ММ = 3580 18° 52 ст, 
sin 116* 51 
LM 25804700 л and gs 5 __ 
sin 116751 2sin 116° 51 


^ The area of the circumcircle 


d — = 1208.67 cm? 


as 2 
aan eat) 
a 


m (Z B) = 180° — (40° + 80°) = 60° 
7 2 C is the greatest angle in measure 
^ € is the length of the greatest side 


10510 807 = П ст. 
s 


"7 m(Z В) = 180* — (100° + 15°) = 65° 
^ Ż B is the smallest angle in measure and hence 
г. bris the length of the smallest side 


OE. AE. 2 
"ап 15% sin 65° 
түз. 
от. 
2 sin 60° 
| ^ The area of the circle = 22 х 7? = 154 cm? 
The circumference of the circle = 2 x = х7=44ст 
п 
-m(Z С) = 180° — (60° + 45°) = 75° 
кн. en ЕН 
511 45° Sin 75° 


(multiply by 24/2) 


та 841 ст. + 13.15 
8 


sin 53" 8 


sinC 


^ m (Z C) = 67* 23 or 112° 36 51 


E" — | 3À3—w—.. .— | 


— —— — Trigonometry { 


ME NN; + sin B= 6518.35" ыы = 180 — (44" 9) 70° 
жээ "inp зш B= 8 duc atn (44" + 66°) = 70' 
о 3 х E = 
^ m В) = 25° 28 45 "^ Sin 44 ^ Sin 66° — sin 70° 
| and the another solution is refused. 40 
-—» 7 sin 44° + sin 66° sin 70° 


z ne 109cm. ba 143cm. c= 148c 
© m (Z C) = 180° — (57° 13 + 64° 18) = 58° 20 m" iis kN 


ae atb+e io 


sinC  sinA+sin В +С | 


82 __ Perimeter of A ABC mcs 
` sin 58°29 — 4im 57° 13. sin 58° 29 + sin 64° 18 m (Z C) = 180° - (20° + 60°) = 100° 
2. Perimeter of А ABC = 26.5 cm. Cu 38 = 125m. 20° _ 42cm. 
— | " sin 20° — sin 100" sin 100* ы 
[12] ^ The area of А АВС =x 42 x 12 sin 60° 222 cm? 
m (Z A) = 180° — (45° + 60°) = 75° лы м 
wee dew ш 
“эш75° " sin 4S* ш? 40 
sin 75*  sin45* sin 60" m (Z A) = 180° — (82° + 56°) =42° 
: а = 40 sin 75° = 38.6 ст ‚ -- the urea of A ABC = 4 absinC 
= 5° = 283 i 
| b = 40 sin 45° „283 cm 2 450 = labsinsé" 2 b= м 
and с = 40 sin 60° = 34.6 ст 4 Р 
КЖЕ ЖЕНИШ ` 85-28 900 
The area of A ABC = 1 x 38,6 x 28.3 sin 60° ^ 31 42° ^ sinS25 `` sin 42" ия 56* sin 82° 
= 473 cm? sabe 20042" соус 


The perimeter of A ABC = 38.6 + 28.3 + 34.6 22 = 


= 102 ст. [18] 


= 101.5 
2432- 


lABx12x06  .AB-I2cm. 
ос m (4 А) = 36° 52 (and the other solution is refused 


| *' A ABC is isosceles mz В) = т(4 С) = 30° » 
ё а because the triangle is acute-angled triangle) 
Д z2r ; —=24 > 
i F a 36* 55 ы 
sinc sin 307 .ma By=m ©) = 180 -36 52 91934 


24 їп 30° = 12cm. ~. b= 12cm BC 


^. The area of A ABC = 4 х 12 x 12 x sin 120" 736° 5i sin 71° 34 

2624 cm? ОВС = 12x183€ 32,7 6 ст, 

sin 71* 34 
m (Z C) = 180° — (15° + 15°) = 150° | 1 8 со» 
Чадал -ш(28)-81"47 12 
e sin 60* sinB 
sin 150° (and the other solution is refused because the triangle 
а+Ь+с is acute-angled triangle) 


-. One of the ratios = ——.— — ——— ы 
ae 95 7 Sin 15" + sin 157 + їп 1507 


25 


> m (Z C) = 180° — (60° + 81° 47 12) = 38° 13 48 


ALII 24.57 
sin 15° + sin 15° + sin 150° : 1 re Perimeter of А ABC = 
«2224.57 =12.285em, | 39 8 зіп 60° + sin 81*47 12 + sin 38° 12 48 
The area of the circle = л (12.285)! 2474 cm: г. Perimeter of A ABC = 20 ст. 


т] 


In A ACD: ^ 
m (Z ACD) = 180° — (18° + 45° 15) 

= 116° 45 / 
KB —„—% 


Eu Sd 


"sin 116° 43 ie 
” e 42 di 
PAD т SSUES. үү eem, “Шы в 
sin 187 
АВ 116 
In AABD; —55 — = 115. 
sin 457 13 90 


д AB = 1.6 sin 45" 13 бет 


sin 90° 
[21] 


In А XYZ : m (Z X) = 180° — (30° + 70°) = 80° 


xY 5 _ X 
sin 70° — 0° У 
хХҮ- 70" = 14.31 em. lip" 
4 
y. X€.- лу Би — 
ARES sin 90° 
= 7.16 cm. 
PL 
EE T 


9) eu 8) 


. m (Z C) = 56* 27 orm (2 C) = 123° 33 


* Z C is an obtuse angie от (ZC) = 123° 33 


T "=4 
tan C => 


г. m(ZC)e 53^ 7 48 


^ m (GL A) = 180° — (30° + 53° 2 48) 
= 96° 52 12 


sin 53* 2 48 


10 em. 


sin 30° 


S sin 53° 7 48 


з8ст 


sin 30" 


sarea of A ABC =5a c sin В 


x 10 x 8 x sin 30° = 20 ст" 


и 


w w 


X+y+z 


sin X +sin 

COME EON ав a+b 

' sin 60" зт 45° эт 60° + sin 45° 
„a „b V Verz 
'sin60*  sin45* sin 60° + sin 45° 


{6 ст. зв =2 cm. 


[26] 


sinA:sinB:sinCz2:4:5 .a:b:c 


^a-2ms»b-4mandc-5m 


"€-bs5m-4m-m 


а= бст. шамі б = 12cm 


а 

‘m (С А): (2 В): т(2 С) =3:4:3 
"m(ZA)z3ksm(Z В) =4Кут(4 С) = 3 к 
vm(ZA)*m(z В) + m(Z С) = 180° 


.3к+4К+3 К = 180° “k= 18° 
4, 5 a ee) Perimeter of A ABC 
^ sin 54°  sin72* sin 54° sin 54* + sin 72° + sin 54° 


7. Perimeter of АВС = 15.9 cm. 


[28] 


"m(ZA)«m(Z В) +т (2 С) = 180° 


"me3meSmc- 180° m= 20° 
—-—— —: 2 
sin20*  sin60* хіп 100° 


16 
sin 20° + «in 60° + sin 100" 


и 


^ £ Ais the smallest angle in measure 


-. a is the smallest side in length ^ а=2.5 ст. 


[25] 


7 m(ZA)* 3-m(Z A) 2m (Z A) = 180° 


40° »m(Z В) = 60° «m(Z C) = 80" 


а =... 
` sin 40° ~ sin 60° 


20 sin 40° +b = 20 sin 60° 


“m(ZA)= 


- = 20) 
sin 80° 


7. Area of AABC = + x 20 sin 40° x 20 sin 60° » sin 80° 


= Пост? 


_ —-— 


v 6sinA-4sinB-3sinC 
nA _ sinB члС 


Puta=2m>b=3m+sc=4m 
г. 2m+3m+4m=45 


= 10 cm. and c = 20 cm. 


a4b-cküsc-b ажс-БЕржс-а 


Е 5+7 


3+5 


^ sinA: sin B:sinC=4:5:6 


| @ 

ч AB and AC are two tangent 
segments to the circle at B and C 

^ AB=AC 

sv m(Z A) = 60° 

2. A ABC is an equilateral triangle 


> * the area of the triangle 
= 4 AB x AC x sin (Z A) 


үз 


291312 x ay 
4 BC=6em 


s m(Z В) = т (2 ВСА) = 60° 

(inscribed angle and tangency angle subtended by 
the same arc BC) 

<. m (2 BCD) = 180° — (85° + 60°) = 35° 


А , BD | DC 6 
> In A BED 2 Ss = Fin BS" = Bin OP 
6 sin 35° 6 sin 85° 
„Вр £8035" „дет, pC = 591885 7 
BD sin 60” 4 ст. + DC sin 60* em. 


*. The perimeter of the triangle DBC 
=6+4+7= 17 ст. 


Trigonometry | 


mae morem 
in53* 5855 


... Perimeter of A ABC 
7 sin 40° + sin 55° + sin 85° 


7, Perimeter of A ABC = 19.12 em. 

»r-3.89 ст 

2. The area of the circle M = 3t ^ = 3t (3.89) 
2415 cm? 


“ ABCD is a parallelogram A ? 
„ш (4 С) = 50° 

In ABDC: é ха 

m (2 BDC) = 180° — (50° + 70°) = 60° 


ВС «9 cm. › DC =9.8 cm. 


2. The perimeter of the parallelogram = 2 (BC + CD) 
= 38 ст. 


(35) 

In AABM : 

m (Z AMB) = 180° — (44° + 36°) 
= 100° 

„ 18 _-_ АМ 

** sin 100° in 44* 

„Ам = 18 X sin 44° 

^АМ= sin 100" 

2 AC 22 (АМ) = 2539 ет, 

+ the area of L7 ABCD = 2 x 4 x 18 x 2539 sin 36° 


2269 cm? 


| & 
| шлААВМ: E 


т (2 М) = 50° 
эт (2 В) = 180° ~ (85° + 50°) = 45* 


.10 . BM 
| "sin45* sin 85" 
й _ 1051 85° _ » 
| «4 ВМ = sin 45° = 14.1 em 
7, BD22 BM = 282 ст, 


In A ABC : m(Z С) = + m (Z AMB) =40° 
* m (Z ABC) = 180° — (40° + 85°) = 55° 


| 
| 
| sarea of £7 ABCD 


=4 xx 10x 14.1 sin 50° 2216 cm? 


(hte) / Уруй Гадил Feed OW шм cuts ан | 113 


БЭ e—a 


ЕП 
LEE D Xe А 
< AD BC № LN 
^ m(ZADC) + "E 
{хз PA 
m (4 DCB) = 180° B 


^ m(Z DCB) = 180° ~ 120° = 60" 
. m (Z DCA) = 60° — 23° 25 = 36° 35 


ADC 20 АС. 
== “sin 36° 3 зіп 120° 
^ AC = 20811 120° оо om, 
sin 36° 35 
In A АВС: m (Z А) = 180° — (62° + 23° 23) = 94° 33 


*. The area of the trapezium 


=} AC x BC x sin 23° 23 
+L AC x AD x sin 23° 23 


=4 x 29 (33 + 20) sin 23° 23 = 305 cm? 


+. m(Z DBC) = 90° — 50° = 40° 
2 Area of A ABD = 1 x 10 x 10 x sin 80° 249 cm? 


10 sin 80° х 10 sin 80° 
sin 50° sin 50* 


253 cm? 
2 Area of ABCD = 49 + 53 = 102 cm? 


| „ад. 
(17: ах яав anc 


Multiplying the first ratio by 3 


yarea of A ОВС = d. x х sin 40* 


and the second ratio by 4 » then by subtracting : 


4b 
“3sinA—4sin В 


“Ж: s | = asin B 
| (2) gu ang = "sin A 
+ The area of the triangle ABC = 4 ab sin С 
= а sin B sin C 
^ —2sinÀ 
СОЛЬ. ANENE POENOS ЭХ 
(37 AT Баас 27 


2. The area of A ABC = 4 ab x 


25] Higher skills 
In ABDC [1] 
m (Z ОВС) = 180° — (32° + 85°) = 63° (0G (20 (3)(9 (4) 
D ) 
Rem = ane (5) (d) (6) (©) (7) @) (8) ®) 
= 100 sin 85° _ (9) (c) (10) (b) (11) (c) 
+ ВО = See = И2ет 
Instructions to solve  : 
sin AADC 
.. Рети Ее = 
m (Z DAC) = 180° — (49° + 87°) = 44° (Lea =sne727=6 
Ч 100 зэргээ Н... 
ет ты зА nB авс 0 959 
abc 
л АС = 1005087" L 444 ст, ^ SinAsinBxinc = 216 
vu xb 2. be s 
ED ын (2) AT 808 4 
^ acscA=besc В = сс С=2г 
AABD: 
к = ^ acscA+bese В + сѕсС= бг 
УАВ =А” E (3) а+Ь+с ЕГА 
^m( ABD)em(ZADB) / "iiA sit Besin C 
а , SinBsinC-sinA _ 
= 180° - 80° Z 50° * sinA+sinBesinc ^^ 
2 М2г-1 х:-4 
w — в. + BD = 10 sin 80* 2 
' sim 50° ^ xin 80° = sin 50° ~ The circumference of the circumcircle of 


s m (Z АВС) = 90° 


1114 | 


AABC-2xr-24x = x 


= =2r 

sin С 
Смс 
€ 2 


Multiply up and down the first ratio by à + 
the second ratio by b and third ratio by c + and 
by adding the antecedents and consequents 


"SAT sin B~ 
“a= 10sinA »b= 10 sin B 
the area of A ABC =24 


vBC-Y(6P-(8S)*-10cm. ~. BD=4cm 
BD _ AD РЄ: AD 
sin8 ^ sinB “mno ^ 06 


^ AD sin 8=24 


1 
sin (90° — 8) 


^. AD cos 0 =4.8 
Divide (2) by (1) : 2. 


(6) 
In A ABD: 


_ АБ 


шААСӘ: тс "cos 08 
( 


co 8 48 
sin@ 2А 


4^ cot0-2 
(7) CD=2DB 
^, Area of A ACD = 2 arca of А ABD 
^H x AD x AC x sin 60° 
=2х Kx AB x AD x sin 45° 


. АВ _ sinc 
ТАС sinB 


(8) In A ABD: ~ 


Trigonometry | 


(9) In ACDE: г tan (Z DEC) sinc- 3 
vin ААВС: s AB =2г 
аш С 
6 
S ican rey 
2r= 4 Л. г= 315 ст 
(5) 
(10) In A ABD ; —BD. В 


sin 60° ^ sin (2 ADB) 
х BD x sin (Z ADB) = 8 sin 60° = 413 
ср 12 


sin ^ sin (Z ADC) 
2 CD x sin (Z ADC) = I2 sin Ө 


(1) 


In AADC 


From (1) » (2): 
7 BD-CD 

ssin (Z ADB) 
-sin(Z ADC) 


х12880-413 ” 
1 27 ! 


sin = 
^, tan8 = 


‚ шп (4 РАС)--1- 

12 
Ай a. 6 826 
sin 70* ^ sin 40° 


2. АВ = 8.77 ст. »г= 4.667 cm 


(1) In A ABC 


7. Area of the shaded region 


= Area of the circle — area of таа с ABC 
siu 
snr- j acsinB 


=л x (4.667) — 1 x 6 x 877 x sin 70° 


243.7 сай 
а 
In AABD 1-4 
n P 
"d 
AD = ВО / d 1 
sin(Z ABD) маА // 1 
»in4DBC-— BC ВР в — 
sin(Z BDC) кас 
+% Z А and Z C are supplementary 
«ABCD is a cyclic quadrilateral» 
^ SinA-sin C 
ME = 
 sin(Z ABD) — sin(Z BDC) 
© AD sin (4 BDC) = ВС sin (4 ABD) 
1115 | 


(1) =n 8 
4 ялА sinB С 
: а+Ь+с 20 
'sinA*sinB«sinC яаА 
^. sin A-- sin B+sin С =2S8inA | 
25 sin Ax be 
abe 
, 4 be sina be sinA=2A 
Г. sin А + зїп B + sin C 
le 
П 36 | 
2 m 
(2) csin A 
— — 
bsinC ^ 


By adding : г. І ! 1 


сяВА "азов  bsinC 
lb Lc La 
7006 4: ‚— —— 
lbesimA acsnB Баас 
lecem g 
- x =5 


The area of the circle = 7t 1? a 
a zË (2 

248А  2sinB "^ 
From (1) and (2) we get : | 
The area of the circle — Asin A sin B 

Exercise (20 

Multiple choice questions 
(1)c (2)a (3)b (4)b (5)4 (6)a 
(7)а (8)c (9)a (0)b (I)b (12)4 
аза (144 (15b (16а (17b (18)с 
(19)4 (20)ь (21)с (2b (23)с (25d 
(25)b (26)d (27)с (Q8)b (29)b (30b 
(31)b (32b (33)е (34b (35a 


Essay questions 
п 


= (13 + (16) —2 х 13 x 16 cos 95° = 461.26 


^ z22156cm. 


b's(3y «(Sy -2x 


3 х5со% 36° 2Ì 29.8 


^bs3em 


(58) + (34) (7.6) 


г со8Ас 
= 2(5.8) (34) 


. m(Z A) = 108° 34 


OSF + (34) – (5:8)? 


cos В = 
2 (7.6) (3 


^ m(£ B) «46? 20 
. m (Z C) = 180* — (108* 34 + 46° 20) =25° 6 


соз В = 


Y e a5y - (140° 
2 (13) (15) 


2 m(Z В) = 59° 29 


7 Xis the smallest side in length 


z^ 2X is the smallest angle in measure. 


^ m X) «40^ 48 


2 sin 40° 48 


) 


18 
\ 2 sin 40* 48 


2596 cm: 


-. The area of the circle = Ж 


(1) c = (Y (9 = 2 (7) (9) cos 96° 23 = 144 
-12сш 


ea of AABC = 1 


„е 


(2) The ап x 7x9 x sin 96° 23 


231 ст? 


(3)r2 5 —— 


с 


52- (13 + 17) = 22 cm. 
“70 is the greatest side in length 
< 2 C is the greatest angle in measure. 


(3 + (17) - 
. cos C = —— — — 


2 (13) 07) 


n m(Z С) =93° 22 


©, 


э the area of A АВС = = x 13 x 17 x sin 93* 2 


= ПО cm? 


* X is the greatest side in length 
. 2 X is the greatest angle in measure 
one x LL 48 + 10)" - (24.577 
-cas == Uy 18% 10 
"m X)« 119° 19 

24.5 

n 119° 19 


= 14 ст. 


The circumference of the circumcircle of A XYZ 


2x 2 х14 = 88 ст 


Lei X24msy-5mandz-6m 
2 X is the smallest side in length 
2. 2 X is the smallest angle in measure 


(5mj(6mj-(4mf З 


^ecosX- = 
2x5mx6m 


"^ m(Z X) = 41° 25 


[10] 


vXUy: 


z-2sinX:sinY:sinZ-7:8:12 
j3ltX27m,5y-28m.»z-2|2m. 

э 77 z is the greatest side in length 

^ £ Zis the greatest angle in measure. 


(7 т) + (8. т) (12 т) -3 


cos = 
й 2x7mxEm [m 


^ m(Z 7) =106° à 


= (4+ (5-2 х4х5х-1=61 
oc =7.8 ст. 
т cosC=- 4 2 m(2 С) = 120° 


2. The area of the triangle= 4 x 4x 5 x зїп 120° 


= 543 em? 


tan B= 3 луп B= 5 scos B= 4 


л The area of A ABC = 1 x 16x 18 х $ -864 саг 
sb? = (16) (8 -2x 16x 18x $= 119.2 
Аъ И ст 


| 2, The perimeter of A ABC = 16 + 18 + 11 = 45 ст 


г 2 т A=3 sin В =4 т С 


.a:b 
Leta=6m +b=4mande=3m 
c is the smallest side in length 
2,4 С is the smullest angle in measure 


. (бт +4) -Omn 43 
DET T Sn Te = 33 


хбтхіт ~ 48 
г. m(Z C) = 26" 23 
5 
| Leta=3k sb=4k sc=5k 
3 
s cosC - f 3 - zero 


хак 


^ mz С) = 90° 
У ЗК+АК+УК= 24 


бет. -Ь= 8 cm. sc = 10 ст. 


ok=2 


7, The area of A ABC = 4 x6 x 8=24 em? 


8 АС 
“sin 60° зіп 75° 


им (СС) = 45° 
2 (Ар) = (8.92)! + (4) — 2 x 8.92 x 4 cos 45* =45 
2. AD «6.7 em. 


In AABC : 


(8) «(97-01 
2х8х9 


mx 2 
.cosB- M 


som (ZB) 48° 11 


In AABD: 
(AD) = (9) + (47 —2 x 9 x 4 cos 48° 1] = 49 

* АБ = 7 cm. 

InAABC: pm — Ls 47 ст, 

ш 

In AAMB : 


7 (АВ)? = (8)? + (10 —2 x 8 x 10 соз 50° 


/. АВ = 8 cm. D 
In AAMD: а мөс” 
"m (Z AMD) = 180° — 

= 130° 


^ (AD)? = (8)2 (10) — 2 x 8 x 10 cos 130° 


D = 16 em. 


Тал 


а 
шю P 2 
£ ud 
с o C -ү 
" m (Z В) = 129° 52 v 
7, m (4 BAD) = 180° — 129° 55 = 50° È 
In AABD 
(BD)? = (9) + (13)? — 2 (9) (13) cos 50° 8 
= Юст. 
[18] 
Let AB22X SBC-3x За \. 
» half of the perimeter of A = NS 


the parallelogram = 10 ст, 


2Х+3Х=10 „Х=2 
7 АВ =4сшт.,ВС =б6бсш. 
In AABD: 


(Ye y-G* 0. — 
24) (6) ^ m (Z A) = 104° 29 


"S сов A= —— 
^ m (2 ABC) = 180° - 104° 29 = 75° 37 
5 (ACY = (4)? (6) —2 (4) (6) cos 75° 31 
/. АС = 6.3 cm. 


[rs] 


[20] 


AB-- AD = 22 cm. D 22-Х А 
два 4 
ЇнАВ-Х .АР=22-х / “a A 
ro Biz. 
In A ABD = B 
(BD) = х? + (22-3? -2 x (22— x) cos 60° 


^ 196=3 X^ — 66 x 4 484 


^3X-66X428820 2 x!-22x 496-0 


г. (X—6) (X- 16) =0 > X=6 or X= 16 (refused) 
^ АВ = б ст. and AD = 16 cm. 

" e м. сош = $sin 60° 
“sin (ZADB)singoe SP (4 АБВ) = = 


+m (2 ADB) = 21° 47 
2. The area of 7 ABCD =2 х the area of A ABD 


22x Lx6x 16 sin 60° = 83 cm? 


[21] р 
In A ABD / ш SY 
= (BD)? = (30) + (42)? “| 


-2x 30 х 42 cos 100° 


7. BD «55.7 em. 
ша _ 6577 + 

»cos (2 ADB) = 59:3 157). 007 L0 gs 

эг AD// BC 

"^ m(Z DBC) 2 m (Z ADB) «Alternate angles» 

^. cos(Z ОВС) 20,85 

7 (СО) -(557 + (48) ~2 x 557 x 48 x 0.85 

^ CD 2293 cm. 

[22] А 

In A ABC : 1 

| А Р N № 

сов Окор a Y 
2x9x5 6 ыг 3 

sin AADC: E 2 
2268-2110 7277 

сов р- te-au L 

халин ү О 

сов В =- cos D 

^ m(ZB)«m(Z 0) = 180° 


7. The figure is a cyclic quadrilateral. 


[23] 
'* ABCD is а cyclic quadrilateral 
4 cos B =- cos D 


(Y - (8 + (АСУ 
2x9x8 © 
, M06- (AC) _ — 145 +(АСУ? 


Ё 5 . 8 
7.848 — 8 (АС)? =~ 725 +5 (АС) 
7. 13 (AC = 1573 2. (AC) = 121 2. АС- П em. 


Trigonometry | 


[21] 
vc = (3b) «b —2x3bxbcos60* 
-10p-6b «i275 


^ с=7ь 
15 5 


ть _ м 
2xf7bx3b 647 217 
(2 В) = 19° 6 

om (4 A) = 180° – (19° 6 + 60°) = 100° 54 


[28] 


г. cos В = 


[24] vao 32 d х5схяп120° г. с=8 ст. 
InAABC: ^b e (5f + (8 2 x 5 х8 сов 120° = 129 
ot 7 — (14 =н. “РТТ 

eee "Т oc А cos A = 0126-07-00. гот (4 A) =229 24 
In A BCD: сов (Z BDC) = 19+ 09. 047. 1 — 


=. т (С ВАС) = m (Z BDC) and they are drawn on 
the same base. 


^. ABCD is a cyclic quadrilateral. 


[25] 

In AADC : cos (Z DAC) 

_ 92 «asy - ay 
2х12х 18 

7. m (4 DAC) = 20* 45 "et 

sin A CAB cos (Z CAB) 27:35 09-02) = 

2 m (Z DAC) = m (Z САВ) 

^. AC bisects Z BAD 

+. The area of the figure ABCD 

= The area of A ADC + the area of A ACB 

d x 12 « 18 x sin 20° 45 + 4 x 18 x 27 

x sin 20° 45 = 124 cm? 


In AADB : 
AB - | (107 —(8 = 6 cm. 

soos B= + 

ли (д В) =53° 8 

Ind DBC: DB - 3. DC 

^, DC = 20 ст. › ВС = 10/3 cm. 
In A ABC : m (4 ABC) = 90° + 53° 8 = 143° 8 

5 (AC = (67+ (1073 2 (6) (1073) cos 143° 8 
z. AC «22 cm. 


101 
10 


а 
vbic23:45letb-3m»c-4m 
* the area of A ABC = 64 cm? 


<. The perimeter of A ABC = 41.8 cm. 


130) 


ч The area of A ABC = 4 ab sin С 


220= 1 х6х10598С + sinC= 


p 


^ mí(Z С) = 138° 11 «2 C is obtuse» 
7e e (6) + (107 —2 x 6 x 10 cos 138° 17 


20615 ст. 


Let: sin A=m ssin В = 3 mandsinC =2 ю 


s- b=6cm. с = 8 ст. 


And ad № 

s cosA = (6+8) — am (ZA) =28° 57 
2х6х8 

119 


36 


7 sinA:sinB:sinC-3:5:7 2 cos C o IE 
4a:b:c23:5:7 — (5-2) 48 - (oa 2) 


andlet;a23ms»b-5mandc-7m 
л. cos A: cos B: cos C 


“ай mf -G т)? (3ш)? + C my Gm? 
2x5mx7m  '" 2x3mx7m 


(З пај + (5 п) (7 а) _ 13.11. l j. 1:-7 
UC 2x3mx5m (operi she 


[33] 


`2 The perimeter of A ABC = 70 cm, 
цан as w (a+b+c)(a+b-c)=3ab 


< 
а. х-ы | 8+0 =Заь 
с =70- = х-4) á x 
эжее ott za ab e2ab-c-3ab 


Letbz X € 26cm. B 48 
Р зл 
ив ы ” Dividing both sides by 2 a b оазе 4 
1 Q6) = + (44— X) — 2 x (44 — X) cos 60° | 25 а 
X госокС--, "^míZC)-60* 
SX -44X42020.— 2. (X-30)(X-14)20 Ё 
д Х=300гх= 14 25с=30х14=40 | 1 
7. The area of A ABC © (a+b+c)(a+b-c)=kab 
= besina=+4 х 420 x sin 60° = 10513 сш? | (8 - à -kab 
— | лаъ 2ab-c'-kab 
[4] sa eb =аь 2) 
v3 =12+ (б+е)+е 2. с= 8сп. з= 14 ст, sap (k-2)ab с 
а= 0—6 ^ cos C 
^7 The smallest angle is opposite to the smallest side Zab 2ab x 
х aD + (14) — (8 70 <т(4 С) < 180° л-1«со86С«| 
^ сов С =— > 
2х12х14 — 
ape Ао 0-24-22 
7. т(2 С) = 34° 46 19 = 
1 ».» | 50«к«4 ^ ke]o ,4[ 
^ The area of A ABC = у x 12 х 14 sin 34° 46 19 1 
2 when k= 1 sco Cz-l 
= 47.9 cm: =, т (/ С) = 120° 
[35] 39 
> 
$2530 | InA ABC: 
7. The greatest angle is opposite to the side of length (АСР = (АВ? + (BC 
14 ст, t 
cos 120° = (I0 «X? - кен) CR (CRBC / 
oe 7 ГУ гүз sin ABCD: ы 
Ах ex? 10x-96=0 (вр) = (BC) + (DC) — 2 (BC) (DC) cos (4 DCB) 
(X+ 16) (Х-6)=0 > ОС=АВ 


ОХ = бог X=- 16 (refused) scos (4 DCB) = ~ cos ( АВС) 


х (BD) = (ВС) + (АВ)? +2 (BC) (AB) cos (4 ABC) (2) 
Adding (1) and (2) : 
^. (ACY + (BD) = 2 (АВ) +2 (ВСУ 
ш 
In AABD: 
(АВ)? (AD) + (ВО) 
—2 (AD) (BD) cos (Z ADB) (1) 


In A ADC : є 

(АСУ = (ADY + (СУ — 2 (AD) (CD) cos (Z ADC) (2) 
эст cos (Z АРВ) = – cos (Z ADC) »CD - BD 

By adding (1) and (2): 

^ (AB)? + (АС)? =2 (AD) + 2 (BD)? 

LORE OT AR HF 


£08 В , cosC 
cot B + cot С = ив + ус 
_a+ 2 


i TT 
2acsinB 


28 aw 
4A 2А 
*_Qeata ca 

БЯ!) «a -ca 

, +a -2accos B 

ca-2accosB 

& cosB= 4 „т (4 В) = 60° 

(43) 

InAXYZ: x? y! «235-2yzcosX 


vx xy ez)!.yzcoX 


s 2co X = 50Х 


4^ 2605 X 2 cot X 
sin 


7 2 cos X sin X -cos X 0 
г. cos X (2sinX — 1) 20 
^cos Х =0 ^ m(Z X)=90° 

^ m(Z X) = 30° ог 150° 


^ m(Z X) = 90° »30° or 150° 


inX= 1 
or sin X= 2 


- Trigonometry | 


ш ЖҮ 
совы +В. 


2ac 


дожен 

^. A ABC is an isosceles triangle. 

tu E A 

** ABCDE is a regular pentagon 

^. m (Z B) = 108° 

2 (ACP = 0826) + (1826) " 5, 
— 2 (18.26) (18.26) х cos 108" 

ГАС = 29.5 ст. 


[46] 

"The answer of Ziad is wrong because the sine rule 
makes the sine of the acute or obtuse angle always 
positive » although the angle is obtuse » and using 
the cosine rule in Karim's answer confirm that. 


Higher skills 


о 

(1) 09 (2) (9) (3) (b) (4)(5 
(5) (6) (а) (70) (0) (8) (4) 
(9)(b) (10) (b) (11) (а) 
Instructions to solve  : 


(1) “АВ-((3-08 «(4-1 2342 
‚вс 2-39 +(3-42 24s 
AC 2-0 43-17 =15 
(15) + (#5) (42) 
axt(s xs 
(2) * If the length of AB is known s workout AN 
m (2 ACB) ут (Z DCE) and length of DE 


* If the area of A ABC » workout m (Z ACB) 
эт (Z DCE) and length of DE 


7. cos (4 АСВ) = 4 


* If the perimeter of A ABC » workout the length 
of AB ут (Z АСВ) › m (Z DCE) and length 
of DE 

7. The length of DE can be calculated if any of 

the previous is known. 


(18) 


(3) - (АВ) = (5) + (6 -2 x 5x 6cos 8 а) 
»(АС) = (5) + (4)? — 2 x 5 x 4 cos (180* — Ө) (2) 
А 


2% AB=AC AN 
JAIN 

» from (1) » (2); “ Jä х, 

2. 25 +36 60 cos 9 180-6 м. 

=25+16+40050 С "^ D om B 

+. 100 cos Ө = 20 EIE 

2 (AB 225 «36-60 x 1 =49 

ЛАВ =7 ст, 


(4) лг ABCD isa cyclic quadrilateral 
7 coa А =—сов C 


^ In AABD: 

(BD) = (35 + 2 2х3 х2 совА (1) 
sin ACBD: 

(BD) = (3) + (4 2x 3x4cos C (2) 


From (1) » (2) 
/: 9+4 - 12 сок A =9+ 16424 cos А 
^ 36.cos А=- 12 ^ cosA=—4 
(5) AC » DB are two intersecting chords inside 
the circle at E 
^ AE x EC = DE x EB 
ЕВ = бст. 


| з! 4. 8 — (6? 
^. сов (Z. ВАБ-2 89-06... т 


г. т (Z BAE) = 39° 34 


(6)InAABC: 
2 (AB)? = (6) + (127 -2 x 6 x 12 x cos (0.4) 
ЛАВ 269 cm. ys. 
+. Length of BD=0.4™ x 6-24 cm. 

2. Perimeter of the shaded part 
269424462153 ст, 

Vc ы.) 

2be 

sb ec a =2 be cosA 

^ne 2) tan A =2 be cora x ЗА. 

z2bcsinA 
24x (4 besina) 
=4х12=48 


/. 3х4 =2х EB 


(7) cosA= 


Беа +2 
E bc 


=2cosA+2=2(4)+2=3 
CIETA А 1 
(9); 33 56 22 na eb ee а bal + ca 
abc 
лБ ec S bah + са? 
д (bc) (b - be e) =а (bie c) 


хус =be 


^ m(Z A) = 60° 
(10) Let the length of the small square = L ст. 


^. The length of the big square = 3 L cm. 


AXERTMD +L? 
N 

=2 Lem. 3l E 
‚вх = «GL ен х 

2410 Lem. p 
BE=4Lem, 2 4 
" (121) + (пот) а? 
4. cos (4 BXE) = 


2хү21хү101. 


-412 


д (Е EEG 
E 


(11) ВС =4 (60) + (80) = 100 cm. 
» 7 perimeter of A ACD = perimeter of A ABD 
АС + CD =AB + BD (because AD is common) 
^. 80 + CD = 60 + (100 — CD) 
42CD-280 ~. CD-40cm.5 BD = 60 cm. 
2. (АБ) = (60)? + (60)? — 2 (60) (60) cos В 
э” cos B= ту =06 
^. (AD)? = 3600 + 3600 — 2 х 3600 х 0.6 
7 AD 22415 cm. 


-b'sa beate oat 


3 A3. a4. 
-a c =b -a 


лус 
se -а)-05- 


25) (b a^) 
5? ad [à - (6° + 35] 20 
= огсё= а +6? 

. The triangle ABC is isosceles. 


Bg 

m (4 AEB) = m (2 AEC) 

=m(Z BEC) = 307 = 120° — 

In AABE: ge 

(АВ)? = 36 + 100 -2 x 6 x 10 cos 120° 
= 14 ст, 

Let BC =X 

л ШААЕС: 

(АСУ = 107 + x 7-2 x 10 x X cos 120° 

| 2 (АСУ = 100+Х* + 10X 


In A BEC : 
(BC) =36 + X^ -2 x 6 x X cos 120° 
д (ВСУ =36+х2+6х 

From А ABC : (АСУ = (АВ)? + (ВС)? 
+. 100+Х?+10Х= 


or the triangle ABC is right-angled at C 


29 


1964364 X^ «6x 


= 132 /. X=33 ст, г. EC = 33 cm. 
^ 
п 2 
| Let AM =MN=NC=X »AB=y 
Рот А ABM 


Trigonometry | 


-23y 412x*-48 2 -y «12 x?-48 (2) 


By adding (1) + (2): 2. 15 x^» 75 
Х3-5 5 ст. 

By substitution in (1): г. у? +15 =27 

луї=12 лу=2{Й3ст. 


^ ac=, (зз) -12 «133 ст. 


^. The perimeter of A АВС = AB + BC + AC 


223334315 
= 16 ст. 
а ЖО 
cosA b +e —a 
O27, 77220 0) 
cosB_ ажс-Ы 
UU 2acb e 
corC _ a +b? 
Uc 7 2ubc o 
From (1) »(2) and (3): 
5 cos A cox В , cos C 


(2) v abe? 62 ect 2becosAs с +a” 
—2cacosB «a +57 -2аЪ соз С 
soa eb ec =2 +252 «2c! -2bccos А 
-2cacosB-2abcosC 
sa eb с e 2 (becos А+ cacos B +аЬ сов C) 
(3) ШВА _ ВА y cosC _ ВА , cos C 
" = 05 А  sinC  simC СОБА 


Multiple choice questions 


(1)d (2)c (3)c 
(4) First: n Second : d (5)a (6)b 
(7)a (8)a (9)a (10b (Dd (12c 
(13) 4 (4d (15e (бс 

|123] 


UNIT 


Essay questions 
a 


m(Z М) = 180° — (33° 16 + 44° 19) = 102° 23 
i Е 17 a n 


sin 102° 25 — sin44* 19 


* 16 


sin 


(295 ет. sn 


m (2 А) = 80° »m(Z В) 2 40* «m(Z C) = 60° 
ЭС --—Á— 
sin 80° — sin 40° in 


. ВС = 102 ет. AC «67 + 


The area of А АВС = 1 BC x CA x sin 60° = 30 cm? 


m (Z Z) = 180° — (75° 12 + 48° 13) = 56° 33 


— YZ — Xz 
sin75* 12 sin48* | 


(1)cos A = 


"m(ZzA)«e 


.m(Z В) = 62^ И 


(62° 11 + 33° 33) = 84* 16 


»m (4 С) = 180° 


^ (17 


(2) соѕА = = 


^m А) = 


(28). 


287 + UD — (35 
scos В = CD +07) —(Эзу_ 
2x28x 


m(Z В) =99° 1, m(Z C) = 28° 39 


cos A = 94 +45) = 13) 


2x14x1 


^ m(Z А) =53° 8 


‚сок в = (19 Q3) -UA 
2x15x13 


г. m (4 В) = 59* 29 


.míz C)267 23 


YZ 2464 cm. » XZ «35.8 ст, | - - - 
The height = YZ x sin Y = 34.6 cm. E Eum ai 
B — cos A= шат лын .m(Z A) =30° 43 
а? = (6 + (6) - 2x6 x 6x cos »сов B= S) +) - (9) .m(Z В) = 125° 6 


‘t= 11.67 cm 


em (2 В) = т (4 С) = 1807 153712 „_ узе од 


т(/ М) = 1275. 68° 43 
m? = (12.5)? + (725) - 2 х 12.5 x 725 cos 68° 43 

. m= 11.96 cm. 

. cos La (1196) + 725) — (12: 


2x1196x 125 
m(Z L) «76 53 m(Z №) = 34° 22 


(LNP = (48.5) (46 -2 х4 


5 x 46 x (- 0.6) 


S (48.5) (46) 
= 8453 cm. cos Ls ———— 
N 3 em. and cos L 25485 853 


ит (4 1) = 25° 48 «m (Z M) = 126° 53 
. m(Z № = 27* 20 


[124] 


2 (5) (4) 


<. m (4 Су = 180° — (30° 43 + 125° È) 24^ 9 


[10] 


10. 
sinA  sin37 MinC 


10 


157" 


sin А = 
9 


mM (СА) = 68° 44 ог m(Z A) = 111° 16 


т (2 С) = 54° 16 or m(Z С) = 11° 44 
9 


^ne-87em.or 


sin 5 


4 3 с 3 sin 50° 
= = 5 ~ sin B=“ 
зіп 50° sinB sinC 4 


z. m (4 В) =35° 4 orm (4 В) = 144° 56 (refused) 


"^ m(Z C)=94° 56 
C P 3 л6=52с 
41949556 — ^in 50" 


T A 
sin 116 sin A 


) sin 116" 
I s dA DER 
sin B 1 


m (Z A) = 48° 30 or m (Z А) = 131° 30 (refused) 


»m(Z В) = 180° — (48° 30 + 1167) = 15* 30 
в zu = be36cm 
sin 1553) sin 116 
(1) ZA is obtuse за> b 
. There is a unique solution 
is. 10 «sin p = 10 sin 120" 
“Sin 120°  sinB U ан 15 


There is а unique solution 


16 4 4 sin 115* 
-446 ы—4 sin A: 40 1 
sin 115" sinA 16 
. (ДА) = 13° 
»m(Z В) = 180*—(115* + 13° 
16 b " 
i= = ^ b= 13.9 ст 
sin 1155) sin 52° 


(3) ZAisobtuse +a <b 


<. The conditions don't satisfy the existence of 
any triangle at all 
(4) ŻA is acute »h = 28 sin 42° = 18.7 cm. 
5187 «20 «28 
7. There are two solutions to the triangle 


28 sin 42* 
20 


20 
sin 42* 


mZ В) = 70° 
. м (2 С) = 180" 


sin B= 


orm (2 В) = 110° 


-(70" +42 


- (110° + 42' 


= 68° 
28° 


180° 


огш(2С 
ЛЖ N 
7 sin 42° 


Jom, ог с= Мет 


Ais 


+h=7 sin 60* = 6.1 ст. 


(5) 2 


ach 


The conditions don’t satisfy the existence of 


any triangle at all 


Trigonometry 


(6) — 2 Aisacute »a»c 
| ^. There is a unique solution. 
12 7 
12 - ES С) = 15 
зію 27°  sinC vice ii 
s m {2 В) = 180° — (15° + 27") = 138° 
=: 554177 em 
| sin 27 
(7) 2 Bis acute з = 43 sin 60° = 6 cm. 


h=b 


>. There is a unique right-angled triangle 


6 _ 4y3 


sin 60° sin A 
„т (ZC) = 180 
= 

ain 30° — sin 60 


(8) ДА із acute sh= 8 зіп 47° = 5.9 cm 
h<a<b 


There are two solutions to the triangle 
| 6 8 


sinB 


sin 47° 
z. m(Z B) or m(Z B)« 103* 
. m(Z C) = 180* — (47* + 77°) = 56* 
orm (Z C) = 180* — (47° + 103°) = 30* 
r— 8 
sinC — sin47" 
^ с=6В ст. ores 4.1 em. 


Z B is acute »h = 42 sin 58° = 35.62 cm. 
2. There is no solution to the triangle if 


b < 35.62 cm. 


7m A)s 110" 
"m(ZB)em(zc)- 19" 1 
B. acr 
sin 110° ~ sin 35 


ш 


т(/ B) = 53° 8 and m (Z C) = 22° 37 
m (Z A) = 104° 15 
21 ЭРЭЭН 


"sin 104* 13 


8 sin 22°37 


г b= 173 cm. and с = 8.3 ст 


[125] 


C-lac sinB 


от (Z B) = 180° — (82° + 18° 12 36) = 79° 47 24 
2. b= 16 sin 79° 47 24 = 157 ст 


sin 120° ^ с=8 ст. ға 
-2х5х8сов 120° vaxÜxrzdà х2:-14 
4 _ 91367 + (8-657 NE MAE AM 
А абв | мад ЯАР” Waco i4 
23 sm C) 23736 ^. b= 14 sin 40° « 9 cm. 
sv b>a г. 2. А іѕ acute 
v sinA = ^m А) 305 
0° = 48° 
i г. m (4 C) = 180° — (40° + 30°) = 110° 
10° = 60° ле = 14 sin 110° = 13 ст. 
0° =72° [23] 
E EM M m (Z. Y) = 180° — (82° + 56°) = 42° 
sin С ^ sin A + sin B + sin С 
ое 02230. * sin 82 
== 172° 256 


t= 16.9 cm. зс = 18.6 ст, 


iin В =4 тапізіпС=6 т 
та arbre 


a 13m 


2 


:16 ст. and c = 24 ст. 
24y - a2 
16 x24 


0 ^m C = 117° 17 


26cm 
5 
mc" 16 
vac ^ £ Cis acute 


A m(Z C) = 18° 12 36 


^ X=m sin 82° s y= m sin 42° 

2. 900 =} (m sin 829) (m sin 42°) sin 56° 
31-57 

"and the negative solution is refused" 

^ Х=56 ст. »y «38cm. sz «47 ст. 


ю 
m (Z C) = 180° — (35° + 75°) = 70° 
ee | = сэр аж3с 


“Сар 35° ^ sin75* sin 70* ain 35* + 3 sin 70* 


Я sin 33° 3 sin 70* 


^ 0=42 ст. ,6=7.1 ст. scs 69 cm. 


[25] 
i [E] 


аА вА 
2. т (4 А) = 54° 20 ог 125° 40 


=16 


+ when m (ZA) = 54° 20 
^ m(Z С) = 83° 40 
13 b < 


ГО Эг! 
2. b= 10.71 ст. ус = 159 ст, 

> when m (А) = 125° 40 

om (Z C)= 12° 20 


sin125*40 — sin42* зщ 12° 29 


“b= 1071 em. эс = 342 ст 


[26] 
(тэ 


(1)cosA = 


^ m(ZA)a24 


‚сов B= 22 


^ m(Z В) = 99 
(2) с =(12 «Q1 


лс = 25 078 cp 


2. т (4 А) = 28 
( 3) The triangle car 
а+с=Ь 
(4) һ= 10 sin 42° = 


^. There are twi 


4 7 C 
“sin 42° sin 


^ m(ZB)-7. 
^ m(2C)=6! 
orm (2 В) = К 
^mi С) = 


Higher 


(1) (а) (2) 


Instructions solve : 


"Pm. ee ` 
(1) ад яаг 
= sin Ba 0 
“sin B= 39 


<- The conditic 


2. Number of t 


(2): 8sin40* = 


^. Two triangle 


(3) 8 sin 40° 


г. No triangle 


Answers of Life Appl 


+ (64) - (32) 
763 х6А [1] 


"m(Z В) = 180° — (108° + 


2°) = 20° 


ay Є 
— AC _ 160 BC 
sin 20" sin sin 108" 
53 С) = 55* 44 5 
ч m (epus л AC = 69 km. » BC = 193 km. 
2 х 12 cos 95° i.e. The distance between A and С = 69 km 


and the distance between B and C = 193 km 


21 я 


sinB 


- 5 In AABC 
$ эт (5 В) = 56° 32 


(1) m(Z C) = 180° — (53° + 72° 


not be formed » because 
1 


sin 555 


= AC = 16.57 т 
sin 5 


The distance between the two signs A and C 


6.69 ст h<a<b 
=17т 
solutions to the triangle 
= S (2) Draw a perpendicular from C to RS 
з ain мч — S 
AB sand it is CD DL 
. In AACD fie 


C 16.57 
7 5 ain 72* ^ sin 90 
*55 зе = 54 cm х CD=15.76m 
The distance between the two edges = 15.76 m 

skills = лыг a 

a A 
) (3) (а) 2 Я . 

(BC) = (30) + (30) " 

2 (30) (30) cos 50" c Г 
3 . 8 | 
~ sinB n ВС = 25 cm 
refused) 
as does not satisfy any triangle = = 
iangles = zero п A 
"Y = (98 (64) К; 
sinA 2 БкіпА<а<Ь (ВСУ = (98) + (64) [st 
2 cos 529 Р 
s сай be drawn: 2 (98) (64) cos 52' д 
^ ВС=773 т 
sinA ;"a«bsinA 
. The length of the fence € =. 


п be drawn 


= 98 + 64 + 77.3 = 239 m 


The area of A ABC Ja c sin B 


103 


^. m (Z B) = 180° — (82° + 18* 12 36) = 79° 47 24 
2 b= 16 sin 79° 47 24 = 15.7 cm. 


Lx 5c sin 120° девет. ea 
^b = (5) + (8 -2 x 5 x 8 cos 120° у 2х2#хг=44 2г=14 
1 2 2 
cites “ос a 9136) + (8) - (5) 1. b. - 
«=: Абв "SA ШЕЙ ano = № 
лш(ДА)=22°24 + m(4C)=37 38 7. b= 14851 40° a9 cm. 
м и = | seba 2. ŻA is acute 
ш э звА= от (2A) =30° 
z4 ° = 48° 
am d: барайын ^ m (Z С). = 180° — (40° + 30°) = 110° 
m (2 B) e х 180° = 60° с = 14 sin 110° = 13 cm. 
"— 
m(Z C)e x 180° = 72 B 
А ЕЗИ БЕБЕ. m (Z Y) = 180° — (82° + 56°) = 42° 
in B sin A+ sin B + sin С x y 3 
b с 50 805 48425 ^ 5 56° = 


0487 = sin 60 ^ sin72* 256 


2. @= 14.5 ст. з = 16.9 ст. »c = 18.6 cm 


[19] 


Let sin A=3 т ssin B=4 mand sin C2 6m 


= 12 ст. *b = 16 ст. and c = 24 ст. 
_ (16)? + Qay - (12/7 
^ o— 2x16x24 
s m(Z A) =26° 23 
(12Y + (2477-1168 
2х12х24 


л Cos À 


7 cos B= 


г. m(Z С) = 17°17 


^ m(Z В) =36° 20 


^m A) =48° 35 5 m (Z В) = 63° 14 
z: m(Z C) 68° 1T 


де=28 sin 68° 11 «26cm. 


а 

— AR БЕШ 
Зав нас 16 
даа 15.8 ст. "amc 2 £ Cis acute 
уумаС-4 zm (ZC) = 18° 12 36 


(126 | 


2 X=m 82° »y =m sin 42° 

2. 900 = (m sin 82°) (m sin 42°) sin 56° 
58-57 

“and the negative solution is refused" 


2. X2 56 cm. у «38cm. »z «47 ст. 


gl 

m(Z С) = 180° - (35° + 75°) = 70° 

Ний энэ М ба: 3 

^^ 5135" ^ sin75* ^ sin70* sin 35* 4+ 3 sin 70° 


sin 35° + 3 sin 70° 


7.4242 ст. ›Б=7.1 ст. ›с = 6.9 ст. 


>. a 22 Е.В = 
"ACC i77 


^ т(/ A) = 54* 20 ог 125* 40 


» when m (Z А) = 54° 20 

^ m(Z С) = 83° 40 

b € 

sin 83* 40 


` sin 54" 2 
< b= 1071 cm. эс = 15.9 cm. 
» when m (Z A) = 125° 40 
" m(Z C) = 12° 20 

ib b. c 
“sin 125940 Sind? Sin 12° 20 


7. bs 10.71 ст. s¢=3.42 ст. 


[26] 


(1) соѕА = 


(136) + (6: 
2x763x6. 


аш (ДА) 24924 


Ê + (64y – (7.63) 


г. п\ (Z В) =99° 52 2 m(Z С) = 55° 44 


(2) 2 = (127 + Q1) - 2x 12 cos 95° 
+, с = 25078 cm 


25078 12 _ 21 
95" sinA sinB 


2 m(Z A) «28° 28 «m (Z B) = 56* 32 
(3) The triangle can not be formed » because : 
a+c=b 
(4)h=]0 sin 42° = 669 ст. .һ< ас» 


х There are two solutions to the triangle. 
1 210 E 


“Эш яав snc 

^ m(Z В) 72 55 
&т(2С)=65°3 зе =95 сп. 
orm ( В) = 107° 3 


т (С) = 30° 58 зс=5.4 ст. 


(1) (а) (2) (е) (3) (а) 


Instructions solve : 


sale D 
a» sinA sinB 


2. The conditions does not satisfy any triangle 
2. Number of triangles = zero 

(2) 8sin40°=bsinA 2. bsinA«a«b 
2. Two triangles can be drawn. 

(3) 8sin40°=bsinA +. a<bsinA 


2. No triangle can be drawn 


— — Trigonometry 1 


Answers of Ше Applications on Unit Four 
58 


со m(Z В) = 180* — (108° + 52°) = 20° 


. AC _ M0 _ BC 
* sin 20° sin 52" sin 108° 


2. AC = 69 km. + ВС = 193 km 


ie. The distance between А and C 


and the distance between B and C 


In A ABC 


| (1) т(2 С) = 180° — (53° + 72°) = 55° 


ин ee Сш . АС = 16.57 m 


The distance between the two signs А and C 
217m 


(2) Draw a perpendicular from C to 


АВ »and it is CD 


^, InA ACD 2 
CD . 1657 


sin 72° sin 90* 


л СЮ = 15.76 т 


+ The distance between the two edges = 15.76 m 


А 
(ВСУ = (30) + (30) AAs 
$ 3 
—2 (30) (30) cos 50° e T 
oa А 
(BC) = (98) + (64) 3 
-2 (98) (64) cos 52° Sty, 
д BC=773m 
+The length ofthe fence в 


=98 + 64+ 77.324239 m. 


UNIT 


(АВ)? = 24) + (10 
—2 (24) (10) cos 75° 


7. АВ «23.5 km 


(АС) = (9) + (15)* -2 (9) (15) cos 120° 
2 AC 21 km 


1 
3 
+t, = х 60-15 minutes 
2? 36 Ч T 
2 


je 4 х 60 = 30 minutes. 


2. The total time = 25 + 15 + 30 = 70 minutes. 


[128] 


7 The octagon is regular. 


^ The measure of each angle of и = 135° 


135* 
5 


| +m (Ż BHC) =m (2 CHD) = =22.5° 

^. (НВ)? = (6)? + (6) — 2 (б) (6) cos 135° 

~ HB = 11.1 metre 

» (НС)? = (11.1)? + (6)? — 2 (11.1) (6) cos 112.5" 
: HC = 14.5 metre 

(HD) = (14.5) + (6)? — 2 (14.5) (6) cos 90° 


^ HD = 15.7 metre. 


